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Chapter 20: Chemical Equilibrium

Consider the shift in the position of equilibriuritbe reaction PGI(g) - PCk (g) + Ch(g)
when the total pressure is increased. LeChatel®iigiple predicts that the position of
equilibrium shifts in the direction with the smalleumbers of moles of gas. However, the
equilibrium constant, [ is not a function of pressure. How can the posiof equilibrium
shift while the K is unaffected by a change in pressure?

Chemical equilibrium is the thermodynamic thettrgt most directly relates structure to
function. For example, the goal of the developntéra new pharmaceutical is to design a
compound that has a large equilibrium constanbiioding to a target enzyme while showing
negligible equilibrium constants for binding to ettenzymes. The position of equilibrium
determines “how far” a reaction progresses. Allotoal systems eventually reach equilibrium,
unless a continual source of energy or materiagdsipplied. The position of equilibrium is
determined by the Second Law of thermodynamicsapy the Second Law, the system and
surroundings are taken as a composite system.drhpasite is isolated. The change in total
entropy for the composite system is zero at equulib and the entropy is maximized. At
equilibrium at constant temperature and presshesptaximization of the total entropy
corresponds to the minimization of the Gibbs endogyhe reaction. At equilibrium at constant
temperature and pressure, the Gibbs energy ofrtdtipts is equal to the reactariisy); [ = 0,
Eq. 15.3.13. Chemical equilibrium is dynamic. E¥leough concentrations are constant over
time, the reactions still take place with the olldaward reaction rate equal to the overall
reverse reaction rate.

The position of equilibrium is determined by ttev of Mass Action. Consider the general
gas phase reaction: a A)P+ b B(R) - ¢ C(R) d D(R), where A is at partial pressurg, B
is at partial pressuresPetc. The Law of Mass Action gives the equilibriconstant as:

p°)¢ /P° d A
o= EEZJ/W;""?;Z/P";b (equilibrium)

K

where P is the standard state pressure, makipgitless. This equilibrium constant is
designated as Jbecause the quotient is expressed as the ratie qfartial pressures of the
products to the reactants. The equilibrium constgns a function onlyf temperature. For
example, the reaction:

CO(g) +HO (g) - CO: (g) + H: ()

can be used to illustrate the independenceyairKinitial conditions. The partial pressures @ th
reactants and products at equilibrium for sevenigiai mixtures of CO and ¥D at 1259 K are:

Initial conditions Rc (bar) Ryo(bar) Re(bar) Ry, (bar) K

equal CGs H,O 0.279 0.279 0.221 0.221 0.627
more HO 0.121 0.421 0.179 0.179 0.629
more CO 0.396 0.136 0.184 0.184 0.629
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The last column is the ratio calculated from thpezimental pressures; X (Pco.Ph2)/(PcoPH20).
which is constant to within experimental and rowfderror. K, is constant even though the
initial partial pressures of the reactants are défgrent for each experiment,ks only a
function of temperature. The Law of Mass Action weatablished empirically in 1864 using
similar observations on 300 different reactions.

The response of a reaction at equilibrium tanges in conditions is summarized by
LeChatelier's Principle:

A system perturbed from equilibrium shifts its difuium position to relieve the applied stréss.

For example, for an increase in temperature, thetian shifts in the endothermic direction to
relieve the stress. As we develop the theory ofreb& equilibrium, we will need to verify that
the theory agrees with the Law of Mass Action ae@hatelier’s Principle.

The position of equilibrium, from a fundamentarmodynamic perspective, is established by
minimizing the Gibbs energy of the reaction. Wisathie relationship between the Gibbs energy
and the equilibrium constant? Chemical reactioescharacterized by the reaction Gibbs energy
under standard state conditions using Eq. 15.4.17:

Ns
AG® =Y v AG? (cst. RP)  (15.4.17)

i=1
However, a reaction at equilibrium is not very likeo have partial pressures for each reactant
and product equal to 1 bar. The key to unifyinglther of Mass Action with thermodynamic
principles is through the calculation of the reawt>ibbs energy under non-standard state
conditions.
20.1 Gibbs Energy and Chemical Equilibrium

The Equilibrium Extent Depends on the StandardeSRaaction Gibbs EnergyWhat isA/G
under non-standard conditions? Consider the gegasaphase reaction:

aA(R) +bB(R) - cC(R) dD(R) 20.1.1

The chemical potential of each reactant and produgiven by Eq.16.6.20assuming the
constituents can be treated as ideal gases. Forpbador A:

Ha = 1R + RT In(RJ/P?) (ideal gas) (16.6.2D
At constant T and P, the change in Gibbs energynduahe course of the reaction is given by:
dG = p dm + g drg + e dnc + Pp drp (cst. BP) 20.1.2

The progress of the reaction is expressed usingxtent, Eq. 3.1.4, d& vid. Substituting for
the changes in moles of reactants and productsnmstof the extent gives:

dG = (quc + dyp — a fh — bpug) d€ (cst. BP) 20.1.3

The chemical potentials are constant, since thiggparessures of each reactant and product are
held constant, Sec. 8.4. Integrating the last éguad the completion of the reaction gives the
reaction Gibbs energy:

prrOdUCtSdG :fl (CHc + dpp — apa — bpe) d€ (cst. BP) 20.14
0

Greactants
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AG = clc + dp — apa — bug (cst. BP) 20.1.5
Substituting for each chemical potential undergiven reaction conditions using Eq. 16.6.20
gives:

o RTINPST + dfue + RT NP2 T — ale + RT InFAT - bfue + RT In28

NG :c[uc+ RT InPo] +d[uD+ RT Inpo] —a[uA+ RT InPo] —b[uB+ RT InF,o

(cst. &P, ideal gas) 20.1°6

Rearranging terms to collect all the standard stiagenical potentials gives:

P P, P P,
MG = cpg + dyg — apg — bpg + RT [cln 55 + din 52 — aln 55— bin 5 | 20.1.7

The first term is the standard state reaction Gérergy:
AG® = cp +dug —aug — bug (cst. BP) 20.1.8

Substituting this definition into Eq. 20.2.@ives the reaction Gibbs energy under non-standard
conditions in the final form:
(Pc/P?)*(PolP°)
(Pa/P°)?(Pa/P°)"
Using this equation, we can calculate the readBdobs energy for any given set of conditions
and not just standard states. The term in brackete reaction quotient, Q:

(Pc/P)*(Po/P°)
(Pa/P°)3(Pg/P°)°

NG =AG° + RT Ir{ (cst. BP, ideal gas) 20.1°9

AG=AG°+RTInQ with Q { (cst. &P, ideal gas) 20.1.20

Example 20.1.1:

The water-gas shift reaction is a historically intpat process in the gasification of solid fuels.

In gasification, the solid fuel is burned with liimig oxygen to produce a mixture of CO ang H
which is called Syngas. Syngas is then treated migh pressure steam to enhance the
production of H. The result is an equilibrium mixture: CO +®_ CO, + H,. Gasification

fueled the “gas-light” era and may again be impdrfar the gasification of coal and biomass for
the production of Kifor transportation fuels and chemical feedstoBksmass gasification
increases our energy self-sufficiency and decre@&eemissions compared to fossil fuel
utilization, assuming sustainable harvesting pcasti Calculate the reaction Gibbs energy under
the given conditions at 298.2 K:

CO (g, 10.0 bar) + }D (g, 10.0 bary CO; (g, 5.00 bar) + ki(g, 2.00 bar)

Answer The first step is to calculate the standarcestaaction Gibbs energy and then secondly
to adjust to the given non-standard conditionsstAhdard state:

CO (g, 1 bar) + bD (g, 1 bar): CO, (g, 1 bar) + H(g, 1 bar) units
AMG°  -137.17 -228.57 -394.36 0 kJ niol
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AG° = [Zproducts] — Ereactants] = [-394.36 + 0] — [-137.17 + (-228.5)Jmol*
= -28.62 kJ mdl

Then correcting to non-standard state conditiossguEq. 20.1.10

_ (5.00)(2.00)
Q =(10.0)(10.0)" 0-100

AG =AG° + RT In Q = -28.62 kJ mdil+ 8.314 J K mol*(1 kJ/1000 J)(298.2 K) In 0.100
=-28.62 kJ mol + (-5.71 kJ mot) = -34.33 kJ mot

The kinetics of the water-gas shift reaction aosvsht room temperature, so the process is run at
high temperatures and pressures in the preseraeaiflyst. However, the equilibrium is not as
favorable at high temperatures. New membrane téobigs to separate and remove the H
product improve the efficiency of the overall presg

Compare 20.1.5 and Eq. 15.1.12 under equilibriunditmns: the reaction Gibbs energy at
equilibrium is zero:

(Po/P*)*(Po/P?)
(Pa/P)(PelP?)"

(equilibrium, cst. &P) 20.1.11

The reaction quotient at equilibrium is the equilim constant, K= Qs Solving Eq. 20.1.11°
for the standard state reaction Gibbs energy ghesentral and important expression:

AG°=—RTInK, (cst. T) 20.1.12

AG =AG° +RTIN Q=0 Kp=Qeq=[

The equilibrium constant is a function of temperatonly becausA;G° is defined at standard
state pressures of 1 bar for each reactant andigiidlg. 20.1.12° can also be used to solve for
the equilibrium constant in terms of the standaatiesreaction Gibbs energy:

—A,G°
InKp=—R7 20.1.73

Solving for K, shows the exponential dependence of the equitibdanstant on the standard
state reaction Gibbs energy (which is of the forstukssed irGeneral Patterri 4):

—AG°
Kp=€ RT 20.1.74

Does the dependence on reaction conditions agtleeur expectations based on experimental
observations? Substituting Eqg. 20.1.12° into EqL.2Q° provides a useful relationship for
verifying LeChatelier’s Principle:

_ Q
NG =RT InK 20.1.15
P
If the partial pressures of the reactants are tglo, then Q ~ [products]/[reactants] gives Q 5 K
The ratio, Q/k;, is less than one and the corresponding reactiobs@nergy is negative. The
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forward direction is the spontaneous directiontf@ reaction. If the partial pressures of the
products are too high, then Q 3.Rhe ratio Q/k is greater than one and the corresponding
reaction Gibbs energy is positive. The backwardsction is the spontaneous direction for the
reaction. Now consider starting with the systeracatilibrium. If a small amount of a reactant is
added to the equilibrium reaction mixture, Q desesaand\,G < 0. The reaction runs in the
forward direction, which decreases the partial guess of the reactants, resisting the change. On
the other hand, if a small amount of a productideal, Q increases afgs > 0. The reaction
runs in the backwards direction, which decreasepértial pressures of the products, again
resisting the change. The response of the systgrartarbations from equilibrium based on Eq.
20.1.15° agrees with LeChatelier’s Principle. Theifon of equilibrium is such a central issue
in chemistry that we should take special care teustand the underlying factors.

The Entropy and Gibbs Energy of Mixing Play a Cahitole in Determining the Position of
Equilibrium:  Using the schematic gas-phase reaction A*®+ D, let's see if we can tease
out the contributing factors governing the positdrequilibrium. The relationship of Q to the
extent of the reaction is through the partial pness of each reactant and product. The initial
values of the mole amounts of reactants ageand .. Assume that we start with only reactants
so that go,= 0 and B, = 0. From the stoichiometry for this example, thele amounts are:

M=NMNao—¢, M=MNge—¢§, Nc=¢&, MH=¢ 20.1.16

The Gibbs energy at any point during the reactsgast the sum of the Gibbs energies for each
product and reactant:

G=mmHa+Ns g+ Nc e+ Mo Hp (cst. BRP) 20.1.17
P, P P P
G=mn[us +RT Ir(;f\j]+ ng [U3 + RT Ir(;?)] +nc [ué+ RT Ir(;?)] +p [us+ RT Ir(;?j]
(cst. &P, ideal gas) 20.1.18

The partial pressures are expressed in terms ahtte fractions using Dalton’s Law of partial
pressures,iPy; P, with P the total pressurg= n/n, and n = n.. Collecting terms, as we did
for Egs. 20.1.7-20.1.9, gives:

G = (MR + N g + Nc U@ + o Up)
+MmRTInya + s RT Inyg + et RT Inyc + b RT Inyp

P P P P
+ mRT In(;) + g RT Ir(;) + ncRT Ir(;) + p RT In(;)
(cst. &P, ideal gas) 20.1.19

The total moles of gasis n % A ng + nc + np, and we can use:
Na
na RT = nRT(F) = nRTya 20.1.20

and parallel expressions for each reactant anduptdad simplify Eq. 20.1.19

G=(mHR +MHUg + Nc + Mo US) + NRT(Ya Inya +Ys INys +yc INyc + Yo Inyp)

P .
+ nRTIn(Ej (cst. &P, ideal gas) 20.1.21
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The first term, which is expressed in the standsate values, is just the Gibbs energy of the
reactants and products at each stage of the reabtib as pureunmixedconstituents at standard
state pressure. The term in the mole fractionsag3ibbs energy of mixing of the constituents to
give the reaction mixtureRemember from Eq. 16.8.1¢hat for ideal gases, the Gibbs energy of
mixing is given byAmixG = — TAnixS. The Gibbs energy of the reaction is stabilizgthie

favorable entropy of mixing of the reactants anadpicts. The last term adjusts for the overall
pressure of the reaction mixture. For a constaggqure reaction, P is constant. These terms are
diagramed in Figure 20.1.1 for a reaction at a @origotal pressure of 1 bar. The top-most line
is the term G(pure) = (A YA + ns Mg + Nc U&+ np Kp), which varies linearlyvith the extent of the
reaction between the pure reactants and the padugts.

14
12 1
10 1 AmiG G*(pure)
o reactants
© 8 1
€
26 -
o
4 -
AmixG
2 A products
0 T T T Il 1
0 0.2 0.4 0.6 0.8 1

& (mol) equilibrium

Figure 20.1.1: The Gibbs energy of the reactiotuhes the Gibbs energy of each pure
reactant and product and the Gibbs energy of mitarfgrm the reaction mixture.

