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Chapter 31 Problems: Kinetic Molecular Theory

1. Calculate the average translational kinetic energy in J, cm™!, and kJ mol! and the rms-speed of
CO2 at 298.2 K, assuming ideal gas behavior.

Answer: The plan is to use Eqgs. 31.1.16 and 31.1.18 and note that the rms-speed depends on the
molar mass but the average translational kinetic energy does not.
The average translational kinetic energy of any ideal gas at 298.2 K is:
& =3/ kT =3/ 1.38065x103* J K'1(298.2 K) = 6.175x1072! J
&=/ RT =3.718 kJ mol’!
& =3.718 kJ mol! (1000 J/1 kJ)(1 cm™/11.9627 J mol') = 310.8 cm™!

The values in kJ mol! and cm™! are useful for comparisons, since we have often noted that the

available thermal kinetic energy at room temperature is: RT = 2.48 kJ mol™! or 207.2 cm™.
The molar mass for CO2 is 44.01 g mol™! or 0.04401 kg mol™'. The rms-speed, using

Eq. 31.1.18 1s:

__[3RT  [3(8.3145JK ' mol")(298.2K) Ml1ms!
YT\ e T 0.04401 kg mol! S ms

To verify the units note that 1 J = 1 kg m? s, which is the reason that the molar mass must be in
kg mol ™.

2. Calculate the rate of molecular collisions in a balloon filled with N> at 298.2 K given the
balloon has a 1.00 L volume at 1.00 bar. The hard-core collision diameter is dn, = (2rn2) =
3.75 A.

Answer: The plan is to use Eq. 31.3.8 to calculate the collision cross section.
The collision cross-section, using Eq. 31.3.8:

ouc = 1 (2rn.)? = w [3.75x1019 m]? = 4.418x107"° m? = 0.4418 nm? = 44.18 A2
The mass of N2 is: m =28.02 g mol™! (1 kg/1000 g)/6.0221x10?* mol™! = 4.653x10"* kg
With Eq. 31.2.31 the average speed of N, molecules at 298.2 K is:

. (8(1.381)(10‘23 JK1)(298.2 K)jl/z
© 7 4.653x10%° kg

=4746ms’"’

The number density is given by the ideal gas law with 1 bar = 1x10° Pa= 1x10° N m? as:

6.0221x10% mol!(1.00x10° N m?)
8.3145 J K mol}(298.2 K)

N/V = NAP/RT = =2.429x10% m?

Concerning the units, remember that 1 J =1 N m. Using Eq.31.3.18 gives the collision rate per
cubic meters as:



Zan =" ouc\[2 T (NIVY? = 5 4.418x107° m2 2 (474.6 m s7)(2.429x 10 m>)?
=8.75x10** s m™

For the 1.00 L volume:
collision rate = Zaa V = 8.75x10°** s m>(1 m*/1000 L)(1.00 L) = 8.75x10°! 7!

As mentioned in Example 31.3.1, the total collision rate in a 1 L balloon filled with ambient air
is the almost the same.

3. Derive a relationship for the rate of a unimolecular surface-catalyzed reaction of an ideal gas.
Assume every collision with the surface gives products and that the rate law is expressed in
terms of the gas phase concentration of the reactant in mol L™!.

Answer: The plan is to follow the derivation of the bimolecular rate law, Eqs. 31.3.20-31.3.24
for this specific case.

The rate of collisions per unit area of an ideal gas with a wall is, Eq. 31.3.4:
1IN (SRTJI/Z

Zoyall = 2V o

IN_
=av°© (31.2.4)
for N molecules in total volume V. Given that every collision is successful, for a surface with
area A, the rate of the reaction in molecules per second per unit total volume of reactant A is:

dNA/V) A (@J Na

@ AayTlav) v
The rate is given in molecules per unit volume per unit time. To convert to the rate in mol m=s™!,
we divide the last equation by Avogadro’s number:

 d(NaNY) A (EAJ ( Na )

dt 2NV T WV \NLY

Using Eq. 31.3.21 for the concentration A:
dAl_, A (@j
Tdr ANy T 4y A

Expressing the classical rate law as — d[A]/dt = ki[A] gives the unimolecular rate constant as:

cA S8RT\(A
ki = (4\/] — (n@rl) (Vj
The V in this last equation is in m? to match the units of CA. The catalyst surface does not need
to be wall-like. This expression, assuming 100% successful collisions, pertains to suspended

aerosol particles and liquid droplets as long as the products do not accumulate on the surface and
decrease the surface activity.
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4. Find the most probable molecular speed using the Maxwell distribution of molecular speeds.

