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Abstract

These are notes for the upper division course 'Linear Algebra’ (Math 110) taught at the University
of California, Berkeley, during the summer session 2012. Students are assumed to have attended a
first course in linear algebra (equivalent to UCB Math 54). The aim of this course is to provide an
introduction to the study of finite dimensional vector spaces over fields of characteristic zero and
linear morphisms between them and to provide an abstract understanding of several key concepts
previously encountered. The main topics to be covered are: basics of vector spaces and linear
morphisms, the Jordan canonical form and Euclidean/Hermitian spaces.
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0 Preliminaries

In this preliminary section we will introduce some of the fundamental language and notation that will
be adopted in this course. It is intended to be an informal introduction to the language of sets and
functions and logical quantifiers.

0.1 Basic Set Theory

For most mathematicians the notion of a set is fundamental and essential to their understanding of
mathematics. In a sense, everything in sight is a set (even functions can be considered as sets!E[) .

A vector space is an example of a set with structure so we need to ensure that we know what a set is
and understand how to write down and describe sets using set notation.

Definition 0.1.1 (Informal Definition). A set S is a collection of objects (or elements). We will denote
the size of a set S by |S|; this will either be a natural number or infinite (we do discuss questions of
cardinality of sets).

For example, we can consider the following sets:
- the set P of people in Etcheverry, room 3109, at 10.10am on 6/18/2012,
- the set B of all people in the city of Berkeley at 10.10am on 6/18/2012,
- the set R of all real numbers,
- the set A of all real numbers that are greater than or equal to T,
- the set My,x,(R) of all m x n matrices with real entries,
- the set Homg(R"”, R™) of all R-linear morphisms with domain R” and codomain R™,
- the set C(0, 1) of all real valued continuous functions with domain (0, 1).
Don't worry if some of these words are new to you, we will define them shortly.
You will observe that there are some relations between these sets: for example,
- every person that is an object in the collection P is also an object in the collection B,
- every number that is an object of A is also an object of R.
We say in this case that P (resp. A) is a subset of B (resp. R), and write

P C B (resp. ACR).

LA function f : A — B ; x — f(x) is the same data as providing a subset ['r C A x B, where I'r = {(x, f(x)) | x € A},
the graph of f. Conversely, if C C A X B is a subset such that, Ya € A,3b € B such that (a,b) € C, and (a,b) =
(a,b') € C = b=V, then C is the graph of some function.



Remark. In this class we will use the notations C and C interchangeably and make no distinction
between them. On the blackboard | will write C as this is a notational habit of mine whereas in these
notes | shall usually write C as it is a shorter command in IATEX(the software | use to create these notes).

We can also write the following
P = {x € B| x is in Etcheverry, room 3109, at 10.10am on 6/18/2012},
or in words:
P is the set of those objects x in B such that x is in Etcheverry, room 3109, at 10.10am on 6/18/2012.
Here we have used

- the logical symbol ‘€’ which is to be translated as ‘is a member of’ or ‘is an object in the collection’,

- the vertical bar ‘|" which is to be translated as ‘such that’ or 'subject to the condition that’.
In general, we will write (sub)sets in the following way:
T={xeS|P},
where P is some property or condition. In words, the above expression is translated as
T is the set of those objects x in the set S such that x satisfies the condition/property P.

For example, we can write
A={xeR|x>n}.

Definition 0.1.2. We will use the following symbols (or logical quantifiers) frequently:
- V - translated as ‘for all’ or ‘for every’, (the universal quantifier)
- 3 - translated as ‘there exists' or ‘'there is, (the existential quantifier).

For example, the statement
‘for every positive real number x, there exists some real number y such that y? = x’,

can be written
Vx € R with x > 0,3y € R such that y? = x.

Remark. Learning mathematics is difficult and can be made considerably more difficult if the basic
language is not understood. If you ever encounter any notation that you do not understand please ask
a fellow student or ask me and | will make sure to clear things up. | have spent many hours of my life
staring blankly at a page due to misunderstood notation so | understand your pain in trying to get to
grips with new notation and reading mathematics.

Notation. In this course we will adopt the following notational conventions:

- &, the empty set (ie the empty collection, or the collection of no objects),

[n]=11,2,3,....,n},

N=1{1,2,3,4,...}, the set of natural numbers,

- Z =4{0,£1,42,43, ...}, the set of integers,
- Zs>a={x€Z| x> a}, and similarly Zs,,Z<,, L.,

- Q={f]a becZ b#0}, the set of rational numbers,

R, the set of real numbers,



- C, the set of complex numbers.

Remark (Complex Numbers). Complex numbers are poorly taught in most places so that most students
have a fear and loathing of them. However, there is no need to be afraid! It really doesn't matter whether
you consider imaginary numbers to be ‘real’ (or to exist in our domain of knowledge in this universe),
all that matters is that you know their basic properties: a complex number z € C is a'number’ that can
be expressed in the form

z=a+ bA, a belR,

where, for now, A is just some symbol.

We can add and multiply the complex numbers z = a + bA, w = ¢ + dA € C, as follows
z+w=(a+c)+(b+d)A, z.w=(ac— bd)+ (bc+ ad)A.
If z=a+ bA € C then the complex number z = ﬁ — ﬁA satisfies

zz=2z=1,

so that Z is the multiplicative inverse of z and we can therefore write 1/z = z71 = 7. Hence, if

z=a+bA, w=c+dA € C, then

z/wfzwflfaCerqubCiad
- _C2+d2 C2+d2 :

Of course, the number i = 1.A satisfies the property that /> = —1, so that 1.A corresponds to the
imaginary number / that you learned about in high school. However, as we will be using the letter /
frequently for subscripts, we shall instead just write v/—1 so that we will consider complex numbers to

take the form
z=a+ bv-1.

We have the following inclusions
NcZcQcRcC,

so that, in particular, every real number is also a complex number (if a € R then we consider a =

al+4+0.4/-1€C).
Definition 0.1.3 (Operations on Sets). e Suppose that S is a set and Sy, S, are subsets.

- the union of S; and S, is the set

51U52:{X€5|X€510FX€52}.