The lower curve is the Gibbs energy during the sewf the reaction. At the beginning of the
reaction, the Gibbs energy is less than the pwetaats because of the Gibbs energy of mixing
of the reactants. The Gibbs energy of mixing ie atsportant at completion for the products. At
equilibrium, the Gibbs energy of mixing is even mestabilizing, because there are four
constituents in the mixture, A, B, C, and D. Wenedt for this additional Gibbs energy of
mixing, A + B » C + D would always go to completion givigg= 1 if spontaneous or remain at
¢ = 0 if non-spontaneous. The entropy of mixing #recorresponding Gibbs energy of mixing
play a central role in determining the positioreqtiilibrium.

Another useful viewpoint is to consider the tielaship of the Gibbs energy during the
reaction, Figure 20.1.1, to the reaction Gibbs gneX;G. In direct analogy with the reaction
enthalpy, Eq. 8.4.19, the reaction Gibbs enerdlyasslope of the Gibbs energy at a given extent.
The corresponding derivative for the Gibbs enesgy i

0G Ny
(—) =2 ViG=AG (cst. &P)  20.1.22
%)tp
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This relationship is shown diagrammatically in Fig20.1.2. If the extent of the reaction is less
than equilibrium, the slope of the Gibbs energyeus negative giving,G < 0 and the reaction
is spontaneous in the forward direction. If theeexiof the reaction is greater than equilibrium,
the slope of the Gibbs energy curve is positivenghh,G > 0 and the reaction is spontaneous in
the backward direction. The Gibbs energy is at mimh at equilibrium, wherA,G = 0.

10 -

| i /

equilibrium

G (kJ mol't)

OFRL NWRUIO N

0 0.2 0.4 0.6 0.8 1 -20 1
& (mol) equilibrium

0 & (mol)

Figure 20.1.2: The Gibbs energy during the readsat minimum at equilibrium, where
AG = 0. The reaction Gibbs energy is the slope ®Gh/s. curve at a given extent.

Eq. 20.1.10is specific for two reactants and two products. H3j1.22 gives the reaction
Gibbs energy for the general case for which:

Ng .
Kp = |-1 (Prp)” (ideal gas)  20.1°23
1=

Thell symbol indicates a continued produdty; = x;XoXsXy. .. ..

The position of equilibrium is determined MYG° and the reaction stoichiometry. So far, other
than changing initial amounts of the reactants@oducts, we have no control of the position of
equilibrium. How can we gain additional controlthe reaction conditions aren’t favorable? The
reaction Gibbs energy is a function of temperature.

The Equilibrium Constant Depends on Temperatufidhe dependence of the standard state
reaction Gibbs energy on temperature is given by@hbs-Helmholtz relationship, Eq. 16.3.12:

O(ArGj
T AH°
= 20.1.24
p

oT )y T T
We can convert this last expression into a relatigmfor In K, by dividing both sides of the
eqguation by —R:

45
RT J| AH 20.1.25

- 2
oT J, RT
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Using Eqg. 20.1.13°, In K= —A/G°/RT, the Gibbs-Helmholtz relationship reduces to:

dInK,) AH°
( 3T "j = |qu2 20.1.26
p

This relationship is called thean 't Hoff equation. This result is in accord with LeChatelier’s
principle. For endothermic reactiodsH°/RT>> 0 and K increases with increasing temperature.
For an increase in temperature the reaction shitfse endothermic direction, resisting the
change. For exothermic reactions, the derivativeegative and Kdecreases with increasing
temperature. The general form for the temperatapeddence in Eq. 20.1.26 is outlined in
General Patterril 9, Sec. 17.1. As discussed in the general pattezrcam integrate:

T2 ArHo
JdiIn szf Rz dT 20.1.27
T

1
AssumingAH° is constant over the temperature range, the iategmresult is:

Ko, _ ArH°(i 1J
Ko, R

In (cstAH?)  20.1.28

T T1
SYNER
— R \T," T o

In addition, usingseneral Patterngl 4 and 9, Egs. 17.1.22and 20.1.26 can be recast as:

AH® (1
dinky=-—R d(?) 20.1.30
AH°
In K, =— &T +InC (cstAH°)  20.1.31

The plot of In K as a function of 1/T gives a straight line, assigruonstanf\,H°, with a slope
of —AH°/R, Figure 20.1.3. This plot is calledran 't Hoff plot. The temperature variation is
exponential at low temperatures and at high tenipessireaches a constant value.

Kp K_

In K,

uT T
Figure 20.1.3: Variation of the equilibrium condtéor an endothermic procegsH*® >0.

If the reaction enthalpy is not constant over gragerature range, the plot of Ip Wersus 1/T
shows systematic curvature. Geochemists, chemiggheers, and environmental chemists often
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work under extreme conditions of heat or cold. foderate changes in temperature, the
temperature variation of the enthalpy is given loy &5.5 assuming,C, is constant over the
temperature rangé&H; = AHg + A/C, T, whereAHg is the reaction enthalpy extrapolated to

T =0 K. The integral in Eqg. 20.1.27 is then:

KP,T2 T2 A HS r T2 AHS T2AC
n Ko, f T RT? * f RTZ dt f _Q dr (cstACp) 20.1.32
! 1
Kp T2 _ ArH° ( 1) QI T2 e ro.133
"Wor,” T R T, (cstACy) 1.

Over large temperature ranges, the reactiondageicity and reaction enthalpy are expressed
as power series in the temperature, Eqgs. 8.5.148 &n2il.:

AC, =Aa +AbT +AcCT? (8.5.14)
p

Ab AC
AH° = AHS+ AaT + 2r T? +?rT3 (8.5.21)

The integral in Eq. 20.1.27 is then:

KPT T2 A H2 Jha Ab Ac
Kpn f +RT*2r *3RT OT 20.1.34

which integrates to:

K o
LA PP s b 1J Ara|n T2 ACT2_T1) 20.1.35

KPT R R (T2 Tl) + R(TZ -

Egs. 20.1.33 and 20.1.35 add “correction termghéobasic form in 20.1.28 for successively
wider variations in temperature. Alternatively, theegrals in Eq. 20.1.27 can be done as
indefinite integrals:

AH , Aa
" RT "R

Ab . Ac

R T *6R T2+ 20.1.36

In K, = InT +
where | is the combined integration constant. Thegration constant is determined from one

known K, at the corresponding temperature.

Entropy and the Variation of Jvith Temperatureln generalA,/G°, AH®, andA,S° are

functions of temperature. The reaction Gibbs energietermined from the equilibrium constant
as a function of temperature using Eq. 20.1A1&; = — RT In K,. The van 't Hoff equation
allows the reaction enthalpf;H®, to be determined from the temperature variaticthe
equilibrium constant. The reaction entropy is tbaltulated using the definition of the reaction
Gibbs energyA.G° = AH® — TAS®:

AH° -AG®

AS = T

20.1.37
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Alternately, the dependence of the equilibrium ¢antson the reaction enthalpy and entropy can
be separated by substituting the definition ofrgreection Gibbs energy into Eq. 20.1.13°:

—(OH° —TAS) AH° AS
In K, = G RT ). T tTR 20.1.38

If we assume thakH°® andA,S° are temperature independent, this last equationtise form of

a straight line with a slope of\H°/R and an intercept &;S°/R, as in Figure 20.1.3. This
interpretation is useful in explaining the influenaf the reaction entropy on the equilibrium
constant. The value of the reaction entropy shiiisline up and down in the vertical direction on
the In K, axis. However, it is important to remember th&° is temperature dependent. The
intercept of the graph givé#sS® at roughly the average temperature of the plattgd points. In
general it is better to use Eq. 20.1.37 to caleulla¢ reaction entropy at a given specific
temperature, than to use the intercept of thetvdoff plot.

For Real Gases the Equilibrium Constant is writterTerms of Fugacities The
thermodynamic equilibrium constant should be indejeat of total pressure. However, studies
of reactions at high pressures show thaiska function of pressure. The For the synthesis of
ammonia, at a range of total pressures, is givérabie 20.1.1.

Table 20.1.1: Kfor % N, + %, H, = NH3 as a function of total pressure at 723 K.

Total pressure (atm) K Ky K

10 0.00659 0.995 0.00655
50 0.00690 0.945 0.00650
100 0.00725 0.880 0.00636
600 0.01294 0.497 0.00642

Our treatment of gas phase equilibria to this pbag assumed ideal gas behavior. At high
pressures, gases are no longer ideal. The charggpiilibrium constant with large changes in
total pressure results from the non-ideal behasidhe reactants and products. Under extreme
changes in pressure, we need to recast the equalixpression in terms of the fugacity. The
chemical potential of a real gas is given by Eq7 6= 5 + RT Infi/P°). Using the fugacities
in the derivation of Egs. 20.T420.1.10, we find that:

. fo/P°)S(fo/P°)¢
AG°=—RTInkK with m=%&jﬁ%fgﬁ))—b

The fugacity based equilibrium constant can beofact into a pressure dependent term and the
corresponding ratio of fugacity coefficients uskg. 16.7.10f; =y; P:

_[xE deH(PdP")C(PD/P")d} _ .
N _[vAabe (PA/P°)(Pa/P?)B | = Ky Ko (equilibrium) 20.1.40

For the ammonia synthesisy Was approximated, using the Law of CorrespondiageS and
Figure 16.7.1. The results are listed in Table 20.The resulting equilibrium constant in terms
of fugacities is constant to within experimentabeand the error inherent in using the Law of

(equilibrium, cst. T) 20.1.39
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Corresponding States to estimate the fugacity mefits. For real gases we simply exchange
the fugacity for the measured partial pressure.rébalt is the pressure independent
thermodynamic equilibrium constant based on fuges;ik;.

The pressure independence of the equilibriunstaon leaves an important issue to be
resolved. LeChatelier’s Principle predicts a simifthe position of equilibrium with total
pressure. How can the position of equilibrium sifik,, or K for real gases, is constant?

20.2 Gas Phase Chemical Equilibria and LeChatelies' Principle

Ko, Ke, and K Differ if 4ng Z0: At times working with partial pressures is ingenient. The
equilibrium expression can be evaluated using rfratgions or gas phase concentrations when
necessary. Substituting Dalton’s Law of partialgstees for each constituent into the Law of
Mass Action, with P=y; P and total pressure P, gives:

_ (PIP)(Po/P)’ _ (yePIP)(yo PIP)" @8 ij (P)Ar%

P~ (PalP?)¥(Pa/P)° ~ (ya PIP)(ys PIP)° ~ (y2 yB) (P° 20.2.1

K

whereAng is the change in number of moles of gas for thaetien,Aing = ¢ + d —a — b, as given
in Eq. 8.3.2. The first term on the right is the equilibriumnstant expressed in terms of mole
fractions, K.

_ . (PP . _YeY8
Kp = Ky (P") with K, = yf\‘ yB 20.2.2

Alternatively, Dalton’s Law can be expressed imteiof the gas phase concentrations,
P,=n RT/V =g RT:

_ (PP (PolP?)?  (cc RT/P)(cp RTIP)! (cg ng (ﬂ]&ng
P~ (PA/P?)X(Pa/P°)° ™ (ca RT/P)X(cs RT/P)® ~ (2 cB) L P°

The ratio of concentrations has units in generalinBure the concentration based equilibrium
constant is unitless, divide and multiply each @ntiation term by the standard state
concentration, c°:

_ ((cclc®) c°RT/P)° ((cp/c®) cORTIP)Y  (celcO) (ol (co m)Arng

K 20.2.3

P = ((Calc®) CORT/P)A((Ca/c®) CORT/PP)P ~ (CA/COF (calcoP | P° 20.2.4
_ c° RT\AMg _ _ (CdCO)C (CD/CO)d

Kp is the true thermodynamic equilibrium constansuasing ideal gas behavior. In other words,
Kp is independent of the total pressure and thegbgutessures of the reactants and produgts. K
and K are not true thermodynamic equilibrium constamtsaloise they depend on the total
pressure. On the other handjifig = 0, as in the water-gas shift reactio,#Ky = K, or you

can even use moles directly in the equilibrium egpion.
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Example 20.2.1:Dissociation
Calculate the degree of dissociation of £4211.00 bar and 10.0 bar total pressure, stawitig
2.00 moles of PGl K, = 0.460 at 229 K. The reaction is B@) - PCk (g) + Cbh (9).

Answer The reaction is in the general form of a disst@n. The change in number of moles of
gas for the reaction &,ny = 1. Using Eq. 20.2.2 the equilibrium positiorgigen by:
Kp = Ky (—) at P =1.00 bar,,k=0.460 and at P = 10.0 ba,¥0.0460

The moles fractions can be calculated using tHeviahg table using "a" as the initial moles of
the reactant:

PCE = PCk(9) +Ck(9)

moles: a-€ & 3 giving nr=a-¢+&+&=a+¢&
. a=¢ & &

mole fractlon.aJrE a+e a+e 20.2.6

where Ry is the total moles of gases. Substitution of tldenfractions into K gives:
e«
_YeceYor, _\a+téNa+&) &
KX - yPCB - (a _E) - aZ_EZ 20.2.7
a+¢
. Ky )2

Solving for the extent: & = (1+KJ a 20.2.8

Egs. 20.2.6-20.2.8 are applicable for any reagatith stoichiometry AZ B + C. With P = 1.00
bar, a = 2.00 mol, and\& 0.460, therg = 1.12 mol. The degree of dissociation is:

a =§ 100% = 56.1%

At 10.0 bar, giving K= 0.0460, the§ = 0.41% anda = 21.0% dissociated. The shift in the
equilibrium position is as predicted by LeChatésid?rinciple; for an increase in total pressure
the reaction shifts in the direction with the sreatiumber of moles of gas. The change in
pressure for this problem might be accomplisheglbging the reaction in a cylinder that is
fitted with a piston, and then compressing the tieagnixture to 10.0 bar.