Answer: The plan is to set the derivative of the Maxwell distribution function equal to zero to
find the maximum.

3
The Maxwell distribution of molecular speeds is: p(c) dc = 4n (2:;11,1,) e ME/2KT 2 dc

Let the normalization constant be 4 = 4w (1/ 2nkT)3/ 2, Taking the derivative with respect to ¢

using the product rule with the product as [e ™ /2kT][¢?] gives:

Canceling common terms gives: — (%) c2+2=0 or (%) =2  withc=cmp

) ) 2kT)”% 2kT
Solving for cmp gives Eq. 31.2.27:  cmp = m) N m

5. (a). Find the standard deviation of the molecular speed of an ideal gas at temperature T in
terms of the molar mass. (b). Find the most probable, average, and rms-speeds and standard
deviation of the speed of CO; at 298.2 K.

Answer: The plan is to note that 6> = (c —¢)* o — (0 Eq. 23.4.36. See also Problem 1.

(a). First, in case you haven’t done it before, we derive 6°> = (c — ¢)* — (E)z. Starting with
the squared deviation from the mean:

(c—c)y=c*-2cc+(c)
Next we need to take the average. Because the average speed is a constant, the average of a
constant is just that constant:

@©~=¢ and ()= ()’

Taking the averages of each term: 6> = (c—¢)2 =c> —2cc+(c)= ¢ —(c)
Now from Egs. 31.1.18 and 31.2.31 and 8/t = 2 546:

— 3RT 8RT 04535 RT RT
o* =~ (=31 ~ o 04535@K or o=\[""g—=0.673"\ o

(b). The molar mass for COz is 44.01 g mol™! or 0.04401 kg mol" 1.
The most probable speed, using Eq. 31.2.27 is:

B \/2 RT \/2 (8.3145 T K mol)(298.2 K)
=\ T3 =

= -1
0.04401 kg mol™! =335.6ms



The average speed, using Eq. 32.2.31 is:

o [BRT_ [BB3145TK mol2982K) .
C=N\/ o~ 7 0.04401 kg mol ! C 2o ms

The rms-speed, using Eq. 32.1.18 is:

__ [BRT  [3(83145J K mol™)(298.2 K i1 gme
U\ o T 0.04401 kg mol™! AL ims

/0.4535 RT /RT
The standard deviation is : ¢ = — or - 0.673 o= 159.7ms™!

In conventional notation we can state: ¢ =378.7 + 159.7 m s, which is a considerable spread in
velocities.

Note that for a symmetrical, purely-Gaussian distribution, the rms-speed is equal to the
standard deviation. For the Maxwell distribution of molecular speeds the final distribution is
unsymmetrical with a long tail at high velocity.

6. (a). Show that the rms-speed is given by the pressure P and mass density d by : u=~/3P/4.

(b). At 1.01325 bar and 373.2 K the density of water vapor is 598 g m™. Calculate the rms-speed
of water molecules in water vapor.

Answer: The plan is to note that the mass and number density are related by d = N9I/(NAV).
First we need to verify that d = N9I/(NAV), which we can do by checking the units:

d = N9/(NAV) ~ (molecules)(g mol™!)/[(molecules mol!)(m*)] = g m™
Then solving for the number density gives: N/V = Nad/91. The pressure is given by Eq. 31.1.14:

Nmu?
p= (31.1.14)

3V
2Nad uv’d
Substituting in N/V = Nad/9 for the number density gives: P = m3u ?;lt = u3

noting that Na m = 9. Then solving for the rms-speed gives: u=+/3P/g

(b). For unit agreement the pressure is P = 1.01325x10° Pa = 1.01235x10° N m™ and the density
is d = 0.598 kg m™, giving:

u=~/3P/g =~/3(1.01325x10° N m?)/g 508 kg m?) = 713 m ™
With 91 = 18.02 g mol™! = 0.01802 kg mol™!' and using Eq. 31.1.18, the value is:

_ [RT_ [FE3ASTKTmolDGT32K) oo
YT\ e T 0.01802 kg mol! - eAms

The difference is caused by experimental error in the gas phase density and non-ideality.
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7. A compound with molar mass of 255.2 g mol™! is placed in a small container that has a hole of
radius 0.0500 mm. In 30.0 min at 50.0°C, 0.872 g of the substance effuses from the container.
Calculate the vapor pressure of the substance.