- the intersection of S; and S, is the set

SiNS={xeS|xeS and x € 5}

More generally, if S; C S,i € J, is a family of subsets of S, where J is some indexing set, then we can
define
US;:{565|s€5k, for some k € J},
icJ
and
(Si={seS|se S, ke J}
ied
o Let A, B be sets.
- the Cartesian product of A and B is the set
AxB={(ab)|acAbe B},

so that the elements of A x B are ordered pairs (a, b), with a € A, b € B. In particular, it is not
true that Ax B =B x A.

Moreover, if (a, b),(d',b’) € A x B and (a, b) = (&', b'), then we must necessarily have a = 2’
and b=1b'.



For example, consider the following subsets of R:
A={xeR|0<x<2}, B={xeR|x>1}, C={xeR|x<0}.

Then,
AUB=(0,0), ANB=(1,2), ANC=9, AUBUC={xeR|x#0}.

Also, we have
Ax C={(xy)|0<x<2, y<0}.
0.2 Functions

Functions allow us to talk about certain relationships that exist between sets and allow us to formulate
certain operations we may wish to apply to sets. You should already know what a function is but the
notation to be introduced may not have been encountered before.

Definition 0.2.1. Let A, B be sets and suppose we have a function f : A — B. We will write the
information of the function f as follows:

f:A—= B, x+— f(x),

where x +— f(x) is to be interpreted as providing the data of the function, ie, x is the input of the
function and f(x) is the output of the function. Moreover,

- Ais called the domain of f,

- B is called the codomain of f.

For example, if we consider the function |.| : R — [0, 00), the ‘absolute value’ function, then we write
. ifx >0,
LR —[0,00), x> T
—x, ifx<0.

The codomain of |.| is [0, 00) and the domain of |.| is R.
Definition 0.2.2. Let f : A — B be a function.

- we say that f is injective if the following condition is satisfied:

Vx,y € A, if f(x) = f(y) then x =y,

- we say that f is surjective if the following condition is satisfied:

Yy € B, Ix € A such that f(x) =y,

- we say that f is bijective if f is both injective and surjective.

It should be noted that the injectivity of f can also be expressed as the following (logically equivalent)
condition:

if x,y € A, x#y, then f(x) # f(y).

Also, the notion of bijectivity can be expressed in the following way:
Vy € B, there is a unique x € A such that f(x) = y.
Hence, if a function is bijective then there exists an inverse function g : B — A such that

Vx € A, g(f(x))=x, and Vy € B, f(g(y))=vy.



The goal of the first half of this course is an attempt to try and understand the ‘linear functions’ whose
domain and codomain are vector spaces. We will investigate if there is a way to represent the function in
such a way that all desirable information we would like to know about the function is easy to obtain. In
particular, we will provide (finite) criteria that allow us to determine if a function is injective/surjective

(cf. Theorem [1.7.4)).

Remark. These properties of a function can be difficult to grasp at first. Students tend to find that
injectivity is the hardest attribute of a function to comprehend. The next example is an attempt at
providing a simple introduction to the concept of injectivity/surjectivity of functions.

Example 0.2.3. Consider the set P described above (so an object in P is a person in Etcheverry, room
3109, at 10.10am on 6/18/2012) and let C denote the set of all possible cookie ice cream sandwiches
available at C.R.E.A.M. on Telegraph Avenue (for example, vanilla ice cream on white chocolate chip
cookies). Consider the following function

f:P—C; xw— f(x) = x's favourite cookie ice cream sandwich.
In order for f to define a function we are assuming that nobody who is an element of P is indecisive so
that they have precisely one favourite cookie ice cream sandwichE]

So, for example,
f(George) = banana walnut ice cream on chocolate chip cookies.

What does it mean for f to be

- injective? Let's go back to the definition: we require that for any two people x,y € P, if
f(x) = f(y) then x = y, ie, if any two people in P have the same favourite cookie ice cream
sandwich then those two people must be the same person. Or, what is the same, no two people
in P have the same favourite cookie ice cream sandwich.

- surjective? Again, let’s go back to the definition: we require that, if y € C then there exists
some x € P such that f(x) = y, ie, for any possible cookie ice cream sandwich y available at
C.R.E.A.M. there must exist some person x € P for which y is x's favourite cookie ice cream
sandwich.

There are a couple of things to notice here:

1. in order for f to be surjective, we must necessarily have at least as many objects in P as there are
objects in C. That is
f surjective = |P| > |C|.

2. in order for f to be injective, there must necessarily be more objects in C as there are in P. That
is
f injective = |P| <|[C|.

3. if P and C have the same number of objects then f is injective if and only if f is surjective.

You should understand and provide a short proof as to why these properties hold true.

The fact that these properties are true is dependent on the fact that both P and C are finite sets. We
will see a generalisation of these properties to finite dimensional vector spaces and linear morphisms
between them: here we replace the ‘size’ of a vector space by its dimension (a linear algebra measure of
‘size’).

We will now include a basic lemma that will be useful throughout these notes. Its proof is left to the
reader.

Lemma 0.2.4. Let f : R— S and g:S — T be two functions.

2Why are we making this assumption?



- If f and g are both injective, then gof : R — T is injective. Moreover, if g o f is injective then
f is injective.

- If f and g are both surjective, then g o f : R — T s surjective. Moreover, if g o f is surjective
then g is surjective.

- If f and g are bijective, then go f : R — T is bijective.



1 Vector Spaces & Linear Morphisms

This chapter is intended as a reintroduction to results that you have probably seen before in your
previous linear algebra course. However, we will adopt a slightly more grown-up viewpoint and discuss
some subtleties that arise when we are considering infinite dimensional vector spaces. Hopefully most
of the following results are familiar to you - don't forget or disregard any previous intuition you have
gained and think of the following approach as supplementing those ideas you are already familiar with.

1.1 Fields
[ p. 1-3]

In your previous linear algebra course (eg. Math 54) you will have mostly worked with column (or row)
vectors with real or complex coefficients. However, most of linear algebra does not require that we work
only with real or complex entries, only that the set of ‘scalars’ we use satisfy some nice properties.

For those of you who have taken an Abstract Algebra course (eg. Math 113) you may have already
been introduced to the notion of a ring or a field. What follows is a very brief introduction to (number)
fields.