Example 20.2.2:Addition of an Inert Gas at Constant Volume

Calculate the position of the equilibrium if 1.0@l@ of an inert gas is added to the reaction
mixture in the last problem. The effect of an irgas is different if the gas is added at constant
pressure or at constant volume. For this problesaras the system is at constant volume.
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Answer The partial pressure of a substance is thespreghe substance would exert if alone in
the vessel. For a constant volume system, additi@am inert gas does not change the partial
pressures of the reactants and products, so thigopasf equilibrium does not change. The inert
gas can be any substance that does not partigiptite reaction, including helium, argon,
nitrogen, or even oxygen if oxygen is unreactive.

Example 20.2.3:Addition of an Inert Gas at Constant Pressure
Calculate the position of the equilibrium if 3.0@les of an inert gas is added to the reaction in
Example 20.2.1. Assume the system is at a congtassure of 1.00 bar.

Answer: Let the initial moles of reactant be d #me moles of added inert gas be n. After the
addition of the inert gas, the mole fractions aaedul on:

Now=a— +{+E+Nn=a+n+x

and the mole fractions are now:

PG - PCh(g) + Ci(9)
moles: a< € 3
. a-t & &

mole fraction:_— I a+tn+f a+n+t

Substitution of the mole fractions intq ives:

:(afn +E)(a+zn+ﬁj: g2 _ g2
a-— a+n+f)(@a-& a@+n)—f-
K ( Ezj ( H@-t) a@+n)-f-=e
a+n+

Rearranging: (1 + &%+ K.né —Ka(@+n)=0

Solving for the extent using the quadratic formwlth a = 2 and n = 3 gives= 1.3 mol and
the degree of dissociation,= 65.2%. Why does the degree of dissociation as®@ Consider
the equilibrium expression in terms of partial grees. At constant pressure, the addition of an
inert gas increases the volume of the system. @n&ppressures of the reacting gases then
decrease, sincg P nRT/V. The effect of the perturbation on the prodside is greater than the
reactant side because of the two partial pressuitee numerator of the equilibrium expression.
The equilibrium position shifts to the right, comga to Example 20.2.1.

We can check our results for errors by usingetipglibrium extent to calculate the
corresponding equilibrium constant. Ror 1.3+ mol:

_a—f _ 2-13@8 _
Yecs= g n+e 2+3+1.3g 01383

B I 1.3 _
Yeck =Y =5 1y +§ 2+3+1.30" 0.2458

giving Ky =Ypcs Yer!/Yecs = 0.460, which verifies our calculation.
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We have developed the connection between thermatgsand the equilibrium expression for
homogeneous gas phase reactions. However, mosisteemork in solution.

20.3 Equilibria in Solution and Heterogeneous Eqlibria

The central connection between thermodynamidseguilibrium is through the chemical
potential. For a component in solution, from Eds113 and 19.1.11:

Ha = Hx(I) + RT In & (solvent, Raoult’s Law SS) (19.1.3)
Wi = XuiT(I) +RTIna (solute, Henry's Law SS) (19.1.11)

The corresponding equilibrium expression is ea$#ermined by substitution of the chemical
potentials in terms of the solution activities ildq. 20.1.5. Repeating the steps in Egs. 20.1.6
20.1.10, we find that:

ac® &"
NG =AG°+RTINQ with Q e o } (cst. &P) 20.3.1
. act & _
AG°=—RTIn K with Ka:[—ﬁa (equilibrium, cst. T) 20.3.2
aa B leq

No assumptions of ideality are necessary. G. N.i¥’'sweleaver definition of the activity for a
real solution allows us to easily convert our ielahips for gas phase reactions to the
condensed phase; we just exchange activities ftiappressures. Little more needs to be said
about the fundamental thermodynamics of reactiors®iution.

You can use any concentration measure thatgeroent, Eqs. 19.1.17. You just need to
remember that the standard state chemical potemkgdend on the choice of concentration
measure, and thelG® = — RT In K; is expressed in the appropriate concentratiors uvfe
have used™, “®’, and “™ superscripts to differentiate the standard sta#esvever, most
publications drop these superscripts and insteachged to determine the concentration measure
from context. The Raoult’'s Law and Henry’s Law stard states are summarized in Figure
18.3.3.

For an ideal-dilute solution, the activity coeiiénts are one. The equilibrium expression then
reduces to a relationship in mole fractions, maksj or molalities instead of activitiesy, K,

Km. What are the ramifications of the choices ofat#ht concentration measures?

The Choices for Standard States Change the ValtledEquilibrium Constant The numerical
value for the concentration based equilibrium camisand reaction Gibbs energy depend on the
choice of concentration measure. Consider for examhe dissociation of §D4 in chloroform
assuming an ideal dilute solution:

2
_ Xno,

XN204

= 8.70x10" AG° = —RT In K, = 57.4 kJ mot
20.33

Using Egs. 2.2.7 and 2.2.11, the mole fractionsatem be converted into molarity and molality
units for the same experiment, Table 20.3.1.

N2Os ~ 2 NG, Kx
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Table 20.3.1: Equilibrium concentrations in diffierenits for NO, = 2 NO, at 298.2 K.

X; ¢ (mol LY m; (mol kg")
NO, 1.47x10° 1.85x10° 1.85x10°
N,O, 2.48x10° 0.324 0.335

The equilibrium constants calculated in terms ofarity and molality, K and K, respectively,
are significantly different from Kin magnitude, but equally valid. Assuming ideahdéeéor with

Yno. U1 andyN204 U1

(CNo °)2 (mNo °)2
= NI _ 1 ooxid NI oexidP
CN204/c° MN204/m°
AG° = —RT In K. = 28.4 kJ mot AG° = —RT In K, = 28.5 kJ mot

20.3.4

The corresponding reaction Gibbs energies alserdiiffid the values correspond to unit
concentration standard states in each corresporgdimgentration unit.

The equilibrium constants listed in standare@mefices are often based on unit molality
standard states. However, work in the laboratopften done on a molarity basis. How are
equilibrium constants converted between conceptratieasures? Equilibrium constant
conversions for molality and molarity standardesah dilute solution are based on Egs. 2.2.8
and 2.2.12. To help with the unit conversions, rib& (1 L kg') = m°/c°. Eq. 2.2.8 can be
written:

m 0= (1 gLkg"mL?) =< (m°/c®)(1 g mrY) (very dilute) 20.3.5
dsoln dsoln
Equilibrium expressions involve terms of the fornfim® or ¢/c®. Solving this last equation for
these ratios gives:
m/m° = c/c¥1 g mLYdsor) and  c/c® = mim®soi/l g mIY)  (very dilute) 20.3.6

Consider the reaction,a A+ bBc C + d D, withA,v = ¢ + d — a — b. Substitution for m/m° into
Km using Eqgs. 20.3.6 gives:

_ (mg/m®Y (mp/me)!  [ce/e® (1 g mEYdsom)] © [eo/c® (1 g mLYdsor)] ©
™ = (Ma/mOf (me/m®)° ~ [ca/c® (1 g MLYdsoin)] ? [ca/c® (1 g mLYdsor)]®

(cc/cO)(cp/cO) (1 g mL'lerV
(CA/ Co)a (CB/ Co)b dsoln

1 g mLhAv .
Km OKe (—%ﬁ) (very dilute) 20.3.7

K

N

Substitution for c/c® into Kusing Egs. 20.3.6 gives similarly:

Ke = Km (dsor/L g mI>Y (very dilute) 20.3.8
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The density gf very dilute aqueous solutions ismftlose to that of pure water; at physiological
temperature ,qio =0.9935¢g mL. For a reaction with stoichiometry AB+C + D, K[
Km(0.9935%, which corresponds to a 1.3% difference. Reactiatts largeAv and solution

densities different than ~1.0 have significantetiéinces between,Kand K.
The theory of chemical equilibrium that we haexeloped is easy to implement for
homogenous solution, but what happens in heteragsneactions?

The Activity of Pure Constituents is [Eor a pure substance in a condensed phase a&sinod
pressures, the chemical potential is equal totdredard state chemical potential, £ p:

Ha= M5 + RT Ina = 3} sothat a=1 20.3.9

The activity of a pure condensed phase is equathéo Another equivalent viewpoint is that the
concentration of a pure phasexis= 1, which corresponds to the standard stateranla

fraction basis. If a pure substance is in its stati@tate, the activity coefficient is equal to goe
that A =YaXa= 1.

Example 20.3.1:Equilibria with pure condensed phases
Give the equilibrium expression for the reactions:

CaCQ(s).CaO(s)+%2@(g) and H(9)+¥2Q(9) - H0 ())

PE
Answer For the dissociation of CaGCK, = 8;:20 o = P%.
: - 1
For the formation of pure liquid wateryk PTZI%Z =P, PZ
2 2 2 2

In Dilute Solution the Solvent Activity is Approgiied by the Mole FractionHow does the
solvent in dilute solution affect the position ofudibrium? Consider as a simple example the
autoprotolysis of water and the corresponding @ajuuim expression:

H,O (1) - H" (aqg) + OH (aq) Ky =w 20.3.10
aH20
In dilute solution, we use a Henry’s law standaedesfor the solutes and a Raoult’s law standard
state for the solvent. The activity coefficienttioé solvent in dilute solution is near one,
especially in comparison with any ionic solutesdilmite solution, the equilibrium expression
can be adequately approximated as:

(@) (@)

Xt20 (dilute solution) 20.3.11

w =
The concentration of the solvent ddesre an effect on the position of equilibriumhiétsolvent
is a reactant or product. In an ideal dilute solutithe mole fraction of the solvent approaches
one, Xm0 — 1, and to the accuracy available from most expamntad determinations, we can
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often approximate the equilibrium expression gsa,)(a,,;). General Chemistry texts
sometimes give the impression that the concentraiwd pure liquids and solids and the solvent
in dilute solution are “left out” of the equilibmu expression. Rather, the concentrations of pure
condensed phases are always included; they ar@veowalways rigorously equal to 1. In dilute
solution, except for studies with high accuracy,als® approximate the mole fraction of water
as 1. The ability to approximate the activity of golvent as-1 results from the choice of a
Raoult’s law standard state for the solvent.

The Gibbs Phase Rule Determines the Number of émtlgmt Variables When solving for the
equilibrium position of a chemical reaction, wesfineed to know the number of independent
variables. We then need to specify the valuestfeitdependent variables before the problem
can be solved. This first step of laying out theakales for the calculation is necessary to ensure
the problem is completely determined and solvabtnsider several chemical reactions at
equilibrium occurring in one or more phases. Theber of independent variables is given by
the Gibbs Phase Rule, D =f + p, Egs. 18.5.6 an6l.9.8The variance, f, is the number of
intensive variables that can be changed indepelydeithout disturbing the number of phases in
equilibrium. The degrees of freedom, D, is the nandf independent variables that appear in
the expression for the total differential of théol®8 energy.

Example 20.3.2:

Phosphate equilibria play an important role in hemical systems. Determine the variance of a
solution made from Na#PO, and water at constant temperature and pressueethds/ariance

to determine dG for an open system and for a clegstém at equilibrium.

Answer The constituents are the same as Example 10N2a'1H", H,PO,, HPQ?, PQ¥, and
H,O. There are 2 components: N&, and HO. The solution is a single phase system giving
the variance at constant temperature and predsurec — p = 2 — 1 = 1. With one phase there is
one extensive variable, giving"D=f " + p = 2 total independent variables. Foragen system

at constant temperature and pressure, dG thembagtms:

dG = Watepos dMarepos + HHz0 Ao

The mole amounts of the two constituents are camweally calculated using the solution
concentration and total solution mass. The conagatr is the intensive variable, with

Xnarepos + X0 = 1, and the solution mass is the extensive viari@bspecify the phase size. For a
closed system, d@wrpo, = dnyo = 0 giving dG = 0. The closed system is at equiliin. At
equilibrium the chemical potentials are constraiasd

+ _}EaZ + 2- + _P,%B + 3-
Na + HbPO, - Na +HPQ“+H" - Na +PQ>+2H

MNarePos = MNat + HHporr = MNat + MHPo- + M+ = Hnar + Hpos- + 2 Hy+

The hydrogen ion activity is uniquely determinedsipecifying just the Nay#PO, concentration,
no other information beyond the equilibrium conséas necessary. For studying chemical
reactions involving phosphate in a closed systamnioles of Naions will be constant and

have no effect on the chemical equilibrium. In d@iddi if the moles of water is unchanged in the
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reaction, then dpo = 0. For such a reaction the change in Gibbs gnenuist
dG = Ppor- dzpor.

The Biochemist’s Standard State is at pH:=Biochemical systems are commonly buffered at a
pH near 7. As a consequence, equilibrium expressaom often specified at pH 7 and
biochemistry references quote transformed stanstatd reaction Gibbs energiég(;®', at pH 7.
The hydrolysis of ATP is an interesting examplee Tiiee energy for most processes in living
cells is derived from the hydrolysis of ATP. Sugimgly, the standard state reaction Gibbs
energy for the hydrolysis of ATP is unfavoraheGe = 3.06 kJ mat at 298.2 K, Example

15.4.4. However, under standard state conditioa$iyldrogen ion activity is 1. The standard
state reaction Gibbs energy is then not a usefakome of the free energy available from the
hydrolysis of ATP at physiological pH. The standatate needs to be transformed to a pH of 7.
The reaction, written using the primary ions inui@n at pH 7, is:

ATP* + H,0 ~ ADP* + HPG; + H' AG° = 3.06 kJ mot (298.2 K) 20.3.12
Near pH 7 ATP, ADP, and inorganic phosphate eagk h&o predominant forms:

HATP* - ATP* + H' Karp = [ATP*][H J[HATP?] 20.3.13

HADP* - ADP* + H" Kaop = [ADP*][H*J/[HADP?] 20.3.14

H,PO; - HPOZ + H' Kpi = [HPGH][H/[H PO 20.3.15

with the division by the standard state concerdratn® implied for each term to keep the
equilibrium constants unitless. The ratio of thegecies changes with pH. As the reaction Gibbs
energy is adjusted to pH 7, the shift in protonastates also needs to be addressed.