Answer: The plan is to use the effusion rate from Eq. 31.3.6.
The effusi . dn 0.872 g
e effusion rate 18: "4 =555 2 ¢ mol)(30.0 min)(60 s/I min)

=1.898x10° mol s’!

The hole area is A = 71(0.050x1073 m)? = 7.854x10” m?. The molar mass is 0.2552 kg mol ™.

. . dn 1 vz
The effusion rate, Eq. 31.3.6, is: o PA (ZR@KRTJ
: . (2nMRT)” dn
Solving for the pressure gives: P = A

[2m 0.2552 kg mol™'(8.3145 J K™! mol)(323.2 K)]”
7.854x10™ m?
=1.586x10* N m? = 0.1586 bar = 15.86 kPa

In alternate units: P = 0.1586 bar (1 atm/1.01325 bar) = 0.1566 atm = 119. torr

(1.898x10° mol s)

8. A compound with a vapor pressure of 1.680 kPa is placed in a small container closed by a
metal membrane with a 0.0500 mm radius hole. The initial mass is 123.5 mg. After 30.0 min at
35.0°C the mass decreases to 39.9 mg. Calculate the molar mass of the substance.

Answer: The plan is to convert the effusion rate in Eq. 31.3.6 to the rate in kg s' by multiplying
by the molar mass.
The effusion rate in kg s™! is obtained by multiplying Eq. 31.3.6 by the molar mass in kg mol!:

GRS TGN B N (2 )/ |
=g PAN pewt) TPAM (QaRT
. . . ) q 2nRT ,
Solving this expression for the molar mass in kg mol™ gives: 9t = PIALT 2
. . dn9i)  0.0836 g(1 kg/1000 g) 3 4
The effusion rate is: r = dt ~ (30.0 min)(60 s/1 min) 4.644x10° kg s 3

The area of the hole is A = 1(0.050x107 m)? = 7.854x10” m?.
With Eq. 2 the molar mass is:

o — 2nRT o 27 8.3145 J K mol!(308.2 K)
T P2A%2 7 7 (1.680x10° N m?2)%(7.854x10”° m?)?

(4.644x10% kg s') = 0.1994 kg mol!

or 9 = 199.4 kg mol™!. Concerning the units, IN=1Jm'=1kgms?and ] Nm?=1Jm?,



27RT , JK!mol!'(K) mol’! mol’!
P2AZ 12 ~ T m2)(me)? (kg s)? ~ T2 (kg? s2) ~ (kg m? s%) m> (kg? s2) ~ kg mol!

9. Integrals of the form f’zf e dx are common in determining the probability of occurrence of
speeds or energies within a given range. The integral has no closed form solution and must be
integrated numerically. The numerical integrals in dimensionless form are tabulated as the error
function, erf( ), where the error function is defined by:

% e ¥ dy = erfit)
T

The error function is used extensively in statistics and probability. The inside back cover lists a
short table. Extensive tables are available in standard reference sources and Excel has an erf( )
function. In this regard erf( ) is similar to the more familiar functions sin( ), cos( ), exp( ) and
In( ), which are all evaluated as power series expansions.

v
(a). Show that: [** e dx = % G) erf(\/a xc)

(b). Verify the result in part (a) by showing that fj e dx gives the result listed in standard
integral tables.
(c). Show the probability of a molecule having a velocity in the x-direction in the range +v" is:

m \%

_‘(,** p(vx) dvx =2 | Z (Mj ¢ MV/2KT gy, = erf(~ /mv*z/sz)

(d). Show that the probability of a molecule having a kinetic energy in the x-direction less than
or equal to kT is 84.3%. [Hint: note that erf(1) = 0.8427]

Answer: For part (a) the plan is to do a change of variables. For part (c) the plan is to use the
integral in part (a) with a = M/y;1. The plan for part (d) is to note that & = %> mv?