Definition 1.1.1 (Number Field). A nonempty set K| is called an number field if
1. Z CK,

2. there are well-defined notions of addition, subtraction, multiplication and division that obey all
the usual laws of arithmetic.

Note that, by 1. we have that K contains every integer x € Z. Therefore, by 2., since we must be able
to divide through by nonzero x, we necessarily have Q C K.

Example 1.1.2. 1. Q, R, C are all examples of number fields. However, Z is not a number field since
2 does not have a multiplicative inverse in Z.

2. Consider the set
Q(V2)={a+bA|abecQ},

where we consider A as some symbol. Define an addition on Q(ﬁ) as follows: for z = a+ bA, w =
c +dA € Q(V/2), define
z+w=(atc)+(b+d)AecQW2), —z=-a+(-b)A,

zw = (ac +2bd) + (ad + be)A, 27" = 5 — 55 A

Note that a? — 2b% # 0, for any a, b € Q such that (a, b) # (0,0), since v/2 is irrational.

Then, it is an exercise to check that all the usual rules of arithmetic (eg. Rules 1-9 on p.1 of [I]) hold
for this addition and multiplication just defined. Moreover, it is easy to check that

(1.A)* =2,
so that we can justify swapping the symbol v/2 for A.

Be careful though: we do not care about the actual value of /2 (=1.414...) as a real number, we are
only interested in the algebraic properties of this number, namely that it squares to 2, and as such only

consider v/2 as a symbol such that \@2 = 2 in our number field (@(ﬂ)

You should think of Q(1/2) in the same way as C: for our purposes of arithmetic, we do not care whether
V2 is a ‘real’ number or not, we only care about its basic algebraic properties as a symbol.

3We adopt the letter K for a (number) field following the Germans. In German the word for a ‘(number) field' is
‘(zahlen) korps’. The notation Z for the integers also comes from the German word zahlen, meaning ‘number’. Most of
the basics of modern day algebra was formulated and made precise by German mathematicians, the foremost of whom
being C. F. Gauss, D. Hilbert, R. Dedekind, E. Noether, E. Steinitz and many, many others.



Why should we care about @(1/2) when we can just think about R? Most of modern number theory
is concerned with the study of number fields and there is some sense in which the deep structure of
number fields is related to seemingly unrelated areas of mathematics such as real analysis.

3. Let p > 0 be a nonsquare integer, so that there does not exist x € Z such that x> = p. Then, we
can form the number field Q(,/p) in a similar manner as above.

4. The p-adic numbers Q,: let p be a prime number. Then, you may have heard of the p-adic numbers:
this is a number field that is obtained from Q in a similar way that R can be obtained from Q (via
Cauchy sequences; this is Math 104 material). Essentially, a p-adic number a € @, can be considered
as a formal power series

a:Za;pi:ampm+am+1pm+1+«-~ , a€{01,..,p—1} mez,
i>m

where we do not care about the fact that this ‘sum’ does not converge and add and multiply as you
would as if you were in high school (remembering to reduce coefficients modulo p). We will not talk
about this number field again and if you are interested in learning more simply Google ‘p-adic numbers’
and there will be plenty information available online.

5. The field of rational polynomials Q(t): here we have

Q(t) ={p/q | p.qcQ[t], g #0},

where Q[t] is the set of polynomials with rational coefficients. For example,

548
335t

t2 + % t167

€ Q(t).

Again, Q(t) is a number field and arises in algebraic geometry, that area of mathematics concerned with
solving systems of polynomials equations (it's very hard!).

Remark. 1. The definition of ‘number field" given above is less general than you might have seen: in
general, a field K is a nonempty set for which there are well-defined notions of addition, subtraction,
multiplication and division (and obeying all the usual laws of arithmetic) without the extra requirement
that Z C K; this is the definition given in [I]. The definition we have given in Definition defines
a field of characteristic zero.

2. In this course we will only be concerned with ‘linear algebra over number fields’, meaning the scalars
we consider will have to take values in a number field K as defined in Definition Moreover, most
of the time we will take K € {Q, R, C} and when we come to discuss Euclidean (resp. Hermitian) spaces
we must necessarily have K =R (resp. K = C).

In grown-up mathematical language we will be studying ‘vector spaces over characteristic zero fields'’
(or, in an even more grown-up language, K-modules, where K is a characteristic zero field).

From now on, K will always denote a number field.

1.2 Vector Spaces
1.2.1 Basic Definitions
[p-31-33, [1I]

Definition 1.2.1 (Vector Space). A K-vector space (or vector space over K) is a triple (V, «, o), where
V is a nonempty set and

a:VxV =V, (uv)—=aluyv), c:KxV =V, (\v)=alv),

are two functions called addition and scalar multiplication, and such that the following axioms are
imposed:



(VS1) « is associative: for every u, v, w € V we have

a(u, a(v,w)) = ala(u, v), w);

(VS2) « is commutative: for every u, v € V we have

alu,v) = a(v, u);

(VS3) there exists an element 0y € V such that, for every v € V, we have
a(Oy,v) =a(v,0y) = v.
We call 0y a (in fact, th{]) zero element or zero vector of V;
(VS4) for every v € V there exists an element ¥ € V such that
a(v, ) = a(l,v) = 0y.
We call ¥ theE] negative of v and denote it —v;
(VS5) for every A\, p € K, v € V, we have
oA+ 1, v) = alo(A v), o(u, v)):
(VS6) for every A\, u € K, v € V, we have
a(Ap, v) =a(X o v));

(VST) for every A € K, u, v € V, we have

oA a(u, v)) = a(a(A u),o(A v));

(VS8) for every v € V we have
o(l,v)=v.

In case a and o satisfy the above axioms so that (V, «, o) is a vector space (over K) we will usually
write

alu,v)=u+v, uv,€eV,
oA v)=A-v, orsimply o(A,v)=Av, AeK veV.

If (V,a, o) is a vector space over K then we will call an element x € V a vector and an element A € K
a scalar.

If v € Vis such that
V=MVi+ ...+ A Vs,

for some vectors vy, ..., v, € V and scalars Ay, ..., A\, € K, then we say that v is a linear combination
of the vectors vy, ..., v,.