For a reaction in a closed system, the mole atnofueach reactant and product is a dependent
variable that is fixed by the requirement of eduilim (Sec. 15.2). To run the reaction at
constant pH, a reservoir with"Hbns at constant activity is used to supply owoab${ ions in
sufficient quantity to keep the'Hctivity constant for the reaction. The reactigstem is
therefore open with respect td Bnd the moles of Hons is an independent variable. Consider,
first, just the equilibrium for the dissociationid$PQO;,, Eq. 20.3.15. Consider five constituents,
H.,PQy, HPG;, HY, Na', and HO. The chemical constraint is charge balance. Tineber of
components is ¢ =\ no. of reactions — no. chemical constraints ¥H& components are
chosen as the moles 0@, n4,0, the total moles of phosphate;, rand the total moles of Hyn
as given by the mass balance expressions:

Npi = MNopor- + Nupoi- or equivalently [} = [H.PO)] + [HPO%]
MH = 2 MNopor- + MNHposz- + Mu+ 20.3.16

(see Examples 14.2.1 and 20.3.2). Water is not\iedan the acid dissociation reactiongo =
0, giving dny,o = 0 and also d@+ = 0.
The Gibbs energy at constant temperature ars$yre can be written, neglecting water:

G =MHpor NHPorm + HHPo2- NHPo2- + PH+ N+ (cst. BP,v0=0) 20.3.17

However, the mole amounts are not independentuisedaere are only two chemical
components in addition to water. The constraintasfstant pH corresponds to fixing thé H
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activity, pH = —log(a+), which in turn constrains the chemical potenigl = 5. + RT In a".
We can transform the Gibbs energy to make thelt¢mical potential an independent variable
by defining the Legendre transform (Sec. 16:2):

G'=G—py Ny 20.3.18

where G'is a new state function withsb:-, Nhpoe-, anduy as independent variables This
transformation allows us to focus on th&dtiemical potential instead of the total moles of H
Applying the Legendre transform defined by Eq. 2Busing Egs. 20.3.16 for the total moles
of H gives:

G' = Unpor NHpor- + HHPoi2- NHPoi + P+ NHY) — Uk (2 Nizporm + NHpoiz + YY)
= Unzporr — 2 1Y) NHzpor + (UHPo2- — HHY) Nupog- (cstTePyvu.0=0) 20.3.19
The transformed chemical potentials are definethbyterms in parenthese$:
H'Hzpor = UHzporm — 2 UH' and Whpoe2- = HHpoi2- — UK’ (cstpH) 20.3.20
With these definitions, Eq. 20.3.19 becomes:
G' =U'Hpor NHzpos- + WHPO2- NHPOLR- (cstT,P& pHvu0 =0) 20.3.21

There is no ternfior the chemical potential of the'kbn. Recall that the definition of the
Legendre transform to define the Gibbs energy asHz- TS accomplished a similar
simplification: dG = -SdT + VdP =V dP at constanfurther, for the acid dissociation in a
closed system, @gbo- = — & and dppoe- = &:

dG' = —W'hzpor € + W'hpoe- dE (cst. T,R,pH, closed)  20.3.22

At equilibrium, dG' = 0, and the transformed cheathfmotentials of the phosphate containing
species are equal.po- = Whpoe- (Compare Eg. 15.2.25). At equilibrium, all the ppbate
species are, in this sense, equivalent. The chépotantial of the phosphate component is
simply calledu's; with W'pi = Whpo = HHpoe-. Consider, again, Eq. 20.3.21. The equivalence of
the transformed chemical potentials allows the $efon both protonation states to be combined
into a single term using the mass balance from ES.16:

dG' =('nzpor- ANpor- + Whpoe- AMupoe- = W'pi die; (cst. T,R, pH) 20.3.23

This last result shows that at constant pH, thesphate contribution to the chemical potential
reduces to a single term that combines all phospdadcies into a single component, as required
by the Gibbs phase rule (Example 20.3.2). The |ghtadatment for ATP and ADP using EQs.
20.3.13 and 20.3.14 shows that HAT&hd ATP can be combined together as a single
component, [ATPE [HATP?] + [ATP*] and also HADP and ADPF" can be combined together
as a single component [ADB][HADP?] + [ADP?]. At constant pH the hydrolysis of ATP is
written:

N ADP][P;

ATP +HO - ADP+R+H K' :[W]FJ’]_'I (cst.pH) 20.3.24
and we no longer need to consider the shift inquration states of ATP, ADP, and phosphate,
and the H activity no longer appears in the equilibrium esgsion. The disadvantage of this
approach is that the transformed standard statt@aaGibbs energy and the corresponding
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equilibrium constant are now dependent on pH. Téesformed standard state reaction Gibbs
energy is given by the differences in transformieeincical potentials as usualG® =% v; u°.
Using the corresponding definitions to Egs. 20.3d&Gach reactant and product component

relates the transformed, constant&8°' to the conventional standard state° as’°

NGO =AGC +vy Py = AGC +vy RT In gy (cst. pH) 20.3.25

wherevy is the stoichiometric coefficient for the freé ldn. The transformed standard state can
be specified at any pH. The effective free enetghagiven pH i€\.G°'.

Example 20.3.3:The Biochemist's Standard State
Calculate the transformed standard state reactibbs@®nergy and equilibrium constant for the
hydrolysis of ATP at pH 7 at 298.15 K.

Answer The stoichiometric coefficient for'Hon in Eq. 20.3.24 is +1. The hydrogen ion
activity at pH 7 is 1.005x10 Using Eq. 20.3.25 antlG° = 3.06 kJ ma! from Example 15.4.4:

AG® =AG° +vy* RT In a/'
= 3.06 kJ mdl+ 8.3145 J K mol*(298.15 K)(1 kJ/1000 J) In 1.005x10
= 3.06 kJ mdl— 39.94 kJ mét = -36.88 kJ mat

K' = eAG/RT = g~(-3.688x10)/(8.3145 J K mol* 298.15 K)= 1488 - 2 g9x18
At pH 7, the hydrolysis of ATP is a significant soe of free energy. The shift in effective free

energy can be understood using LeChételier's piacirhe decrease in [Hfrom the unit
activity standard state to pH 7 shifts the positddequilibrium to the right, favoring hydrolysis.

Example 20.3.4:Free Energy Under Physiological Conditions

The transformed standard state reaction free erferdiie hydrolysis of ATP corresponds to
ATP, ADP, and Pat unit activity, which is very different than thenditions in a living cell.
Estimates of these concentrations for a restirtg stll are: [ATP] = 3.0xI0m, [ADP] =
1.0x10% m, and [F] = 1.0x10%® m. Neglecting activity coefficients, estimate tleaction Gibbs
energy for the hydrolysis of ATP in a resting stzeé.

Answer Find the reaction Gibbs energy under non-stahgtate conditions using Eq. 20.1.10°:

[ADP)me [P)me [ADP][P]
[ATPIme - AG + RTIn=rTp;

with the division by the standard state concertdratn® implied for each term.

1.0x10%(1.0x10°
AG' = -36.88 kJ mé! + 8.314 X' mol* (1 kJ/1000 J) |.(| X3 02((104)( )

AG' = -36.88 kJ mal — 198 kJ molt = -56 kJ mot

Biochemical processes typically occur in many srsi@ps so that the free energy demand for
each individual process is well matched to the gynarailable from the hydrolysis of ATP.

AG =AG” +RT In
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20.4 Probabilities of Energy States Determine thEquilibrium Constant

Statistical mechanics provides an interpretatibequilibrium that shows the interrelationship
of molecular structure and thermodynamic functibime equilibrium constant, at the most
fundamental level, is completely determined byatailable energy levels of the reactants and
products. Consider an isomerization or conformaiahange, A” B, as a simple example. The
available energy levels for the reactants and psdare schematically represented in Figure
20.6.1a, with the reactant and product energieplaced on the same numerical scale with a
common zero. The equilibrium constant for the rneactan be determined by considering both
sets of states together, without noting which bgltmthe reactant or product, Figure 20.6.1b.
The probability of occurrence of each state is gilbg the Boltzmann distribution, Eq. 8.9.5=p
€*""/q, and the occupation is given by=nn €*"X"/q, where gy is the total number of
molecules. The equilibrium constant is the sum ofetules in product states divided by the sum
of molecules in reactant states, Figure 20.4.1c.

6
A A A A A K=g A
— 1 — Llac L4k
41— 41— 4 +——
Em — 71 3£ i — 3.5 o —T 3.5
S Al S S 2l . S 2l . S
£ 3 _E g 3 . £ 3 £
" 2.5 5 2 - 2.5 = > - 2.5~
2o— 2 2ol 2,0 2
& —T 1t & @ —— 1.5 < ——7 1L &
1 +— 1 +—eo— 1 +—eo—
— 0. ~eo—r 0.5 ~eo—r 0.5
0+— 1o 0teeee b 0 leeee Lo
A . B ACB A - B
(). (b). ().

Figure 20.4.1: (a). The energy states for the egs@nd product are placed on the same
scale. (b). To calculate the equilibrium constérg, energy levels are filled without
considering the constituent. The population ofadests determined by the energy of the state
alone. (c). The equilibrium constant is given bg fum of the Boltzmann populations for the
product energy states divided by the reactant grstedes.

Equivalently, the equilibrium constant is also thgo of the sum of Boltzmann probabilities or
weighting factors of the product states dividedhry sum of the reactant states:

Sn Zna€g Ze g 3 guRT

product product product product
K — states — states — states — states AH B mee=
2R 2 No e'S"RT/q 2 e"S‘/RT/q 2 gsRT (A~ B, same=0)

reactant
states

reactant reactant reactant

states states states

2 molecules 2 molecules 2 probabilities 2 weighting factors 20.4.1°
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For the example in Figure 20.6.1, assume A andv® kqually spaced states at 1 kJ ™ol
intervals and the lowest state for B is 0.5 kJ hiogher than A. The occupations at 298 K are
shown in Figure 20.6.1b. The resulting equilibricomstant is K = 6/8. The statistical
interpretation of equilibrium is amazingly simpjet extremely powerful.

Example 20.4.1:Conformational Equilibria
The molecular mechanics based steric energgrdiite between thanti- andgaucheforms
of butane ig\e = -3.26 kJ mdt, Figure 12.4.2:

butane gauche _ butane &nti)

Assume there are no significant changes in vibmatlzetween the two conformers. Also
remembe\H® = AU° + Aing RT, where/\ing is the change in the number of moles of gas. Since
we are calculating the difference in energy betwaenconformersAng = 0, givingAH°® =

AU° =Ae. Calculate the equilibrium constant for the rati@nti- to gaucheforms using (a)

AG° =AH° — TAS® and (b) using Eq. 20.4.1°.

Answer (a). There are two equivalegaucheeonformers and onanti-conformer. The reaction
entropy, assuming no significant change in vibrai¢or rotational constants), is:

AS® = St — Syauche= R In (1/2) = -5.76 J Kmol*
NGO = G — Ggauche: AHC — TASC:
AG® = -3.26 kJ mot — (298.2 K)(-5.76 J K mol*)(1 kJ/1000 J) = -1.54J mol*

keacorT= LML _ ;) o

and the equilibrium constant is: ~[gauché ~

(b). Theanti-conformer has the lowest energy, which we asssgn,a= 0. Then th@auche
conformer has an energyauche= 3.26 kJ mot. Table 20.4.1 lists the Boltzmann weighting
factors and probabilities at 298.15 K.

Table 20.4.1. Calculation of the Boltzmann factorsgauche andanti-conformations of
butane at 298.2 K. There are tg@aucheeonformations and oremti-conformation.

= @&/RT
Conformation g; (kJ mo[l) §/RT e=<il/RT eii/RT/q g 0 o plo 167-; fa
gauche 3.26 1.3% 0.26& 0.174 ~ 3T '
gauche 3.26 1.3%5 0.26&% 0.174 E
anti 0 0 1 0.650 2
q=1.536 ol — o650

To calculate g we sum the weighting factors in oolu4. Then we use q to calculate the
probabilities in the last column. The ratio of trai- to gaucheprobabilities is:

_ 2 probability foranti 0.65(
P~ ¥ probability forgauche 0.174 +0.174

The Gibbs energy and statistical approaches algaqnt, but take different points of view.

=1.88
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The statistical interpretation of equilibriumimglispensible for relating microscopic structure
to macroscopic function, so we should derive Eg420. If you haven’t covered Chapt. 12 on
the statistical definition of entropy, you can stophe next section.

The Reaction Gibbs Energy and Equilibrium ConstaetExpressed as Probabilitie$Ve can
relate molecular probabilities to the equilibriuomstant in an elegant and illuminating way
using the statistical definition of entropy. Coresi@n internal degree of freedom, such as
vibration or a conformational change. The molaeiinal energy and entropy for an internal
degree of freedom are given by Egs. 12.2.6 and 22%as sums over individual molecule
energy states:

U-UQ©) =2 ps& S=-R).plInp (internal,molar) (12.2.6, 12.4.24°)
i i

where U(0) is the internal energy of the substai@bsolute zero as the reference state.
Allowing for differences in reference states, thblis energy is given as:

G- G(0) = U- U(0) + PV — TS 20.4.2

Substituting Egs. 12.2.6, 12.4.24° and PV = nR® this last equation gives an expression for
the molar Gibbs energy of a substance:

G-G0)=2p&+RT+RTY plnp (internal, molar)  20.4.3°
i i

Collecting terms in the sums gives:

G-G(0)=RTY p (&/RT +Inp) +RT (internal, molar)  20.4.4°
i

For the system at equilibrium, the Boltzmann dusttion, Eq. 8.9.5, gives In g —€/RT —In q:
G-G(0)=RT). p (&/RT —&/RT-Inq) + RT (internal, molar)  20.4.5°
i

Canceling terms and simplifying the last equatismg@Z p = 1 results in:

G-G(0)=-RTIng+RT (internal, molar) 20.4.6°
For each constituent, k, in the chemical reaction:
Gi=G(0)-RTIng+RT (internal, molar)  20.4.7°

For the reaction A B, and referencing the energies to the same Ggle) = G;(0), the
reaction Gibbs energy is, using Eq. 20°4af A and B:

AG=G-G=-RT Ir(gﬁ) (A Z B, internal, same=0) 20.4.8°
A

Specifying standard state pressure to cond&tto A,G° has no effect on the internal degrees of

freedom. Finally we use & e2G°/RT to solve for the equilibrium constant. Solving fy
gives Eq. 20.4.1°:
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Z e—si/RT
gg product
Kp= (qJ :m (A Z B, internal, same=0) 20.4.9°

reactant
states

This result is restricted to the stoichiometry’ A, considering internal degrees of freedom, and
using a common energy zero for the reactant andugtoWe will derive a more general result in
Chapter 32. However, the simple interpretatiorhef tast equation is maintained in the more
general result; the equilibrium constant is the sdirBoltzmann weighting factors for the
products divided by the reactants. The equilibrazonstant is completely determined by the
available energy levels of the reactants and prgdarad the random distribution of molecules
over those energy states.

