Math 165 Homework 7 Due: May 1st, 2025

Math 165: Homework 7

Please complete the following exercises below and write up your solutions consistent with the directions in the
syllabus. Your solutions are due on Thursday, May 1st at 10:00AM in the appropriate box outside my office door.
If you get stuck on any part of the homework, please come and see me. More importantly, have fun!

In what follows, we recall that, for x € R% and R > 0, the open ball with center x and radius R is the set
Br(x) = {y € R |ly — x|| < R}.
A set O C R? is said to be open if, for every x € O, there is some 7 > 0 for which
x € B, (x) CO.

For a set E C R?, a point x is said to be an accumulation (or limit) point of E if, for every r > 0, the ball B, (x)
contains a point of E that is distinct from x. We remark that this definition does not require x to be a member of
E. A set F C RY is said to be closed if it contains all of its limit points.

Exercise 1. Please prove the following statements:
1. For any x € R? and R > 0, the open ball Bx(x) is open.
2. A set F is closed if and only if its complement F¢ = R4\ F is open.

3. If {O,} is a, possibly infinite, collection of open sets, then
U0
[0
is open.

4. If O1,0,,...,0p is a finite list of open sets, then

is an open set. Is true if this list were infinite?

5. If {F,} is a, possibly infinite, collection of closed sets, then
N,
«
is a closed set.

6. A set F is closed if and only if it has the following property: If {x,,} C F is a convergent sequence of points
all of which belong to F', then lim,, ,., x, € F.

Exercise 2. Given a set £ C R?, we define its closure and interior, respectively, by

E = m F and int(F) = U 0.
FDOE OCE
F closed O open

Note that Wade writes E for int(F). With these sets in hand, we define the boundary of E to be the set
OE = E \ int(E).

Prove the following statements:
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1. For any set E C R% E is closed and int(E) is open. Also, explain why this means that E is the smallest
closed set containing F and that int(E) is the largest open set contained by FE.

2. E = E if and only if F is closed.
3. E =int(F) if and only if E is open.

4. For any set E C R?, _
E=FEUAcc(E)

where Acc(E) = {x € R? : x is an accumulation point of E}..

Exercise 3. We recall, a set D C R? is called disconnected if there exist disjoint open sets @ and U for which
DNO#@,DNU # @, and
DCoOoulU.

A set C C R% is called connected if it is not disconnected. Let’s also recall that a set P C R% is called path connected
if, for all x,y € P, there is a continuous function r : [0, 1] — P for which r(0) = x and r(1) =y.

1. Let {a1,b1,a9,ba,...,a4,bq} be a set of real numbers for which ap < by for kK = 1,2,...,d. Prove that the
rectangle

R =a1,b1] X [a2,ba] X -+ X [ag,bq) = {x = (21, 22,...,24) € R?: ap < x), < by, for all k = 1,2,...,d}
is path connected.

2. Prove: If E C R? is path connected, then it is connected. Hint: Let U and O be disjoint open sets for which
ENO # @ and ENU # &. Since E is path connected, we may take a continuous pathr : [0,1] — E for which
r0)=x€ ENO andr(l)=y € ENU. Set

to =sup{t € [0,1] : x(¢) € O} and t, = inf{t € [0,1] : x(t) € U}.

Use these (and the continuity of r) to show that, for t, < t < t,, r(t) € E but not in O or U. Hence
EZONU.

3. Let £ C R? and let R QiRd be a rectangle for which RN E # @ and R € int(E). Prove that RN OE # @.
Hint: First prove R = (E)°UJE Uint(E).

Exercise 4. Please do the following exercises:
1. Exercise 1 in Section 12.1 of Wade, 2nd edition.
2. Exercise 2 in Section 12.1 of Wade, 2nd edition.
3. Exercise 5 in Section 12.1 of Wade, 2nd edition.
Exercise 5. Please do the following exercises:
1. Exercise 1 in Section 12.2 of Wade.
2. Exercise 2 in Section 12.2 of Wade.
3. Exercise 4 in Section 12.2 of Wade.
Exercise 6. Please do the following exercises:
1. Exercise 5 in Section 12.2 of Wade.
2. Exercise 6 in Section 12.2 of Wade.
3. Exercise 8 in Section 12.2 of Wade.