4See Proposition
5We shall see (Proposition D that the negative of v is unique, so that this notation is well-defined.
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Remark 1.2.2. The given definition of a vector space might look cumbersome given the introduction
of the functions @ and 0. However, it is important to realise that these defined notions of addition
and scalar multiplication tell us how we are to ‘add’ vectors and how we are to ‘scalar multiply' vectors
by scalars in K; in particular, a nonempty set V may have many different ways that we can define a
vector space structure on it, ie, it may be possible that we can obtain two distinct K-vector spaces
(V,a,0) and (V, o, 0’) which have the same underlying set but different notions of addition and scalar
multiplication. In this case, it is important to know which ‘addition’ (ie, which function « or o) we are
discussing, or which ‘scalar multiplication’ (ie, which function o or ¢’) we are discussing.

In short, the definition of a vector space is the data of providing a nonempty set together with the rules
we are using for ‘addition’ and ‘scalar multiplication’.

Notation. e Given a K-vector space (V, «, o) we will usually know which notions of addition and scalar
multiplication we will be discussing so we will often just write V instead of the triple (V, «, o), the
functions «, o being understood a priori.

e We will also frequently denote an arbitrary vector space (V, «, o) by V, even when we don’t know what
«, o are explicitly. Again, we are assuming that we have been given ‘addition’ and ‘scalar multiplication’
functions a priori.

Proposition 1.2.3. Let (V,«, o) be a K-vector space. Then, a zero vector 0y € V is unique.

Proof: Suppose there is some element z € V such that z satisfies the same properties as 0y, so
that, for every v € V, we have z+ v = v + z = v. Then, in particular, we have

Oy =z4+0y =z,

where the first equality is due to the characterising properties of z as a zero vector (Axiom VS3), and
the second equality is due to the characterising property of 0y as a zero vector (Axiom VS3). Hence,
z = 0y so that a zero vector is unique. O

Proposition 1.2.4 (Uniqueness of negatives). Let (V, «, o) be a K-vector space. Then, foreveryv € V,
the element V that exists by Axiom V54 is unique.

Proof: Let v € V and suppose that w € V is such that w + v = v + w = 0y. Then,

w=w+0y=w+(v+7¥), by defining property of ¥,
=(w+v)+¥, by Axiom VSI,
=0y + ¥, by assumed property of w,
=¥, by Axiom VS3.

Hence, w = ¥ and the negative of v is unique. O

Proposition 1.2.5 (Characterising the zero vector). Let (V, «, o) be a K-vector space. Then, for every
v € V we have 0- v = 0y. Moreover, X -0y = 0y, for every A € K. Conversely, if A- v = 0y with
v # Oy, then A =0 € K.

Proof: Let v € V. Then, noting the trivial fact that 0 = 0+ 0 € K, we have
0-v=(0+40)-v=0-v+0-v, by Axiom VS5,
= O0y=0-v+(-0-v)=0-v+0-v)+(—0-v)=0-v+(0-v+(—0-v)), using Axiom VSI,
= 0y =0-v+0y=0-v, using Axioms VS3 and VS4.

Furthermore, in a similar way (using Axioms VS3, VS4 and VS7) we can show that A - 0y = 0y, for
every A € K[

5Do this as an exercisel

11



Conversely, suppose that v # Oy is a vector in V and A € K is such that Av = 0y/. Assume that A # 0;
we aim to provide a contradiction. Then, A~! exists and we have

v=1-v=(\"1)\)-v, using Axiom VS8,
=A"1.(A-v), by Axiom VS6,
=1 Oy, using our assumption,

=0y, by the result just proved.

But this contradicts our assumption that v is nonzero. Hence, our initial assumption that A # 0 cannot
hold so that A =0 € K.

O

The following examples will be fundamental for the rest of the course so make sure that you acquaint
yourself with them as they will be used frequently throughout class and on homework/exams. As such,
if you are having trouble understanding them then please ask a fellow student for help or feel free to
send me an email and | will help out as best | can.

| have only provided the triple (V,a, o) in each example, you should define the zero vector in each
example and the negative of an arbitrary given vector v € V. Also, you should check that the Axioms
VS1-VS8 hold true.

Example 1.2.6. 1. For n € N, consider the K-vector space (K", a, o), where

X1
K" = X xe €K
Xp
X1 %1 X1+ X1 Axy
a I = : . and o | A | =1 :
Xn| | Yn Xn + Yn Xn AXp

We will usually denote this vector space simply K”. It is of fundamental importance in all that follows.

We will denote by e; € K", the column vector that has a 1 in the i*" entry and Os elsewhere, and call it
the it standard basis vector.

2. Let S be an arbitrary nonempty set. Then, define the K-vector space (KS, a,0), where
K® = {functions f : S — K},
a(f,g):S—=K; s—f(s)+g(s)eK, and o\ f):S—=K; s~ A(s).

That is, we have defined the sum of two functions f, g € K° to be the new function a(f,g) : S — K
such that «o(f, g)(s) = f(s) + g(s) (here the addition is taking place inside the number field K).

Since this example can be confusing at first sight, | will give you the zero vector Ogs and the negative
of a vector f € K°: since the elements in K° are functions we need to ensure that we define a function

OKS S — K,
satisfying the properties required of Axiom VS3. Consider the function
Ogs : S —K; s—0,

that is, Ogs(s) = 0 € K, for every s € S. Let's show that this function just defined satisfies the
properties required of a zero vector in (K°, o, ¢). So, let f € K°, ie,

f:5—=K; s f(s).

12



Then, we have, for every s € S,
a(f, Ogs)(s) = f(s) + Ogs(s) = f(s) + 0 = f(s),

so that a(f, Ogs) = f. Similarly, we have a(0Ogs, f) = f. Hence, Ogs satisfies the properties required of
the zero vector in K° (Axiom VS3).

Now, let f € K°. We define a function —f € K° as follows:
—f:5S—=K; s— —f(s) e K.

Then, —f satsfies the properties required of the negative of f (Axiom VS4).

For every s € S, we define the characteristic function of s, e; € K, where

)0, ift#s,
es(t)_{l, ift=s.

For example, if S = {1, 2,3, 4} then
K® = {functions f : {1,2,3,4} — K}.