20.5 Binding Isotherms Characterize Molecular Assoation

Molecular recognition is the study of the intermolecular forces thabwalthe specific binding
of one molecule to another. Molecular recognit®a@ icentral issue in protein-protein binding,
protein-oligonucleotide binding, supramolecularrolstry, self-assembly, binding to surfaces in
chromatographic separations, binding to surfaceemsor applications, and guest-host
chemistry.Guest-host chemistryis the study of tight-binding interactions betwesemall
molecules. However, whatever the specific iderdftyhe partners in a binding interaction, the
principles are the same. Molecular recognition deseon hydrogen-bonding, electrostatic, and
Van der Waals forces, which act between bindingneas and between the binding partners and
the solvent. Guest-host chemistry is a typical eplarof a binding interaction study.
B-Cyclodextrin is a typical host, Figure 20.53tCyclodextrin, CD, is a cylindrical molecule
with a hydrophobic cavity. Hydroxyl groups extemdrh the top and bottom of the cylinder,
providing sites for strong hydrogen bond formatiGyclodextrins are natural products produced
by bacteria from starch. Naphthalenes with pol&sstuents are examples of good guests for
cyclodextrins.

HO
Hi Q
Ho HO
OH

H

o— HO HO o
HO
H
HO
[¢]
OH

Figure 20.5.1: (a) 3-Cyclodextrin (cycloheptaamylose) has an interryalrbphobic cavity.
(b). A typical cyclodextrin guest, 2-naphthalendanate ion.
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Consider the binding of a host and guest ana@dnesponding equilibrium expression:

. __[HG]
H+G:- HG K=THIG] 20.5.1

The equilibrium constant is called an associatimmstant. This type of association is
traditionally studied by determining the degreas$ociationgg:

TG =% 20.5.2

The total host concentration, [fdletermines the mass balance with free and bounasfof the
host:

[Hlo = [H] + [HG] 20.5.3
Substituting the mass balance into Eq. 20.5.2 dgiveslegree of association as:
___[HG]
aHG - [H] + [HG] 20.5.4

The degree of association can be determined udihig,Nibsorption, and fluorescence
spectroscopy, among other techniques. Solvingdbdilerium expression for the complex
concentration, [HG] = K [H][G], and substitutiontinEq. 20.5.4 gives:

___KHIG] ___KJG]
0hG =[H] + K [H][G] ~ 1 + K [G] 2055

This result is often called tH®nding isotherm. Strong binding corresponds to large K. Note the
limiting behavior of this expression. For low gueshcentration or for weak binding, thg &

term in the denominator can be neglected and thairig isotherm reduces tayc = K[G]. In

the limit that the guest concentration is largéoorstrong binding, the degree of association
approaches one. Wheng = 1 the complex formation is said to be saturaiée general form

of this last equation occurs in many different gimstances and is the basis for a general pattern.

0 10
General Patterri] 10: Saturation BindingScatchard and Langmuir)

Enzyme-substrate or ligand-protein binding arérely equivalent to guest-host binding. The
only difference is that the host is a large protestead of a small molecule:

K K K
H+G- HG E+S.ES P+L PL
__KI[G] __KI[S] __KI[ 205.6
UHG =1 + K[G] UEST1 + K[S] UPL=1 + KJL] -

where E is the enzyme and S is the substrate ®tHe iprotein with L the ligand. These binding
isotherms assume one binding site. Any reactioh thi¢ same stoichimetry as Eqgs. 20.5.6 can
be handled in an analogous fashion.
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The binding of molecules from the gas phase argorface also leads to saturation binding.
Consider an adsorbate, A, that combines with aditeeon a surface (see Sec. 5.3 for a parallel
kinetic derivation):

Ko
A+B . As 20.5.7 (5.3.4)

where B is a free binding site on the surface,if\the adsorbed species; s the equilibrium
constant for adsorption. We assume all sites angzalgnt and that the probability a site is
occupied is independent of the occupancy of adjsgitas. With these assumptions, the
equilibrium constant for the process in terms efghrface concentrations is given by:

__[Als
? [BloPa

where R is the partial pressure of A in the gas phase.fldwional coverageof A on the
surfacePa, is given by the ratio:

K (equilibrium) 20.5.8

_IAle
8r = IB]es 20.5.9 (5.3.2)

where [B]y Is the total concentration of binding sites onghe&ace. The fractional coverage is
equivalent to the degree of association of the rddse with binding sites on the surface,

Ba = aag. The surface concentration of A can readily beioietd fromBa by rearranging this last
equation:

[Al 6 = [Bloo 6a 20.5.10 (5.3.3)

The concentration of remaining free sites on théase is [Bls (1 —84), Figure 5.3.1. Using Eq.
20.5.10 for the surface concentration of A anddbreesponding equation for the free sites gives:

K. = [BlocBr  __ 64
% [Blog(1=6a)Pa ~ (1—64)Pa

Solving this last equation for the fractional cage at equilibrium gives:

- KsPa _bPa
AT14+K,Py 1+bR

20.5.11

(equilibrium) 20.5.12 (5.3.11)

where the equilibrium constant is often called b/b. This equation is called theangmuir
adsorption isotherm Notice the limiting behavior of Eq. 20.5.12. How partial pressures or
for weak binding, the bPterm in the denominator can be neglected and amgiuir isotherm
reduces toB, = b Pa. For large partial pressures or for strong bingdthg fractional coverage
approaches one; the surface is saturated. The Langasorption isotherm and the binding
isotherms in Egs. 20.5.5 and 20.5.6 are directiggarable. For brevity we will continue to
discuss the example of guest-host binding, reaitiat our comments are equally valid for
surface adsorption and protein-ligand binding.

The plot of the degree of association versus @ugest concentration from Eq. 20.5.5 is given in
Figure 20.5.2a.
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Figure 20.5.2: (a). Binding isotherm for a reactas the type: H + G HG versus free guest
concentration using Eq. 20.5.5. (b) The bindinghsam in the double reciprocal form. For
these example plots [k 0.010 M and K = 1000.

The approach to the limit ofyc = 1 with increasing free guest concentration shihes

saturation behavior of the binding. Eq. 20.5.5ia form that is easily treated by non-linear
curve fitting. Linearized forms of the binding ieketm are sometimes used to verify the
functional form and determine the binding constémterting Eq. 20.5.5 gives a double
reciprocal plot that gives a slope of 1/K and aerncept of 1, Figure 20.5.2b and Example 5.3.1:

— = t1 20.5.13

Alternatively, Eq. 20.5.5 can be rearranged to girgure 20.5.3a:

OHG

1200 - 1 - S ———
1000 0g | /—'
800
) 0.6 .
S 600 o y
5 5044
400 Y
200 0.2 A
O 0 T 1
0 1 2 3
[Gl/[H], (M)
(@). (b).

Figure 20.5.3: (a). Scatchard plot for a host-gbesding isotherm. (b). Direct plot of the
degree of association versus the analytical guesit+atio: r = [G}/[H],. The intersection of
the initial slope andi = 1 gives the stoichiometry of the complex.
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This rearranged form of the binding isotherm ideththe Scatchard equation. The Scatchard
form is commonly used in ligand binding studiebiochemistry. A plot ofiyc/[G] versusope
gives a straight line with slope = —K. These resain be extended to multiple binding sites.

For some types of experiments, it difficult todf the free guest concentration, [G]. In addition,
double-reciprocal and Scatchard plots sometimes lgighly correlated fit parameters (see Sec.
3.2 for a discussion of between fit parameter dati@n coefficients). An alternative course is to
solve the equilibrium expression to find the degrkassociation in terms of the analytical
concentrations, [H]and [G}. The mass balance equation for the host is giydadgy 20.5.3 and
for the guest:

[Glo = [G] + [HG] 20.5.15
Solving Egs. 20.5.3 and 20.5.15 for the free gaadthost concentrations gives:
[G] = [Glo— [HG] 20.5.16
[H] = [H]o — [HG] 20.5.17
Substitution of the mass balances into the equilibrexpression, Eq. 20.5.1, results in:
[HG]

K= {tH]o - HG))([Gl, - [HG]) 20.5.18

Cross-multiplying and rearranging gives a quadratigression:
K[HG]? - (1 + K([H}o + [G]o) [HG] + K[H]o [G]o= 0 20.5.19
Substitution of the coefficients into the quadrétionula gives

2 2
6] = LHKHLHGL) £ AHK (HHCLIY = 4TI, 20.5.20

Only the negative root gives meaningful concentregi Expressing [HG] as a function of the
mole ratio of the guest and host is useful. Mwiipd) and dividing the equilibrium constant by
[H]o gives:

_ (1+K[H]o (1+[GlJ[H] o)) =\ (1+K[H] (1+[G]y/[H] o))" = 4KTH]o" [G]J/[H]o

[HG] - ZK[H]O/[H]O 20521
The mole ratio of the guest to host & [G]/[H], giving:
2 2 2
(HG] = [H]. ((1+K[H]o (1+1)) —x/(%g;i o (141)) — 4KTH], rj 20.5.22

This last equation is applicable to any chemicalildayium with the same stoichiometry.
Similarly, the free concentrations of guest and lsas also be calculatéd:

(] = [HI, (—(1+K[H]o (1-1) +\/§:}L<IHK][OH]O (1=n)) + 4K[H], rj 20.5.23
[H] = [H]o (_(HK[H](’ L +\£(K1[TEEH]° (=L + 4K[H]°j 20.5.24
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Alternatively, the mass balance equations, Eq%.26.and 20.5.17, can be used with Eq.
20.5.22 to calculate the free guest and host caratens. The degree of association for the
complex is given by dividing Eq. 20.5.22 by [H]

Though algebraically cumbersome, the forms of 2§$5.22-20.5.24 are easily used in

non-linear curve fitting, and are included in tidohlinear Least Squares Curve Fit” applet on
the textbook Web site and on the companion CD.

Although it is important not to mix kinetic aeduilibrium arguments, it is useful to point out
that the Michaelis-Menten enzyme kinetics mechargsres a rate law, Eq. 4.2.32, that is in
essentially the same form. The use of double recgrand Scatchard type plots are common in
analyzing the results of enzyme kinetics experimeniie similarity of the Michaelis-Menten
mechanism with saturation binding should not b@sing, since the Michaelis-Menten
mechanism is a reversible first-step mechanisntedeasing the steady state approximation.

O 10

20.6 Isothermal Titration Calorimetry Does a Compéte Thermodynamic Characterization

Isothermal titration calorimetry, ITC, is the stoeliable way to characterize binding
interactions. In ITC, guest-host reactions areasititrations in an adiabatic solution
calorimeter’ Heat flow to or from the sample cell is monitoeeda function of added titrant.
Titration calorimetry is an important tool in biaghistry, molecular biology, medicinal
chemistry, and other areas that study moleculargmtion.

Sansar
Lead Scraw

Sansor =

Injectar

I
pR_—_——

Flungar
Stiering

Syringe

== Qutar Shiekd
Innar Shighd

Raterance Cell —+— 11— | ) N Sampla Call

Figure 20.6.1: An isothermal titration calorimetes a sample and reference cell and
operates as an adiabatic, differential calorimietéeeep the sample and reference
temperatures equal. Titrant is added using a stapp#or driven syringe.
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Thermometric titrations have become especially ingra in studies of protein and nucleic acid
binding. For example, the reaction enthalpy aneé@ation constant of binding of an inhibitor to
an enzyme is a common determination. Once theibgquih constant and reaction enthalpy are
known, it is straightforward to calculatgeG® andA;S° from A,G° = — RT In K and\,G° = AH°

— TAS°. A thermometric titration then provides a complgermodynamic characterization of
the chemical reaction, givilyG°, AH°, andA,S°.

An isothermal titration calorimeter directly nsei@es heat evolved or absorbed during the
titration using the same principle as a differdrg@nning calorimeter. However, the instrument
is run in an isothermal mode with the heat flowteasl caused by the chemical reaction. A
computer controlled, stepper-motor driven syrirgatilized for injecting the titrant, Figure
20.6.1. Heat is released or absorbed from the saoatilin direct proportion to the amount of
binding that occurs upon each injection of titrant.

The titration curve is then analyzed using naedr fitting models based on Eq. 20.5.20 to
calculate the reaction stoichiometry, XH, andA;S. Since the calorimeter is at constant
pressure, the reaction enthalpy is:

JAYS _ I 20.6.1
Nrx
where @ is the heat transfer for the reaction at comptetiod Ry is the number of moles of the

limiting reactant in solution.

The Steepness of the Titration Curve Determine&tudibrium Constant: The ITC titration
curve for the guest-host reactith:

CD + naphthaleneSO — [CD--naphthaleneS£) 20.6.2

is shown in Figure 20.6.2. The guest, 2-naphthaseiffenate ion, is added as the titrant. The
titration is done in discrete steps of volumg Wypically 10 pL). A small volume of titrant is
added and then heat is transferred to or fromahepte cell until the temperatures of the sample
and reference cells are equalized. Then the prasespeated with a second addition of titrant,
and so on until the titration is complete. As titi@tion proceeds, the titrant that is added
increases the total volume of the solution, whiakhes some of the solution up into the stem of
the sample cell. Once the solution is pushed mcstem any unreacted host will no longer be
available for reaction with the guest. This dilatieffect is often small and we neglect these
effects in this section. The corrections are disedsn the Addendum. The total concentration of
the host is [H]. For the ' step of the titration the volume of added titr@ntVyyest= i Vinj.
Neglecting dilution corrections, the concentratidrihe guest titrant in the sample cell is given
by:

[Glo = Mguestl Vinj Vel (neglecting dilution) 20.6.3

Vel IS the volume of the sample cell. The horizontas af the titration plot is given as the
molar ratio, r, as used in Eq. 20.5.22:

_[G], _ total moles guest added Mguesti Vinj
“[H]o~ initial moles host = Myost Vel

20.6.4
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where MyuestiS molar concentration of the titrant,Mis the initial concentration of the host in
the sample cell.