(a). Comparing the definition of the error function to | );“ e dx requires the change of variables
y? = ax’ or equivalently y =[a x with derivative and corresponding differential:

d 1

o =\a with dx == dy and upper limit t =/a xc
then substituting for ax* and dx gives:

1 1 Y

e gx = N [Le¥ dy= N 32E erf(t) = % @ erf(\[a xc)
(b). Tables of erf(t) show that the function approaches one for large values of t. In other words,
(2/\/7_1) [t ¥ dy is normalized. Setting x. = oo gives ff e’ dx = % (n/a)” as listed in standard
definite integral tables.

(c). The distribution function is even so that _V\; = Zf:)'*. For the one-dimensional velocity
distribution with a = m/7}T and x. = v" using the integral in part (a) gives:



Chapter 31 Kinetic Molecular Theory 7

. - m " (2rkT)” -
,\(/* p(Vx) dvx = (2 kT) I € MV /2kT dvx = (27_[1(’1-) ( ) erf( mv 2/2kT)

m
= erfl \/mV /ZkT)

(d). Note that & = kT gives % mv™?=kT and mV~/pr = 1 with erf(1) = 0.8427.
Note that erf(1) = 0.8427 is the area under a Gaussian distribution within x =2 .

10. Derive the integration by parts formula using the following steps: (a). Let u and v be two
functions. Using the product rule for the differential d(uv), show that | d(uv) =] v du + [u dv.
(b). Finally show that for the integral limits uivi to uzvz :

Judv= uV|ulVl [vdu

Answer: (a). Using the product rule d(uv) = vdu + udv. Integrating both sides of the equation
gives: [ d(uv) =] vdu+fudv.

(b). Solving for [ u dv gives: [udv=[d@v)-[vdu
The integral of | d(uv) is just uv evaluated at the limits of the integral: fum d(uv) = uv|3f:f
Substituting this result for the integral gives the final result: [u dv = u"‘um [v du.

11. Integrals over the Maxwell distribution of molecular speeds are in the general form

ff) e ¥ dy. Use integration by parts, [ u dv = UV‘um [vdu, withu=yand dv=(ye? dy)
to show that: [See the next problem for an application of this relationship.]

4 t_.2 2 2
- e dy=erf(t) - —F
\FC JO y y (t) \/;
Answer: The plan is to start by integrating dv to give v in terms of y.
Withu=yanddv=(ye¥ dy)then: du=dy and v=[dv=[yeY dy=-Yse
uivi J. v du

Loy e dy=—ye¥| (5[ e¥ dy

tet

Integration by parts gives: [ u dv = uV|

The integral is given by the error function: (2/\/7_1) [ (t) e’ dy = erf(t). The first term is evaluated at
the limits and substituting in the error function gives:

| (t) VeV dy=—tate "+ l% erf(t)

The required integral is then: % f(t) y2e Y dy = erf(t) — %t et

See the next problem for an application of this relationship.



12. The probability of occurrence of molecular speeds over a range of values is determined by
an integral over the distribution function. (a).Show that the integral of the Maxwell distribution
of molecular speeds over the range from ¢ =0 to ¢ is:

* 3y aok *2
¢ _ _m " —MCKT o2 A — 2 _L me ~ _mc*2kT
JO p(c)dc =4n (anT) JO e ¢? dc = erf(+/mc*?/2kT) NN e

. The kinetic energy at the upper limit is ¢ = amc 2. Show that the total probability is:
b). The kineti h limit is & = %4mc 2. Sh hat th 1 probability i
* 3/2 * * 1/2 *
f z p(c)dc =4n (2;?(,[) f z e ME/2KT ¢2 g = erf(\/sf/kT) - % (lf_"i“) g eUkT

[Hint: use the relationship in the previous problem with the change in variables y* = mc*/5, 1]

Answer: (a). With the substitution y*> = mc*/p1 then y = (m/25T)” ¢ and the derivative is:

d y . . 2kT\% ) KT
H%Z (m/2kT)" giving dc= (F) dy with ¢?= (?) ¥

and upper limit t = (m/oT)” ¢*. The integral over the Maxwell distribution is:

* 3y ook 3 1
C m ct 2 m 2kT) (2kT V2
IO p(c) dc =4n (ﬁ) IO e MC2KT 2 dc = 4n (275kT) ( - ) ( i~ j [!y*eY dy

4
:Wf’ ye Y dy

Using the relationship derived in the previous problem gives:
I - (c) dc = erf(t) — 2 tet
o P N