What is a function f : {1,2,3,4} — K? To each i € {1,2, 3,4} we associate a scalar f(i) € K, which

def ;. . . . . . .
we can also denote f;  f£(i). This choice of notation should lead you to think there is some kind of
similarity between K* and K{1:23:4}: indeed, these two vector spaces are isomorphic, which means they
are essentially the same (in the world of linear algebra).

For example, we have the characteristic function e, € K{1234} where

3. Let m, n € N and consider the sets [m] = {1, ..., m}, [n] = {1, ..., n}. Then, we have the set

[m] x [n] = {(x,y) | x € [m], y € [n]}.
Then, we define the set of m x n matrices with entries in K to be

def

Mat,, ,(K) = KImIxInl,

Hence, an m x n matrix A is a function A : [m] x [n] = K, ie, a matrix is completely determined by the
values A(7,j) € K, for (i,j) € [m] x [n]. We will denote such an m x n matrix in the usual way:

Aun - A
Aml T Amn

def ... . . . .
where we have A; = A(i,j). Thus, we add and scalar multiply m x n matrices ‘entry-wise'.

We will denote the zero vector O,y (k) € Matm,n(K) by 0y .

4. This is a generalisation of the previous examples. Let (V, 3, 7) be a vector space and S any nonempty
set. Define the K-vector space (VS, «, o) where

vs & {functions f : § — V'},

alf,g):S—=V,; s— B(f(s),g(s)), and oA\ f):S—=V,; s—1(Af(s)).

13



This might look a bit confusing to you so let's try and make things a bit clearer: denote the addition
afforded by 3 as +, so that if u, v € V then the addition defined in V is denoted uFv. If we denote
the addition we have defined by a in V° as ¥, then the previous definition states that

Vf, g € V°, define ffg(= a(f,g)) € V° by (FFg)(s) = f(s)Fa(s)(= B(f(s) g(s))) € V.
5. Consider the set o
K[t] € {ao + art + ... + amt™ | am € K, m € Z>0},
of polynomials with coefficients in K. Define the K-vector space (K[t], o, o) where, for
f=ay+ait+..+ant™, g=by+ bit+ ..+ byt" € K[t],
with m < n, say, we have
a(f,g) = (a0 + bo) + (a1 + b))t + .. + (am + b )t™ + b1t ™ + .+ byt”.
Also, we have, for A € K,
o(Af)=(Nao) + (Aa)t + ... + (Aan,)t™.
That is, for any two polynomials f, g € K[t] we simply add and scalar multiply them ‘coefficient-wise’.

For n € Z>( we define the vector spaces (K,[t], an, o) Where,
K[t ={f = a0+ art + ... + amt™ € K[t] | m < n},

an(f,g) =a(f,g), and o,(\f)=0c()f).

Here K,[t] is the set of all polynomials with coefficients in K of degree at most n; the fact that we have
defined the addition and scalar multiplication in K,[t] via the addition and scalar multiplication of K[¢]
is encoded in the notion of a vector subspace.

() There is an important (and subtle) point to make here: a vector f € K[t] (or K,[t]) is just a
formal expression
f=ay+ait+..+a,t", ag, ....an € K.

This means that we are only considering a polynomial as a formal symbol that we add and scalar multiply
according to the rules we have given above. In particular, two polynomials 7, g € K][t] are equal, so
that f = g € K[t], if and only if they are equal coefficient-wise.

This might either seem obvious or bizarre to you. | have included this comment as most students are
used to seeing polynomials considered as functions

FIK—K; te () =) at,
i=0

and | am saying that we do not care about this interpretation of a polynomial, we are only concerned
with its formal (linear) algebraic properties. This is why | will write ‘f" instead of ‘f(t)' for a polynomial.
You might wonder why we even bother writing a polynomial as

f=ap+ait+..+a,t"
when we don't care about the powers of t that are appearing, we could just write
f= (30, EER an)y

and ‘represent’ the polynomial f by this row vector (or, even a column vector). Well, the K-vector space
of polynomials has a further property, it is an example of a K-algebra: for those of you who will take
Math 113, this means K][t] is not only a K-vector space, it is also has the structure of an algebraic
object called a ring. This extra structure arises from the fact that we can multiply polynomials together
(in the usual way) and in this context we do care about the powers of t that appear.
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6. All the previous examples of K-vector spaces have underlying sets that are infinite. What happens if
we have a K-vector space (V, a, o) whose underlying set V is finite?

First, we give an example of a K-vector space containing one element: we define theE] trivial K-vector
space to be (Z, a, o) where Z = {0z} and
a:ZxZ—2Z;(0z,0z)—0z, and 0:KxZ—2Z; (\0z)— 0z.

This defines a structure of a K-vector space on Zf]

Now, recall that we are assuming that K is a number field so that Z C K and K must therefore be infinite.
Also, let's write (as we will do for the rest of these notes) Av instead of o(), v), for v e V, A e K.

Since V defines a vector space then we must have the zero element Oy € V' (Axiom VS3). Suppose that
there exists a nonzero vector w € V (ie w # 0y); we aim to provide a contradiction, thereby showing
that V' must contain exactly one element. Then, since A\w € V, for every A € K, and K is infinite we
must necessarily have distinct scalars p1, p1o € K such that pyw = pow (else, all the Aw's are distinct,
for all possible A € K. Since there are an infinite number of these we can't possibly have V finite).
Furthermore, we assume that both p; and py are nonzero scalarsﬂ Hence, we have

w=1w = (ug p)w = g (paw) = py(paw) = (uy p2)w,

where we have used Axiom VS6 for the third and fifth equalities and our assumption for the fourth
equality.

Hence, adding —(u; ' 112)w to both sides of this equation gives
w o (—(py tp2)w) =0v = (1 —py p2)w =0y, by Axiom VSS.
Therefore, by Proposition [1.2.5] we must have
1—pity=0€K = p1 = o,
contradicting the fact that pg and puy are distinct. Hence, our intial assumption - that there exists a
nonzero vector w € V - cannot hold true, so that V' = {0y }.

Any K-vector space (V, a, o) for which V is a finite set must be a trivial K-vector space.

7. The set of complex numbers C is a R-vector space with the usual addition and scalar multiplication
(scalar multiply z € C by x € R as xz € C). Moreover, both R and C are Q-vector spaces with the
usual addition and scalar multiplication.