0.0 0.0
c000o®? of
o
| *
10 | ...QO -1.0 .0
£ o* = ¢
© ” © -2.0 A V'S
E -2.0 - .Q E N
5 .0 5 -3.0 *
S -3.0 - o IS *
£ o K=1900 E 40 - ¢ K=10000
§ 40| o AH=-24.8 k) mol! 8 50 .,’
0.0’ AS=-16.8) K1 mol?! : oo
5.0 +* : : -6.0 . :
0.0 1.0 2.0 0.0 1.0 2.0
r=[Gly/[Hl, r = [Gly/[H],

Figure 20.6.2. (a). Thermogram for the titrationfe€yclodextrin with naphthalenesulfonate. (b).
Schematic titration curve showing the effect ofr@asing the equilibrium constant with the same
reaction enthalpy as in (a).

The concentration of guest-host complex is giveiq. 20.5.23. The change in number of
moles of guest-host complex from step i-1 to stsp i

Anpg = [HG]i Veen — [HG]-1 Vel 20.6.5

The heat transferred after an addition of titrarthien given by the change in number of moles
11
as:

G = Anpg,i AH® (neglecting dilution) 20.6.6
whereAH° is the reaction enthalpy. The vertical axis ofttermogram is plotted as:

G.m zﬁ; (neglecting dilution) 20.6.7
where Ry is the number of moles of added titrant at eaef, 3k = Vinj Mguest EQS. 20.6.3-
20.6.7 and 20.5.23 are then used in non-lineareciitting to calculate K and,H°.

Qualitatively, increasing,H® for the reaction increases the range along thicaéaxis.
Increasing the equilibrium constant causes a shaiguesition, just as in acid-base titrations,
Figure 20.6.2b.

20.7 Summary — Looking Ahead

The position of equilibrium determines “how far'teaction rung),G° = — RT In Ky is an
important equation because it relates thermochegnisichemical equilibrium.
Thermochemistry is based on the determination af ttansfer and chemical equilibrium is
based on the determination of concentrations. Thehemistry is studied using calorimeters and
equilibrium is generally studied using spectrophwtters. The underlying principle is the
maximization of the entropy of the universe, whatltonstant temperature and pressures
corresponds to the minimization of the Gibbs enefgyequilibrium the Gibbs energies of the
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reactants and products are equal, subject to Hutioa stoichiometryz v; I = 0. To find the
equilibrium expression for a gas phase reactioh vaal gases, we replace the partial pressures
in the equilibrium expression with fugacities. Tiodf the equilibrium expression for a non-ideal
condensed phase reaction, we replace the condensgr@t the equilibrium expression with
activities. Thermodynamic equilibrium constants fargctions only of temperature. For practical
applications, we often use equilibrium constanishsas K and K, for gas phase processes, that
are functions of total pressure. Even thoughskconstant, the position of equilibrium does tshif
with total pressure if\v; # 0. With an increase in temperature, the positioeqoilibrium shifts

in the endothermic direction, because the equilibrconstant increases for an endothermic
process and decreases for an exothermic procesfiseisal titration calorimetry bridges the
world of thermochemistry and chemical equilibriundaloes a complete thermodynamic
characterization of chemical reactions.

We have not yet discussed chemical equilibriartiné presence of electric fields. Electric
fields are important in electrochemical cells anehmbrane systems. Electrochemistry is a
convenient experimental approach to the study afyntifferent types of chemical reactions,
including, but not restricted to, redox reactiadsiny biogeoenvironmental and biochemical
reactions are redox reactions.

20. 8 Addendum: Dilution Corrections for Titration Calorimetry

The most commonly used ITC calorimeters in ndg@ochemistry laboratories have a fixed
volume sample cell. During each titration step, sditnant and some analyte are excluded from
the sample cell, which must be accounted for whacutating the heat effect for a given
titration step. The adjustments for the excludedigas are given using the correction factrs:

-
1 A
Puesti= 7y and Ghosti= 77N 20.8.1
(1 +_|nLJ (1 + II‘]J
2VC€| 2VC€|

Then the corrected amounts for the guest and hest@i is:

Nguest,i= 1 Vinj Mguest@yuesti Mhost,i = Vcell Mhost@host, 20.8.2

Then [G} = nyuest/Vce @and [H] = Most {V cenl for use in Eq. 20.5.22. The corrected heat effact
the {" step is calculated a8:

i cor = Q() +i\\,/ci;‘| (Q(i) +2Q(i'1)) - Q(i-1) 20.8.3

where Q(i) is the total enthalpy for the ith stepd Q(i-1) is for the preceding step. Each Q(i) is
the total enthalpy for preparing the solution atiklgrium in the titration volume at step i
starting from the beginning of the titration. Theserections are easily implemented in
dedicated curve fitting software.
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Chapter Summary

The reaction Gibbs energy under non-standandittons is:

(Pc/P)*(Po/P°)

(Pa/P°)3(Pg/P°)°

At equilibrium K, = QeqandA,G° = — RT In K,.

Alternate important forms relating the equililon constant and reaction Gibbs energy are:
DG

and Kk=eRT

AG=AG° +RTINQ with Q {

—AG°
RT

In K, =

. The effect of changing reactant and produdigdaressures on the position of equilibrium

are conveniently predicted using LeChatelier's &lgle in the quantitative form:

Q

NG =RT InKIO

. The entropy and Gibbs energy of mixing plagemtral role in determining the position of

equilibrium. Assuming constant T and P and ideallgshavior, the Gibbs energy during the
course of a reaction is:

P
= (MR + Ne U8 + Nc e+ Np WB) + nRTZy. Iny; + nRTIn( )

i=1
The second term is the Gibbs energy of mixing, Wiar ideal mixtures is entirely entropic,
AmixG = =TAnixS. G is minimized at equilibrium.

Ng )
. For a general reactiony K [ (Pi/|:>°)v'
i=1

. The equilibrium constant depends on temperatsigiven by the van 't Hoff equation:

dInKpy) _AH°
T p_RTz

Assuming a constant reaction enthalpy over the ézatpre interval:

nfon. SHYL_1)
Ker, R T, T

. For moderate changes in temperature assungogsant reaction heat capacity change:

n KPT2 ArH° (T 1) QI T,
2

KPT R T1
Over large temperature ranges:
Ko, O H° 1) Aa T2 AcC
KPT2 R J = InF R (Tz Ty) + ;Q(Tz - T3)
AHS  Aa Ab A
INKy=—7 + R INT+5R T+ER T2+

For equilibria with non-|deal gases we substithe fugacity for the partial pressure:
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. fo/P°)C(fp/P°)¢
AG°=—RTInk with Kf:%%f;ﬁ)%

c d c d
1Y Yo || (PP (Po/P)”|
K ‘[ Va2 Vsb} [(PA/P’)E‘(PB/W} =KvKp

10. In concentration units the equilibrium express for gas phase reactions are:

pP\AN, yé yg RT\AM cg Cg
Kp = Ky (F) with Ky =m and K=K (FU with K= ﬂ

11. IfAing % 0, K¢ and K; are not true thermodynamic equilibrium constants.

12. For gas phase dissociations with stoichiomg&tryB + C, starting only with A in initial
amount a in moles:

K., =YeceYor _ &

X Yrck & —&°

13. The position of equilibrium for a constantwole reaction is insensitive to added inert gas.
At constant pressure, the shift in equilibrium piosi with added inert gas is consistent with
LeChatelier’s Principle as quantitatively expresgedugh K = Ky(P/P)A™,

14. For reactions in solution, replace the papraksure by the solution activity of each species:

. . act &’
AG=AG°+RTInQ with Q A % }
o_ : [act &
AG°=—RTIn K with Ig—[—ﬁaAaaB »

15. The standard state chemical potential andicgaGibbs energies depend on the
concentration measure chosen. Unit molality isthetsame concentration as unit molarity.

16. The activity of a pure phase is equal to ogierred to a Raoult’s Law standard state.

17. In dilute solution the solvent activity is givby the mole fraction, referred to a Raoult’s
Law standard state.

18. The variance, determined by the Gibbs phdseisuthe number of independent intensive
variables that appear in the expression for tha thiferential of the Gibbs energy.

19. The biochemist's standard std{gzg’, is a Henry’'s Law standard state on a molalityida
defined using a Legendre transformation at congteing;. = 1.005x10":

NG =AG° +vy RT In &y

20. The equilibrium constant is the ratio of males, the ratio of the sum of Boltzmann
probabilities, or the ratio of the Boltzmann weightfactors of the product states divided by
the reactant states. For a reactioi B with the energies of the reactants and produrcts
the same scale with a common energy zero:

Sn 2 na€g Z ey 3 gRT

product product product product
K __ states states states states

S n - S Mot e—si/RT/q - S e—si/RT/q - S @¢t/RT

reactant
states

reactant
states

reactant reactant
states states
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21. Molecular recognition is the study of the irmelecular forces that allow the specific
binding of one molecule to another.

22. Guest-host chemistry is the study of tightding interactions between small molecules.

23. For guest-host binding, H + GHG, the degree of association is defined as:
anc = [HG]/[H]o, where [H}, is the total, analytical concentration of the host

o : KI[G

24. The binding isotherm for guest-host complexats: ayc :1—+KL][§]

25. For the®f step of the titration the volume of added titrsntVguest= 1 Vinj. Neglecting
dilution corrections, the concentration of the dueshe sample cell is given by:
[Glo = Mguestl Vinj Ve, Where \fgyi is the volume of the sample cell.

26. The change in number of moles of guest-hasipbex from step i-1 to step i is:
Angg = [HG]i Veen — [HG]-1 Veer. The heat transferred after an addition of titiarihen: ¢=
Anyc i AH®, whereAH? is the reaction enthalpy. The vertical axis oftiiermogram is
normalized to the amount of titrant added in alsistep: ¢n = g/Niy; .

O 10 General Pattern 10: Saturation Binding he algebraic form for binding isotherms is:

H+G_ HG E+I- El P+L_- PL AQ)+B - As
__K][g] K[ K[ o, = DPs
UHG =1 + K [G] GBI 1+ K] UPL= 1 + K[L] AT1+bR

Alternate linearized forms of the binding isotherimdude the double-reciprocal and Scatchard
equations, respectively:

1 11 OHc
— =i~ +1 T~ = K-Ka
K [G] [G] HG

Double-reciprocal and Scatchard plots are oftenalig diagnostic, but are often not the most
accurate form for curve fitting to extract the asaton constant. Non-linear curve fitting of
plots ofays versus r = [GJ[H], are often preferable. Solution of the equilibrisrpression,
subject to the mass balance constraints, giveguast-host complex concentration, the free
guest, and free host concentrations as:

_ TV 2
[HG] = [H]O((1+K[H]o (1+1) \/(%[ﬂ o (1+1)) — 4KTH]o rj
(Gl = HI. (—<1+K[H]o (1-1) +\/§1K+[|_K|][OH]O (1-n)) + 4K[H]o r)
(H] = [H, (—(1+K[H]o (=1)) +\£(K1[LI§EH]O (=1)y + 4K[H]o)
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Problems: Chemical Equilibrium

1 DeteE)rlrg)inezArGo at 298.2 K for the reaction: AgCl (8)Ag” (aq) + Cl (aq). The K, for AgCl
is 1.8x10™.
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2. Nitrogen dioxide forms a dimer in the equilibriu2 NG (g) = N2O4(g). The standard state
reaction Gibbs energy for the dimerization of N®-4.77 kJ met at 298.2 K. In a reaction
mixture, the partial pressure of N@3 0.332 bar and of /D, is 0.986 bar. Is the reaction at
equilibrium, and if not what is the spontaneougction for the reaction?

3. Under standard conditions, one of the stepkamphotosynthetic production of glucose does
not occur spontaneously:

fructose-6-P + glyceraldehyde-3:-Perythrose-4-P + xyulose-5-P

whereA,G® = +6.28 kJ mét at 298.2 K. The “P” indicates the phosphorylatuirf of the
sugar; fructose-6-P is fructose-6-phosphate. Carrélaction take place spontaneously in a
chloroplast where the concentrations are: [frus®s ] = 53.0x10 M, [glyceraldehyde-3-P] =
3.20x10° M, [erythrose-4-P] = 2.00xI0M, and [xyulose-5-P] = 2.10xTOM ?

4. At 298.15 K the\G° for the dissociation of water to'land OH is 79.89 kJ mat.
CalculateA/G for the reaction conditions specified below.

Ho0 (1) - H* (aq, &+ = 1.005x10) + OH (aq, au- = 1.005x10)

5. Inrivers and lakes, bacteria catalyze the diadeof Fe(ll) to Fe(lll):
AFE"+0yg)+4H - 4FE€" +2 HO

with AiG°(F€) = -78.90 kJ mat, AiG°(Fe*) = -4.70 kJ mot, andA:G°(H,0) = -237.13 kJ md.
Calculate the reaction Gibbs energy farwm= 1.00x1¢F m, mga+ = 1.00x10°m,
Po, = 0.200 bar, m+ = 1.00x10° m at 298.15 K (neglect activity coefficients).

6. The equilibrium constant for the dissociationON(g) © 2 NG, (g) is K, = 0.146 at 298.2 K.
Assume that the initial amount ob®, is 0.300 mol with no initial N@ Find the equilibrium
partial pressures for the dissociation assumingth@reaction is run under constant pressure
conditions at (a) 0.500 bar and at (b) 5.00 bar.does the shift in equilibrium position with
applied pressure agree with LeChatelier’s Prin€iple

7. Calculate the equilibrium partial pressures@8.2 K for the dimerization of NO

2 NG (g) - N2O4(g). The standard state reaction Gibbs energynfdimerization of N@is
-4.77 kJ mol at 298.2 K. Assume the initial amount of Ni® 0.300 moles at a constant total
pressure of 1.00 bar. [Hint: you may use succesgipeoximations to solve for the equilibrium
position.]