The substitution variable is conveniently regrouped as y = (M/2kT)” ¢ = (MC€*/21T)"
Reversing the original substitution then gives:

c* 2 mc )
JO p(c) dc = erf(\/mc ) \FC’\ IZkT e

Or given that the kinetic energy at the upper limit of the speed is &; = amc™*:

* N 1/2 *
I; peer de = erf(JeTm) - I (5] o
T

13. Determine the probability that a molecule has a speed equal to or less than the most probable
speed. [Hint: Use the relationship in the previous problem, note that erf(1) = 0.8427]

Answer: The plan is to note that the most probable speed is given by Eq. 31.2.27.
The upper limit on the integral is ¢ = cmp. With Eq. 31.2.27 the most probable speed is:
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KTV [2KT
Cop={m ) = m
The corresponding translational kinetic energy is: &; = %> mcap = kT.
As a result the factor appearing in the result is: A/et/kT = 1

The probability that a molecule has a speed equal to or less than the most probable speed is
then:!

JZ p(c)dc =4n (2 kT) I ¢ ME/2KT 2 dc—erf(l)—T 1" e

T

=0.8427 —T 0.3679 =0.8427 - 0.4151 =0.4276 or 42.8%
T

The fraction above the most probable speed is 1 —0.4276 =0.572 or 57.2%

14. The fraction of molecules with translational kinetic energy exceeding & is:!*2

3
plet>¢ ) ,[8* p(e) det =27 ( kT) _[ g e kT dg,

(a). Use the change of variable x> = &/kT to show: [Hint: see Eq. 31.4.5 for a similar change in
variables.]

4 (= 2
g>g)="7J).x>e X dx
pie =) == s
(b). Use integration by parts to show: [Hint: letu=x and dv =x e X’ dx]
I; x2e X dx =—14x e—"2|:jk — (%) _[; e X" dx

(c). Show that: [Lexax=] exax-[ e ax

2t
(d). Use integral tables and the definition of the error function: =y j o e X dx = erf{(t) to show that:
I ; e X dx = lzﬁ — 32& erf(x")

(e). Using the previous expressions, derive the final result:

* 4 0 2 8* & ex 8* 2
P(8t>8)=%J.X*X2 exz=%(ﬁj g/kT+1—erf([kT}j

)
(f). Show that for large threshold energies, ¢* >>kT: p(e> ¢ ") = T (8 ) e €/kT

Answer: (a). We can simplify the integral with the change in variables x> = &/kT or & = kTx>:

de . d 1 1
o =kT d—’; — 2kTx giving dg = 2kTx dx and &’ = (KT)"x |
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with the limits from x" = (8*/kT)‘/z t0 o0:
1\ e
pe>¢€") = 271( kT) (2kT)(kT)/2IX* x2 e X dx

plec>¢€) = \/— *xe X dx 2

(b). There is no closed-form solution to the integral, so we need to relate the integrals to the error
function. To integrate by parts, letu=x and dv=x e X dx giving:

du=dx and v=Jdv=|xeXdx=-YeX 3
sothat: [udv = uv|$zf ~Jvdu s
I; x2e X dx =—14x e—X2|; — (%) _[; e X" dx 4

(c). The first term evaluated at the limits is % x* e ***. For the second integral note that:

*

o0 X o0
JO e X dx = JO e X dx + IX* e X dx 5
which gives the integral we want by difference:

Jhetax=[l e ax -] e ax 6

\[n

% 1 (m)" %
(d). Standard integral tables give I o eax’ dx = 5 G) , giving: _[ o e X dx = )

|

X * 2 rt N
The I o eX’ dx integral is given by the error function: =7 I o e X’ dx =erf(t) witht=x"or:

ﬁ erf(x”) 8

x* )
As a result: J. , X dx= 7
Substituting Eqgs. 7 and 8 into Eq. 6 gives:

[ e dx—i ierf(x) 9

(e). Substituting the last equation into Eq. 4 gives:
I xXeXdx=Y%x"eX +£ ierf(x) 10
Substituting this last result into Eq. 2 with x> = &/kT gives:

w4 e 2 ()2 . %
p(st>s)=$fx*x2e—xz=ﬁ(ﬁj et /kT+1—erf(LfTD 11

(f). As € increases, the error function approaches 1, so that for large threshold energies.