However, R is not a Q(v/—1)-vector space, where Q(v/—1) = {a+bv/—1] a, b € Q} with the arithmetic
laws defined in a similar way as we have defined for C.

Moreover, Q is not a R-vector space nor a C-vector space; R is not a C-vector space.

Remark 1.2.7. From now on we will no longer denote a particular K-vector space that appears in
Example as a triple (V, «, o) but only denote its underlying set V/, the operations of addition and
scalar multiplication being understood to be those appearing above. We will also write u+ v (resp. Av)
instead of a(u, v) (resp. o(A, v)) for these examples.

"Technically, we should say ‘a’ instead of ‘the’ as any one-point set defines a K-vector space and all of them are equally
‘trivial’. However, we can show that all of these trivial K-vector spaces are isomorphic (a notion to be defined in the next
section) so that, for the purposes of linear algebra, they are all (essentially) the same. For our purposes we will not need
to care about this (extremely subtle) distinction.

8Exercise: check this. Note that this is the only possible K-vector space structure we can put on Z. Moreover, if you
think about it, you will see that any set with one element defines a K-vector space.

9Why? Try and prove this as an exercise.
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1.2.2 Subspaces

[p-42, [1]]

Definition 1.2.8 (Subspace). Let (V, «, o) be a K-vector space and U C V a nonempty subset. Then,
we say that U is a vector subspace of V if the following properties hold:

(SUB1) 0y € U,
(SUB2) for every u, v € U, we have a(u,v) € U, (closed under addition)
(SUB3) for every A € K, u € U, we have o(\,u) € U.  (closed under scalar multiplication)
In fact, we can subsume these three properties into the following single property
(SUB) for every u,v € U, i, A € K, we have a(o(p, u),o(A v)) € U (ie, pu+ Av € U).

In this case, U can be considered as a K-vector space in its own right: we have a triple (U, oy, o|y)
where oy (resp. o|y) denote the functions « (resp. o) restricted to UPEI Notice that we need to ensure
that U is closed under addition (and scalar multiplication) in order that the functions oy and o)y are
well-defined.

Example 1.2.9. Recall the examples from Example and our conventions adopted thereafter (Re-
mark [1.2.7)).

0. There are always two obvious subspaces of a K-vector space V: namely, V is a subspace of itself,
and the subset {Oy} C V is a subspace of V called the zero subspace. We call these subspaces the
trivial subspaces of V. All other subspaces are called nontrivial.

1. Consider the Q-vector space Q3 and the subset
X1
U= Xo 6@3\X1+X2—2><3:0
X3
Then, U is a Q-vector space.

How can we confirm this? We need to show that U satisfies the Axiom SUB from Definition So,
let u,v € U and pu, A € Q. Thus,

X1
u=|x|, with x1+x—2x3=0, and
X3_
-)/1
v=|y|, with yi+y—2y;=0.
BE
Then,
X1 A Ux1 + A
pu+Av = o | + [Ay2| = [ + Ay
px3 Ay3 1x3 4+ Ay3
z
and to show that pu+ Av = [z | € U we must show that z; + zp — 2z3 = 0: indeed, we have
z3

721+ 20— 223 = (ux1 + A1) + (e + Ayz) — 2(uxs + Ays),
= p(x1 +x2 —2x3) + Ay + y2 — 2y3),
=04+0=0.

0Here is an important but subtle distinction: the functions o and o)y are not the same functions. Recall that when
we define a function we must also specify its domain and codomain. The functions o and )y are defined as

a:VxV=oVi(uv)=aluy), ou:UxU—=U; W, V)—al, V),

So, technically, even though « and «jy are defined by the same ‘rule’, they have different (co)domains so should be
considered as different functions. The same reasoning holds for o and oy (how are these functions defined?)
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Hence, U is a vector subspace of Q3.

U:{[j:j |X1:1}C(C2,

of the C-vector space C2. Then, U is not a vector subspace of C2.

2. Consider the subset

How can we show that a given subset E of a K-vector space V is not a vector subspace? We must
show that E does not satisfy all of the Axioms SUB1-3 from Definition [1.2.8] so we need to show that
at least one of these axioms fails to hold. If you are given some subset (eg. U C C? above) and want
to determine that it is not a subspace, the first thing to check is whether the zero vector is an element
of this subset: for us, this means checking to see if Oc2 € U. This is easy to check: we have

0
o[}

and since the first entry of Ocz # 1 it is not an element in the set U. Hence, Axiom SUB1 does not
hold for the subset U C C? so that U is not a subspace of C?.

However, it is possible for a subset E C V of a vector space to contain the zero vector and still not be
a subspace["]
3. This is an example that requires some basic Calculus.

(0.1)

Consider the R-vector space R consisting of all R-valued functions

f£:(0,1) > R,
and the subset
Cr(0,1) = {f € ROY | f is continuous}.

Then, it is a fact proved in Math 1A that Cg(0,1) is a vector subspace of R(®): namely, the (constant)
zero function is continuous, the sum of two continuous functions is again a continuous function and a
scalar multiple of a continuous function is a continuous function.

4. Consider the Q-vector space Mat3(Q) of 3 x 3 matrices with Q-entries. Then, for a 3 x 3 matrix A
define the trace of A to be

ail ae a3
tr(A) =tr | |ax ax ax| | =au+an+ascQ.
a31 432 as3

Denote

sh(Q) = {A € Mat3(Q) | tr(A) = 0},

the set of 3 x 3 matrices with trace zero. Then, sk(Q) is a subspace of Mat3(Q). Let's check the
Axioms SUB1-3 from Definition (or, equivalently, you can just check Axiom SUB):

SUB1: recall that the zero vector in Mat3(Q) is just the zero matrix

Thus, it is trivial to see that this matrix has trace zero so that Ot (q) € sh(Q).

HFor example, consider the subset Q@ C R of the R-vector space R.
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SUB2: let A, B € sk(Q) be two matrices with trace zero, so that

a1 d12 d13
A= |ax ax» ax|., with a1 +a»n+az =0, and
da31 a3  as3

bii bix b3
B = |by by by3|, with byg+ b+ b33 =0.
bs1 b3y b33
Then,
ann+ b an+ b a3+ biz
A+ B = |ax + b ax+ by ax+ b
a1+ b3 a2+ b3 aszz+ b33
and

(a11 + b11) + (a22 + bo2) + (@33 + bsz) = (a11 + az2 + as3) + (b11 + b + b33) =0+ 0 =0,

so that A+ B € si3(Q).