8. Calculate the equilibrium partial pressures @neddegree of dissociation for the reaction:

SCLlz (9) = SO (9) + Ch (9)

The equilibrium constant isg&< 2.78 at 118C. Assume a constant total pressure of 0.500 bar
with 2.00 moles of SETl,, only, initially placed in the reaction vessel.

9. Consider a gas phase dissociation with thetstmeetry A (g)- B (g) + C (g). (a). Show that
the equilibrium expression can be directly expréssderms of the degree of dissociation as:
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2
Kp = 1?—0(2 (PIP) P20.9.1

(b). Solve for the degree of dissociation.

10. For the reaction 6 (g) ~ Hz (g) + ¥2 S (g) the degree of dissociation 0f%is 0.305 at
1125C and 1.00 bar total pressure. Calculatek1123C.

11 The K, and K based equilibrium expressions are convenientédarsreactions at constant
pressure. Kbased expressions are convenient for reactioosnastant volume. Consider
dissociation with the stoichiometry: A (g)B (g) + C (). Set up theexpression in terms of
the extent of the reactiof, as in Example 20.2.1. Show that theg&pression reduces to:

K (x/c® }2
C

~ CaolC® — x/c°

where G, Is the initial concentration of A and x is thedirtoncentration of B and C. Assume
the reaction is run at constant volume.

12 Calculate the equilibrium partial pressures #reddegree of dissociation for the reaction:

SCLlz (9) = SO (9) + Ch (9)

The equilibrium constant isg= 2.78 at 110C. Assume the reaction starts with 2.00 moles of
SO.Cl,, only, initially placed in the reaction vesselhvén initial pressure of 0.500 bar. Assume
the reaction runs at constant volume (see Problé&ntBe constant pressure version of this
problem).

13. For the reaction BeS@®) - BeO (s) + S@(g), K, = 1.71x10" at 400.0 K and 9.70x190 at
600.0 K. (a). Predict, without doing the numericalculation, if the reaction is endothermic or
exothermic. (b). Calculat&H® for this temperature range af@° andA,S° at 400.0 K.

14. The autoprotolysis constant for watey, ¥ the equilibrium constant for the reaction:

Kw
HO () = H' (aqg) + OH (aq)
The temperature dependence fqrik given in the table, beloiWa). Assume\H° is constant.

CalculateAH® for this temperature range af@° andA,S° at 298.2 K. (b). Neutral pH is the
pH that gives @ = ay-. Calculate the pH of a neutral solution at earhgerature.

T(eC) 0.0 10.0 25.0 35.0 40.0
Kw 1.15x10" 2.97x10® 1.01x10™ 2.07x10" 2.88x10%

15. In the last problem for the autoprotolysis ot@vawe assumed that the reaction enthalpy
was temperature independent. Assume the tempegpendence of the reaction enthalpy is
given byAHT = AHG + AC, T, with AC, = -186.6+ 2.7 J K mol. The temperature dependence
of In K is then just the first two terms of Eq. 2(B6:

AHg  AGC,

InK:—RT + R INT+c



741

where c is a constant. Calculdi#l®, A, G°, andA S° at 298.2 K. A more complete table for the
autoprotolysis constant for watery s given in the table, beloWHint: subtractA,C, In T from
both sides of the above equation and plot (InX&G, In T) along the vertical axis.]

T(°C) 0.0 5.0 10.0 15.0 20.0 25.0 30.0
Ky 1.15x10" 1.88x10% 2.97x10" 4.57x10" 6.88x10" 1.01x10“ 1.46x10™
T(°C) 35.0 40.0 45.0 50.0 100.0 150.0

Ky 2.07x10" 2.88x10" 3.94x10" 5.31x10" 5.43x10% 2.3x10%

16. In the atmosphere NO and h&pproach equilibrium (see Ch. 5 Problems 10-12):

NO (g) + %2 Q (9) = NO(g)

Because NO and Nfare rapidly interconverted, the concentration &f &hd NQ in the
atmosphere are usually combined and quoted ag][N@®e equilibrium constant isg&

1.168x18 at 335.15 K and 4075. at 400.15 K. (a). Calculagestandard state reaction enthalpy
at the average temperature, assuming the reacttbalpy is constant over the temperature
range. (b). Calculate the standard state reactibbhsEnergy and entropy at 335.15 K. (c). The
molar constant pressure heat capacities are 29.844mol ™ for NO, 29.355 J K mol™ for O,,
and 37.20 J K mol™* for NO,. CalculaterH?, AS°, andA,G° at 298.15 K.

17. The density at equilibrium for gas phase reactioxtures can be used to calculate the
equilibrium constant for the chemical reaction. €§lder a gas phase dissociation with the
stoichiometry A (g)” B (g) + C (g), giving at equilibrium (see Probl&n

2 2
K, :az%z (PIP) :14_%%2 (PIP) =7 (PIP) (P20.9.1)
Assume only A is initially placed in the reactioessel. The total moles of gas is then
determined by & = a +& = a(1 +a). Now consider the density of the gas mixture. idtal

mass of the reaction mixture is constant, wieaawheredi, is the molar mass of reactant A.
However, the total moles of gas changes as théiseguogresses, f,ng # 0. For a reaction at
constant temperature and pressure, the changel@s miogas will cause a change in volume as
the reaction progresses from the initial state. déwsity of the reaction gas mixture at
equilibrium, assuming each constituent is ideajiven by the ideal gas law:

a9Ma B aa B 1 (@KA P)
Not RT/P~ a(l +a) RT/P~ 1 +a \ RT
COC} dissociates according to the reaction: CQ@g) - CO (g) + C} (g). The density of the

reaction mixture at equilibrium at 724. K and 1t20 total pressure is 1.16 ¢ LCalculate the
degree of dissociation,KandA,G® at 724. K.

d = W/Veq = P20.17.1

18 The density of an equilibrium mixture op®, (g) and NQ(g), at 1.00 bar pressure, is
3.62 g ! at 15°C. Only N;O, was initially placed in the reaction vessel. ChltK, andAG®
at 15°C. [Hint: write the equilibrium expression in termmsthe degree of dissociation.]

19. Create an Excel spreadsheet based on Eq. 20td.Bdproduce Figure 20.1.1. Assume the
total pressure is constant at 1.00 bar and thelatdrstate chemical potentials of A, B, C, and D
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are 6.24, 5.64, 2.78, and 2.22 kJ okspectively. Assume 1.00 mol for A and B inltialvith
no C and D.

20. Dissociations with the stoichiometries’AB + C and A~ 2 B have significantly different
equilibrium positions, given the sarequilibrium constant and initial conditions. (B)st,

assume the equilibrium constant for both reactisi§ = 1.33 and the initial moles of reactant

is 1.00 mol, with no initial products at 1.00 baral pressure. Calculate the degree of
dissociation for each reaction. (b). Qualitativeketch diagrams of the form in Figure 20.1.1 and
discuss the effect of the entropy of mixing in deti@ing the difference in equilibrium position
for the two reaction stoichiometries. (See alsdRms 6, 8, and 9.)

21. Derive an expression for the Gibbs energy ferdissociation A B + C as a function of

the extent of the reaction. Your derivation wilrpléel Eqgs. 20.1.16-20.1.21but for the new
stoichiometry. Create an Excel spreadsheet basgdwrexpression to produce a plot similar to
Figure 20.1.1. Assume the total pressure is cohatah00 bar and the standard state chemical
potentials of A, B, and C are 6.00, 2.95, and XB#ol*, respectively. Assume 1.00 mol for A
initially, with no B and C.

22. Calculate the pH and degree of dissociation D@ m acetic acid in water atZ5using the
Debye-Hiickel approximation and, & 1.75x10°. (The acid dissociation constant is determined
on a molal basis. Neglect the autoprotolysis ofewatCompare to the degree of dissociation
calculated neglecting activity coefficients.

23. Calculate the pH and degree of hydrolysis 000.th ammonia in water at 25 using the
Debye-Hiickel approximation and, k& 1.78x1C. (The hydrolysis constant is determined on a
molal basis. Neglect the autoprotolysis of wat€ojnpare to the degree of hydrolysis calculated
neglecting activity coefficients.

24. The K for PbCh in water is 1.70x18. (a). Calculate the solubility of PbGh pure water.
(b). Show that the solubility of a 1:2 electrolytéh charges z= 2 and z= -1 in a m-molal
solution of NaNQ (or other uni-positive : uni-negative non-partetipg electrolyte) is given by:

1
1 /
m, = 109509z z| (mm9)* (K—4@j ?

Use the Debye-Hickel approximation at 25°C foratigvity coefficients. Calculate the
solubility of PbC} in 0.100 m KNQ.

25. The K, for PbCh in aqueous solution is 1.70x1@n a molal basis at 298.15 K. (a).
Calculate the K, of PbC} in pure water on a molarity concentration badiy. Calculate the &
of PbC}h on a molarity basis in a 0.200-M solution of Kjj@ssuming a very dilute solution.
The density of 0.200 M KN&is 0.9905 g mL.

26. The hydrolysis of ammonia is given by: Ngaq) + HO = NH, + OH with K, = 1.78x10
at 25C on a molal basis. Calculatg Bn a molarity concentration basis. The densit.200 M
ammonia is 0.994 g mtat 25C

27. Nimodipine is a dihydropyridine calcium chanbkdcker that was developed for the
treatment of high blood pressure:
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This class of calcium channel blockers are antagstinat block the flow of Gaions out of
cardiac muscle cells. A receptor site for nimodgpis found in the plasma membrane of striated
muscle tissue, or sarcolemma. Isolated sarcolememabranes were used in a binding study
with tritium-labeled nimodipine. Tritiated-nimodipe was incubated with the purified
membranes in the absence ofJan and then filtered. The concentration of bounimodipine

was determined by liquid scintillation countingtbé membranes trapped on the filters. Consider
the membrane bound protein receptor as the hostiamatlipine as the guest. The concentration
of bound guest as a function of the total concéiommaof guest is given in the table bel6Whe
effective concentration of the host membrane rexsps [H], = 9.3+ 0.4 pmol %,

[Glo (pmol L) 0.468 0.9 1.92 675 103 219 534 1054
[HG] (pmol L)  0.134 0.234 0468 1.606 221 412 6.09  6.93

28. Leukotriene-Bis important in activating the inflammatory respen

OH OH (0]

AN = OH

X

Developing leukotriene-Bantagonists may be helpful in managing chronidrabsve
pulmonary disease, severe asthma, rheumatoidtegtimilammatory bowel disease, and cystic
fibrosis. A receptor site for leukotrienerB a membrane bound protein in polymorphonuclear
leukocytes, PMNLs. Isolated PMNL membranes werel use@ binding study with radio-iodine
labeled leukotriene-B The leukotriene was incubated with the purifieghnibranes and then
filtered. The concentration of bound leukotrieneswlatermined by liquid scintillation counting
of the membranes trapped on the filters. Conslieniembrane bound protein receptor as the
host and leukotriene-Bas the guest. The concentration of bound guestfasction of the total
concentration of guest is given in the table beldve effective concentration of the host
membrane receptors is [H} 33+ 12 pmol L.

[G]o (pmol LY 8.33 16.7 38.7 86.4 183 322 401 464 1000 2080
[HG] (pmol L) 056 1.26 266 5.19 9.67 143 143 16.8 21.7 27.8

29. The organic dye eosin binds to the protein lyste Binding to lysozyme quenches the
fluorescence of the protein at 340 fififil ; is the fluorescence intensity of the free form of
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lysozyme anddg is the fluorescence intensity of the bound fornthef protein, then the
observed intensity is the mole fraction weightedrage:

lobs = An In + OHg lhe = (1 —0hg) In + O lhe = (Ihe — W) Ane + In P20.29.1

whereay is the mole fraction of the free host protein,= ny/(ny + nuc) = [H]/[H] o, andayg is
the mole fraction of the guest-host complexs = nye/(ny + Nu) = [HG]/[H] .. Solving Eq.
P20.29.1 for the degree of association gives:

a _[HG] _lH_Iobs
"G~ Hlo ~Ih— e

P20.29.2

The fluorescence intensity of free lysozyme in bu#lone isyd = 1.541. The fluorescence
intensity, bys @s a function of the concentration of eosin \iith, = 3.00x1¢ M lysozyme in
each solution ié:

[Glo (M) 5.00x10° 10.0x10° 20.0x10° 50.0x10°
lobe 1.198 1.064 0.855 0.494

The fluorescence intensities are relative and litrary units, which makes fluorescence
intensity effectively unitless. Calculate the asatian constant of eosin with lysozyme. Assume
that the fluorescence of lysozyme is negligibléhi@ bound form,Js = 0. [Hints: a Scatchard

plot is not appropriate for this experiment, beesiln® free eosin concentration is not known.
There is only one unknown, so use of a curve §tpnogram is not necessary. Using “goal seek”
in a spreadsheet format is useful for finding thgroum value for an adjustable parameter in a
non-linear equation.]

30. Finding the optimum value for a single adjustgihrameter in a non-linear equation is
easily handled using the “goal seek” option in @agdsheet, rather than using non-linear least
squares curve fitting programs. However, the sgieaet approach makes the determination of
the uncertainty of the final fit value more invoti/than using non-linear least squares curve
fitting algorithms. However, least squares curt@ny programs are often set up to fit two or
more adjustable parameters, not just one paranTdteruncertainty for fitting procedures for a
single parameter are easily handled using thevimtig approach.