> ~i(8*jl/2 /T 32.4.9
p(St 8):\/;[ kT c ( )



Chapter 31 Kinetic Molecular Theory 11

The (¢/kT)” temperature dependence is weaker than the exponential term so that the fraction of
translational-energy rich molecules increases roughly as € /KT with increases in temperature.

15. Find the most probable translational kinetic energy of an ideal gas using the Maxwell
distribution of translational kinetic energy.

Answer: The plan is to set the derivative of the Maxwell distribution of translational kinetic
energy equal to zero to find the maximum.
The Maxwell distribution of translational kinetic energy, Eq. 31.4.3, is:

kT

Let the normalization constant be 4 =27 (l/nkT)3/ 2, Taking the derivative with respect to &

3
1 7 1
p(er) det =27 (—) e kT ¢ dg,

using the product rule with the product as [e */KT][&/*] gives:

d &t

P! (é) e kT g’ +Voa e e kT =0
t

: . 1Y) s 1 .
Canceling common terms gives: — (ﬁ) et +%e =0 or (ﬁ) ee="%  with &= emp

Solving for emp gives: €mp = 72 kT

16. The rate constant for the recombination of methyl radicals is 4.5x10'° L mol ™! s™! at 398.2 K.

H3Ce + «CH3s — H3C—CHz3

The reaction has no activation energy. Assuming the hard-core collision radii of the methyl
radicals are one-half the normal C—C bond length, rcus = 0.77 A, calculate the bimolecular rate
constant assuming hard-core collision theory at 398.2 K.

Answer: The plan is to follow Example 31.3.2.
The collision cross-section, using Eq. 31.3.8, is:

ouc = T (2rcms)’ = 1 [2(0.77x107'° m)]? = 7.45x102° m? = 0.0745 nm? = 7.45 A?
The molar mass of «CH3 is 15.03 g mol™!. The reduced mass of the collision is:

M Mg \ 1 15.03 g mol! 1
o= (m) - (1 kg/1000 g) = =552 (1 kg/1000 ) = 1.248x10 kg

With Eq. 31.3.14 the relative speed is:

o (8(1.3806)(10'23 JK1)(398.2 K))l/l
Crel = n 1.248x102° kg

=1059.1 ms’!

Assuming each collision is successful, the rate constant is predicted to be, Eq. 31.3.25:
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Kz = Guc Sret (1000 L/m®) Na = 7.45x102° m? (1059.1 m s™)(1000 L/m?) 6.022x10% mol”!
=4.75x10"" L mol! s!

This result suggests that roughly each collision is successful (or that the estimate of the collision
cross section is too small). The rough agreement of the experimental rate constant and the hard-
core prediction indicates that the steric requirements of the reaction are minimal; the orientation
of the methyl radicals upon collision is largely immaterial.

17. (a). Show that the density of states of a one-dimensional particle in a box is:
p(ex) dex = (8m)” % (ex) " dex

[Hint: you don’t need to use the graphical approach that we used for three-dimensions. ]
(b). Compare the behavior of the one-dimensional and three-dimensional particle in a box as a
function of energy. Why the difference with the change in dimensionality?

Answer: The plan is to determine the derivative of the energy with respect to the quantum
number ny; the final relationship should be written in terms of the energy (and not the quantum

number).
2

(a). The one-dimensional particle in a box energy, Eq. 23.4.9, is: &x = ‘ma’ n3 1
dny
The density of states is given by the derivative, Eq. 31.6.5: p(ex) dex = i dex 2
L . . dng  (dex)! . dex _h?
The derivative is much easier as the inverse: dey ( an with dny ~ 8ma? (2 ny) 3
However, we need to eliminate the dependence on the quantum number. Solving Eq. 1 for the
L, a
quantum number gives: ny = (8mex)” h 4
. . . . dSX h2 1 a 8)(1/2 h
Substituting Eq. 4 into Eq. 3 gives: g -=& = (8mey)” b= @m)a 5

. . . . . 1 a 1
Inverting this last equation gives the density of states as: p(ex) dex = (8m)” b (ex) " dex

(b). The density of states decreases as (&x) > with increasing energy, as shown in Figures 23.4.2
and 23.4.4.. The density of states of the three-dimensional particle in a box increases with energy
as 7. The difference is the result of degeneracy. The one-dimensional problem is not degenerate

but Figure 31.6.1 shows the 3D-problem to be highly degenerate, which increases the density of
states.