SUB3: let A, € s(Q), A € Q. Then,
Aain Aary Aa
AN = )\321 )\322 )\323 ,
Aasr Aaz  Aasz

and
a1 + Aaxp + Aasz = )\(811 + axp + 333) =A.0=0.

Hence, s3(Q) is a subspace of the Q-vector space Mat3(Q).

5. Consider the subset GL3(Q) C Mat3(Q), where

GL3(Q) = {A € Mats(Q) | det(A) # 0}.

Here, det(A) denotes the determinant of A that you should have already seen in Math 54 (or an
equivalent introductory linear algebra course). Then, GL3(Q) is not a vector subspace.

Again, we need to show that at least one of Axioms SUB1-3 does not hold: we will show that Axiom
SUB2 does not hold. Consider the 3 x 3 identity matrix /3 € Mat3(Q). Then, 5 € GL3(Q) and
—h € GL3(Q). However,

det(l3 + (—13)) = det(OMat3(@)) =0,

so that GL3(Q) is not closed under addition, therefore is not a subspace of Mat3(Q).
Note that we could have also shown that Opae,(q) ¢ GL3(Q)EI
6. This example generalises Examples 1 and 4 above[™®] Consider the subset
X1
U=¢x=|:1|eK"|Ax=0eK"},
Xn
where A is an m x n matrix with entries in K. Then, U is a vector subspace of K".

In the next section we will see that we can interpret U as the kernel of a linear transformation

Ta: K" — K"; x+— Ax,

2Here, the symbol ¢ should be translated as ‘is not a member of’ or ‘is not an element of .
130nce we have (re)considered linear transformations in the next section you should explain why we are generalising
those particular examples.
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defined by the matrix A. As such, we will leave the proof that U is a subspace until then.
Note here an important point: if b % 0 € K™ then the subset
X1
W=¢x=|:]|ecK'|Ax=bec K" CK",
Xn
is not a vector subspace of K", For example, O, ¢ W. This is the generalisation of Example 2 above.

So, a slogan might be something like

| ‘subspaces are kernels of linear maps’. |

In fact, this statement is more than just a slogan}
Theorem. Let V' be a K-vector space and U C V' a subspace. Then, there exists a K-vector space W
and a K-linear morphism 7 : V. — W such that U = ker .

We will now provide some constructions that allow us to form new subspaces from old subspaces.

Definition 1.2.10 (Operations on Subspaces). Let V be a K-vector space, U, W C V two subspaces
of V. Then,

- the sum of U and W is the subspace|

U+W={u+weV|uelUweW}

- the intersection of U and W is the subspace{if]

UnW={veV]|veUandve W},

Moreover, these notions can be extended to arbitrary families of subspace (L/J')J'GJ, with each U; C V a
subspace of V.

We say that the sum of U and W is a direct sum, if UN W = {0y} is the zero subspace of V. In this

case we write
U@ W, instead of U+ W. (cf. p.45, [I])

Proposition 1.2.11. Let V be a K-vector space and U, W C V vector subspaces. Then, V. =U & W
if and only if, for every v € V there exists unique u € U and unique w € W such that v =u+ w.

Proof: (=) Suppose that V = U@ W. By definition, this means that V = U+W and UnW = {0y }.
Hence, for every v € V we have u € U,w € W such that v = u + w (dy the definition of the sum
U + W). We still need to show that this expression is unique: if there are u’ € U, w’ € W such that

v+w =v=u+w,

then we have
v—u=w-w,

and the LHS of this equation is a vector in U (since it's a subspace) and the RHS is a vector in W
(since it's a subspace). Hence, if we denote this vector y (so y = v’ — u = w — w’) then we have y € U
and y € W so that y € UN W, by definition. Therefore, as UN W = {0y}, we have y = 0y so that

v —u=0y, and w—w =0y,

giving u = v’ and w = w’ and the uniqueness is verified.

14The proof of the Theorem requires the notion of a quotient space.
15You will prove this for homework.
16You will prove this for homework.
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(<) Conversely, suppose that every vector v € V can be expressed uniquely as v = u+w for u € U and
w € W. Then, the existence of this expression for each v € V is simply the statement that V = U+ W.
Moreover, let x € UN W, so that x € U and x € W. Thus, there are u € U and w € W (namely,
u = x and w = x) such that

Oy +w=x=u+0y,

and since U and W are subspaces (so that 0y € U, W) we find, by the uniqueness of an expression for
xeUNW CV, that u =0y = w. Hence, x =0y and UN W = {0y }. O

1.3 Linear Dependence & spany

In this section we will make precise the notion of linear (in)dependence. This is a fundamental concept
in linear algebra and abstracts our intuitive notion of (in)dependent directions when we consider the
(Euclidean) plane R? or (Euclidean) space R3.

Definition 1.3.1. Let V be a K-vector spacd'’} and let {vi,...,v,} C V be some subset. A linear
relation (over K) among vq, ..., v, is an equation

(1.3.1) Avi + o+ Apvy = 0y,
where A1, ..., A\, € K are scalars.
If \{ =Xy =--- =\, = 0 then we call a trivial linear relation (among vy, ..., v,).
If at least one of \q, ..., A\, is nonzero, so that
A1
- | # Ok,
An

then we call (1.3.1)) a nontrivial linear relation (among vi, ..., vp).

Now, let E C V be an arbitrary nonempty subset (possibly infinite; NOT necessarily a subspace). We
say that E is linearly dependent (over K) if there exists v, ..., v, € E and a nontrivial linear relation
(over K) among vy, ..., V.

If E is not linearly dependent (over K) then we say that E is linearly independent (over K).
Remark 1.3.2. There are some crucial remarks to make:

1. We have defined linear (in)dependence for an arbitrary nonempty subset E of a K-vector space V. In
particular, E may be infinite (for example, we could take E = V!E[). However, for a subset to be linearly
dependent we need only find a linear relation among finitely many vectors in E. Hence, if there is a
linear relation (over K) of the form for some vectors vy, ..., v, € V and some scalars A\, ..., A,
(at least one of which is nonzero), then for any subset S C V such that {vi, ..., v,} C S, we must have
that S is linearly dependent.