The general formula for propagation of erronstf@ two-parameter function f(x,y) is
(Appendix 1):

of = (gD O + @D >y

Consider a non-linear function f(b,x), with the wgtpble parameter b and independent variable
x. The adjustable parameter is often an equilibraamstant and the x variable is a concentration
or a mole ratio (see the previous problem). Letthlee of the measured observables at a series
of x values be y=f(b,x), y> = f(b,x), ys = f(b,%s), ... for n values of x. The y values are often
absorbances, fluorescence intensities, or chersitis. The uncertaigariables are the y

values. The uncertainty in the fit parameter, lthen given by:

b2
b= (ay Yo+ (5)/2) &Yz +.
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with the sum over all n data points. If we assuha the derivatives are all approximately equal,
then the last equation reduces to:

, , Zn: &y,
w@in o @@

Dividing both sides of the equation by n—1 convéresuncertainties to variancesasd §.
Taking the square root and inverting the derivagives:

T®
ob

where @y/db) is approximately evaluated numerically as thengfe in a typical y value for a
small change in the fit parameter:

(Qx) _ f(b+3b,x) — f(b,x)
ob) = 3b

where X is a typical x-value ardth is a small change in the fit parameter. The d¢ine is easily
calculated by finding the y-value for the optimalddue , f(b,x), and then changing b by a small
amount and finding the new y-value, f@tx).

Using these last two equations, find the unagstan the association constant for the previous
fluorescence quenching problem.

31. NMR is an important technique for measuring fation constants in guest-host chemistry.
For example, if a given proton in the host showbkemical shift difference between the free and
bound forms, then the chemical shift of the prasstrongly concentration dependent. The
dependence is due to changes in the mole fractibtine free and bound forms. Assume the
reactions are rapid on the NMR time scale: ratévz With v, the resonance frequencydif is

the chemical shift of the free form of the host @pg is the chemical shift of the bound form of
the host, then the observed chemical shift is tbhkeriraction weighted average, assuming the
reactions are rapid:

Qobs = OH OH + OHG OHG

whereay is the mole fraction of the free hoaty = ny/(ny + nye) = [H)/[H] o, andayc is the
mole fraction of the guest-host complexc = nye/(Ny + nyg) = [HG)/[H] .. Given thaty + apg
=1, the observed chemical shift reduces to:

Oobs = (1 —0lHG) OH + OHG OHg = (OHG — OH) Ong + On

The mole fraction of the bound guest-host compdesaiculated by Eq 20.5.22:

Sop. = (6HG-5)((1+K[H] o (1+1)) —\/(%311) o (LN F — 4KFH] rj .

Although somewhat daunting looking, this equat®easily used in non-linear curve fitting with
the “Nonlinear Least Squares Curve Fitting” applethe text Web site and the companion CD.
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In particular, the guest and host can be a hydrbgenled pair. NMR is an important technique
in studies of hydrogen bonding.

The formation of the hydrogen bond between teacally crowded alcohol, below, and
pyridine has been studiéd:

H,Col N\ Ne

: oH \_/

HC ¢,
2,2,4,4-tetramethyl-pentan-3-ol pyridine

Consider the alcohol as the host and pyridine agtiest. The chemical shift of the alcohol
hydrogen is given in the table, below, as a fumctbthe concentration of pyridine in benzene
solution. The alcohol concentration is fixed ineaolution at 0.100 M. The chemical shift of
the free alcohol i®y = 1.105 ppm. The chemical shift differena&d — o), and K[H], are

treated as the two variable parameters in the dittirey. The binding constant is expected to be
=1, since the formation of a single hydrogen bora weak interaction.

[G]o (M) 0 0.136 0.271 0.543 0.814 1.628 3.799
dobe (ppm)  1.105 1.594 2.000 2.630 3.111 3.970 4.901

32. Derive Eq. 20.5.23.
33. Derive Eq. 20.5.24.

34. An alternative form for the concentration of theest-host complex often encountered in
biochemical studies is based on the dissociationlibga:

HGZH+G %:[%]_I—C%l

where K is the dissociation constant. The relationshifh®association constant and Eg. 20.5.1
is Kp = 1/K. (a). Show that the guest-host concentrasagiven by:

] = (Hlo *[Clo +Ko) —\/([H]o2 +[Glo +Kp)” ~ 4 [H} [Glo

(b). Find the relationship in terms of the guestthatio, r = [G}/[H] ..

35. Determine if the following statements are trudadse. If the statement is false, describe the
changes that are necessary to make the statemeniffpossible. If the statement is true, but too
restrictive, give the more general statement.

(a). The relationship,G° = —RT In K, shows thaf\,G° is the reaction Gibbs energy at
equilibrium.

(b). The position of equilibrium for a constant waie process is determined by the extent of
the reactiong.

(c). The position of equilibrium is unaffected bydétion of an inert gas, such as helium, since
the inert gas will not participate in the reaction.
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(d). The position of equilibrium for the reactioipes 2A~- B+ C and A + BZ C + D will be
the same if the equilibrium constants are the same.

(e). The rate of the reaction 2A B + C increases with temperature so the equilibriu
position of the reaction shifts to the right with iacrease in temperature.

(f). The rate of the reaction 2A B + C is fast so the equilibrium constant for teaction is
large.

36. The ITC titration of the enzyme ribonuclease #wihe ligand 2'CMP is given in the table
below. Consider ribonuclease A as the host and P@slthe guest. The host concentration in
the titration cell was 6.272xT0M, the guest concentration in the automated buaet

2.19x10° M, the titration cell volume was 1.4389 mL, and titent was added in 9.QfL
increments. The association constant was deterninke 6.99x19and the reaction enthalpy
was -70.6 kJ mdi using non-linear curve fitting. (a). Calculdgs° andA,S° . (b). Use the fit
values to reproduce the titration curve. Neglegt @nrrections for exclusion of material from the
constant volume titration cell (as discussed inatidendum). [Hint: construct a spreadsheet
using Eg. 20.5.22. Show the titration curve witd talculated and experimental values, for
comparision.]

i Vini (L) 9 18 27 36 45 54 63 72 81 90 99
qing (kImol) -68.3 -67.3 642 -563 -356 -146 -6.41 -3.612.33 -1.64 -1.3

37. EqQ. 20.5.22 can be used directly in non-lineave fitting for finding association constants
from ITC titration curves. The results for eachpsitean ITC experiment are given by Egs.
20.6.5-20.6.7. Consider the first two steps intitnation. The sum of the; g values for the first
two steps gives, using Egs. 20.6.6 and 20.6.7:

Grot = Cim + Cp,m = Cp/Ninj + G/ Ninj = (AN 2 + AN 2) AHO iy,
Then using Eqg. 20.6.5 the total calorimetric ergiaas given in terms of [HG] as:
Grot = Gim + Gom = G/Ninj + G/Niny = ([HG]2 — [HGL: + [HG]1 — [HG]o) AH® Veew/Nin
Grot = Chm + Cp,m = Cp/Ninj + Ch/Ninj = [HG]2 AH® Vee/Ninj
since [HG}, = 0. Solving for [HG} AH° gives:
kot Ninj/ V cel = AHC [HG],
In a similar fashion, if we add the calorimetridteadpies for the first n steps:
Grot NMinj/Veel = (Qum+ Gm + ...+ &n) Ninj/Veen = AHC [HG],

Eq. 20.5.22 can then be used to calculate the otrat®n of the host-guest complex:

Mo ) _ o [(LFKIH] (141) —/(1+K[H]o (1+1)Y — 4K [H] & 1
%t(vceu [H] ‘AfH( 2K[H], )

where r is the guest-host ratio at tiestep of the titration. The two adjustable paramsefer
curve fitting are a AH° and b = K[H].

Use the data in the last problem to find th@eission constant and reaction enthalpy for the
binding of ribonuclease A with 2’CMP.



748

38 Comparison of Egs. 20.1.17 and 20.1.5 mighirsit $eem conflicting:

G=mpa+melUs+NcHc+ ol (20.1.17)
AG = clc + dup — apa — bs (20.1.5)

Derive Eq. 20.1.5 from Eqg. 20.1.17, thus showirgg the two equations are consistent. [Hint:
remember that the reaction Gibbs energy is the $@olergy for the products minus the Gibbs
energy for the reactants.]

39. Calculate the equilibrium constant for #ngti- to gaucheeonformers for dichloroethane
from A/G° and also the statistical approach. Use moleomdgnhanics to estimate of the
difference in steric energy. Assume no significardnge in vibrations between the two
conformers.

40. The dimer of methylvinylketone is shown belowledt. The bond with free rotation is
marked. Consider only the axial conformer for t#—CH; side chain. Calculate the
equilibrium constant for the two low energy confens (b). Which face of the carbonyl is more
susceptible to nucleophilic attack? Nucleophiltaek will be perpendicular to the trigonal plane
of the sp hybridized carbon, as shown by the arrows formoesible conformation at right.
According to Cram's rule, the less hindered sidaast susceptible to attack by nucleophiles.
You may use molecular mechanics, semi-empirical Adlinitio HF/6-31G*, or

B3LYP/6-31G* density functional methods to deterenthe energies.

4

41 The next two problems develop a model for thalgsgium profile of NO in the lower
troposphere. In the atmosphere, NO and H@proach equilibrium (see Problem 16 and Ch. 5
Problems 10-12):

NO (g) + ¥2 Q (9) - NOx(9) P20.41.1

In a given initial volume, let the number of mot#aNO be “a”, the moles of £be “b”, and the
moles of other gases in the atmosphere be “n”. & ket contributions include primarily,Mith
small amounts of O vapor, CQ, and Ar. Assume that the initial amount of N®zero and the
reaction runs at constant total pressure, P. Tp $ieiplify the relationships for the mole
fractions, definex = &/a as the fraction of NO oxidizedsr/a, and G n/a. Show that the
equilibrium expression is:

__«a (1+r+q—0(/2j1/2
“1-a r—al/2

Kp (PIP)™* P20.4122
The concentration of NCOn the atmosphere is typically in the ppm rangexr€pondingly, r
and g are much larger thanLet Ryo o be the initial partial pressure of NO, before amidation
occurs. Show that an excellent approximation ig:the



749

o

Keff Dl—d

Y. ;
with Ker = Kp (r%a) * (PIP)* (Puo.o << Pos Prs) P20.41.3

42. Use Eg. P20.41°20 determine the equilibrium partial pressure &f bp to an altitude of
2000 m in the troposphere. Use the barometric ftanitgs. 1.3.16and 1.3.17, to estimate the
total pressure as a function of altitude. Assuna¢ itland g are constant with altitude (that is, the
atmosphere is well-mixed before any oxidation osgukssume also that the temperature in the
troposphere decreases 6.0 K per 1000 m; in othedsythe environmental lapse rate is

y = -0.006 K nit. For the oxidation, Eq. P20.414,G° = -35.24 kJ mét andAH® = -57.07 kJ
mol™t. Assume\H° is constant over the temperature range. Assumithgerature is 298.15 K
and the total pressure is 1.00 bar at sea level.ifital partial pressure at sea level fori®

0.200 bar and for NO is 1.00x2®ar (10 ppm) before any oxidation.

The barometric formula is derived assuming émederature is constant at each altitude.
However, for a realistic model, we also need te tiato account the decrease in temperature
with altitude. An easy way to take both pressur temperature effects into account is to use an
average temperature of 282.7 K with the barom#érimula to calculate the pressure profile in
the atmosphere. Separately, the variation of teatpex is then determined usipg -0.006 K
m* starting at 298.2 K at sea level, h = 0.

43. Consider the reaction A + BC + D in solution from a thermodynamic perspectanel
from a kinetic perspective. The equilibrium constara function of the solution activities, but
the rate law is conventionally written in termstloé concentrations:

ac & 1d¢
W =¥ at = k [AI[B] - k{CI[D]
(a). Use detailed balance to prove that the ratadaalso expressible in terms of the solution
activities:

Ka

(b). Relate the two sets of rate constantankl k with ki' and k', given the activity coefficients
for each species.

44. Challenge Problemin the previous problem, we showed that the leatefor a reaction is
best expressed in terms of activities, rather twatentrations, for consistency with detailed
balance. However, by convention in concentratiosedeinetic expressions, the activity
coefficients of the reactants and products arerparated into the rate constants. The activity of
a species deviates from the analytical concentrdtérause of solute-solvent interactions.
Rationalize the fact that solute-solvent interaddiof the reactants and products have an effect
on chemical reactions rates. However, be carefséparate thermodynamic and kinetic
concerns. Assume that the kinetics follow Arrherbakavior, and reason through the reaction
profile, Figure 4.5.2.

45. The temperature dependence of isomerizatioangeniently followed by experimental
techniques that have additive response of the onrag in equilibrium. The equilibrium constant
of the two forms is given by:

ACB with K = [BY[A] P20.45.1
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One example of an experimental technique with addresponse is infrared spectroscopy. The
wave number of an IR band is the mole fraction Wid average of the two forms:

Vobs = VA Xa + Vg Xg (additive response) P20.45.2

wherexa andxg are the mole fractions of A and B, respectivelye Bbsorption wave numbers
of the pure components arg andvg, respectively.

(a). Let the total analytical moles be a, withtng = a, where g and i are the number of
moles of A and B. The total volume of the solutis’v. Show that the corresponding
concentrations are related by [A] + [B] = [a], withncentrations in moles per liter.

(b). Show that the observed wave number is ginéarms of the concentrations as:

Vobs = Va % +Vg % (additive response)  P20.45.3

(c). Using P20.43.1 show that the equilibriumaentrations are given by:

1 K
[A] = 1+K [a] [B] =1+K [a] P20.45.4
(d). Using Eqgs. P20.43.2-P20.43-4, show thatethelibrium constant is determined by:
K= M (additive response) P20.45.5
VB —Vobs

46. The infrared absorption of an intramolecularrog®n-bonded amine (see Problem Ch.
10.13: N-[2-(dimethylamino)ethyl]-N-methylguanidiuion) as a function of temperature is at:

T (°C) 25.0 30.0 35.0 40.0 45.0
Vope (€M% 1520 1540 1548 1570 1573

Equilibrium is established between the closed gmehdorms; the closed form is hydrogen-
bonded and the open form is not hydrogen-bonded GC The wave number of the closed form
is: Ve = 1505 et and the open form iso = 1580 cnit. Using Eq. P20.45.5, determine the
equilibrium constant and reaction Gibbs energy ametion of temperature.
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