18. Calculate the number of translational energy states at 298.2 K for O in a box of volume
1.00 m* with energies from kT to 1.001 kT (i.e. a 0.1% change in energy).
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Answer: The plan is to use the density of states in three-dimensions, Eq. 31.6.8.
The mass of Oz is m = 9/Na (1 kg/1000 g) = 5.314x107%° kg. Using Eq. 31.6.8 with & = kT:

e=kT=4.116x102"]J

\Y% 1
p(kT) =7 (8m)*2 15 (KT)*

1 m?
(6.6261x10° ] 5)’

=§ [8(5.314x102 kg)]*2 [(1.3806x10% J K™1)(298.15 K)]*

=4.801x10°* J!
With the energy range as g = 0.001 kT = 4.116x107>* J giving the number of states as:
p(&r) Sgr = 4.801x10°% (4.116x102* J) = 1.98x10%
In other words, lots of available states. Concerning the units: 1 J s = kg m? s™! and then:

m> 1

T \A )
Ple) =5 (8m) "2 " ~ kg™ feg ey (ke s~ gz~

19. (a). For a square box with side length a and area A = a%, show that the density of states of a
two-dimensional particle in a box is:

A
p(&) det= 2mm 2 det

The two-dimensional case has some applicability to free translational motion on a surface and
electrical conduction in restricted geometries. (b). The density of states of a one-dimensional
particle in a box is given in the previous problem. Compare the one, two, and three-dimensional
cases in terms of the behavior with respect to increasing energy. (c¢). Find the two-dimensional
Maxwell distribution of translational kinetic energy.

Answer: The plan is to note that this derivation is similar to Egs. 31.6.4-31.6.8, with graphical

areas instead of volumes.

(a). The quantum numbers of the two-dimensional particle in a box are combined as n® =n2 + ni.
2 2

) h
The energy is: &= gma? (n2+nd) =

8ma? n’ 1

The density of states is required, Eq. 31.6.5:
dN1 St!
= 2
p(8t) det
The number of quantum states up to energy & can be determined using a graphical analogy. Each
choice of quantum numbers, nx , ny is represented as a point in an x-y coordinate plot. Each unit
change of nx, and ny corresponds to a unit area square. Each unit of area corresponds to one
specific value of nx, and ny. The maximum value of n for states with energy less than or equal to

&t is calculated by solving Eq. 1 for n:
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Nmax = (8m)” @ g (31.6.6) 3

The total number of states with energies between zero and & is given by 1/4 of the area of the
circle with radius nmax. The factor of 1/4 is necessary because a circle centered on the origin is
divided into quarters, but only one-quarter has both positive x and y values. The area of a circle
is r?, which gives the number of states with energy from zero to & as:

1 2 A
N(St) =T nr%ax = z (8m) 2 & =21Tm i3 & 4
4 4 h h

The density of states is the derivative with respect to &, Eq. 31.6.5:

dN A A
p(e) = _dést) =2mm 15 or finally p(e:) dei=2nm 17 dex 5
t

(b). The density of states is constant with increasing kinetic energy. For one-dimension the
density decreases as (ex) 7, for two-dimensions the density is constant as (&;)°, and for three-
dimensions the density increases as &*. The density of states of a one-dimensional system
decreases because the non-degenerate energy states of a one-dimensional box diverge with
increasing quantum number. The density of states of a three-dimensional system increases
because of the large degeneracy of high energy translational levels.

(c). Given the area A, the two dimensional distribution function, in analogy with Eq. 32.6.3, is:

L e ®/kT 2_ .2, 2
p(&) dn= N~ (2mmkT) A/h2 dn n°=n; +ny 6

Substituting the density of states into Eq. 6 to complete the change in variables from dn to de;
gives:

e_gt/ kT e_st/ kT A

p(e) de = m p(e) de = m 2mm 2 de 7

Canceling common terms gives the two-dimensional Maxwell distribution of translational kinetic
energy:

1
p(e) dec = (ﬁ) e %kT gg 8

As a check, if we did things correctly, the final result should automatically be normalized:
0 1 0 —&
IO p(e) dee= | J.O e kT (g 9

Integral tables list ffj e ™dx = 1/a and since a = 1/kT, the integral is equal to one.
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