2. We will make more precise the notion of linear independence: suppose that E C V is a linearly
independent set. What does this mean? Definition[1.3.1]defines a subset of V to be linearly independent
if it is not linearly dependent. Therefore, a subset E is linearly independent is equivalent to saying that
there cannot exist a nontrivial linear relation (over K) among any (finite) subset of vectors in E.

So, in order to show that a subset is linearly independent we need to show that no nontrivial linear
relations (over K) can exist among vectors in E. This is equivalent to showing that the only linear
relations that exist among vectors in E must necessarily be trivial:

Suppose that we can write Oy as a linear combination
Avi+ ... + Apv, = 0y,
for some vq,...,v, € E and scalars A1,..., A\, € K. Then, \{ =--- =\, =0.

17Recall our conventions for notation after Remark
18V/ is always linearly dependent. Why?
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Thus, in order to show a given subset E of a vector space E is linearly independent (this could be asked
as a homework question, for example) you must show that the above statement is true. This usually
requires some thought and ingenuity on your behalf. However, once we have the notion of coordinates
(with respect to a basis) we can turn this problem into one involving row-reduction (yay!).

However, to show that a subset E C V is linearly dependent you need to find explicit vectors vy, ..., v, €
E and explicit scalars Ay, ..., A, (not all of which are zero) so that there is a nontrivial linear relation

Avi+ .. + Apvy = 0y

This can sometimes be quite difficult! However, once we have the notion of coordinates then we need
only try to determine solutions to a matrix equation.

3. We have defined the notion of linear (in)dependence (over K). We will usually omit the phrase ‘over
K' as it will be assumed implicit that we are seeking linear relations over K when we are considering
subsets of K-vector spaces.

Proposition 1.3.3. Let V be a K-vector space and E C V some nonempty subset. Then, if 0y € E
then E is linearly dependent.

Proof: We must show that there exists a nontrivial linear relation among some collection of vectors
Vi, ..., Vp € E. We know that 0y € V and that there is the (obvious?) linear relation

1-0y =0y,

where we have used Proposition [1.2.5] Since we have found a nontrivial linear relation we conclude that
E must be linearly dependent. O

Lemma 1.3.4. Let V be a K-vector space and E C V some subset. Then, E is linearly dependent if
and only if there exists a vector v € E that can be written as a linear combination of some of the others.

Proof: (=) Suppose that E is linearly dependent. Then, there exists vy, ..., v, € E and a nontrivial

linear relation
A1+ ...+ Av, = 0y
We may assume, without loss of generality, that A\; # 0 and )\1_1 therefore exists. Then, let v = v; so
that we have
v = —/\171 (Aava+ oo + Apvi) -

Hence, v = v; is a linear combination of some of the other vectors in E.
The converse is left to the reader. O

Corollary 1.3.5. Let V be a K-vector space, E C V' a nonempty subset. If E is linearly independent
and v ¢ spang E then E U {v} is linearly independent.

Proof: This follows from Lemma if E' = E U {v} were linearly dependent then there would
exist some u € E’ such that u can be written as a linear combination of other vectors in E’. WE can't
have u = v, since v ¢ spang E. Hence, u € E so that it is possible to write u as a linear combination
of vectors in E. In this case, E would be linearly dependent by Lemma [1.3.4 which is absurd, since E
is assumed linearly independent. Hence, it is not possible for E’ to be linearly dependent so it must be
linearly independent. O

Question. Why did we care about finding A\; £ 0?7 Why did we not just take the nontrivial relation
appearing in the proof of Lemma [1.3.4] and move everything to one side except A\jvy?

Example 1.3.6. Most of the following examples will only concern the linear (in)dependence of finite
subsets E. However, | will include a couple of examples where E is infinite to highlight different methods
of proof:

1. Consider the R-vector space R3 and the subset



How do we determine linear (in)dependence of E? We must consider the vector equation

1 0 -1
M2 +X =1 4+A3| 2| =0ps.
-1 2 0
A1
Then, if there exists a particular [ Ay | # Ogs satisfying this vector equation then E is linearly dependent
A3

as we have found a nontrivial linear relation among the vectors in E. Otherwise, E must be linearly
independent.

So, determining the linear (in)dependence of E C R3 boils down to solving the homogeneous matrix
equation
A1
AX=0gs, A= A2,
A3

where A is the 3 x 3 matrix whose columns are the vectors in E. Thus, we must row-reduce A and
determine whether there exists a free variable or not: in the language of Math 54, we must determine
if there exists a column of A that is not a pivot column.

2. The previous example generalises to any finite subset E C K™, forany n € N. Let E = {v, ..., v} C
K™ be a subset. Then, determining the linear (in)dependence of E is the same as solving the homoge-
neous matrix equation

A1
AA=0gm, A=|:1],
An
where A =[v; v» -+ v,] is the m x n matrix whose columns are the vectors in E.

If the only solution to this matrix equation is the zero solution (ie, the only solution is A = Og») then
E is linearly independent. Otherwise, E is linearly dependent and any nonzero solution you find will
determine a nontrivial linear relation among vy, v, ..., v,.

In general, we want to try and turn a linear (in)dependence problem into one that takes the preceeding
form as then we need only row-reduce a matrix and determine pivots.

3. This example is quite subtle and leads to number theoretic considerations: consider the Q-vector
space R. Then, the subset £ = {1,v/2} C R is linearly independent (over Q!).

Indeed, consider a linear relation (over Q)
a.l+aV2=0€R, whereay,a€ Q.

Assume that E is linearly dependent; we aim to provide a contradiction. Suppose that one of a; or a,
is nonzero (in fact, we must have both of a; and a, are nonzero. Why?) Then, we have

V2=-2cq
a

However, the Greeks discovered the (heretica fact that /2 is irrational, therefore we can't possibly
have that v/2 € Q. As such, our intial assumption that E is linearly dependent must be false, so that
E is linearly independent (over Q).

If we consider R as a R-vector space then E is no longer linearly independent: we have

—V2141V2=0€R,

191t is believed that the Pythagorean school in ancient Greece kept the irrationality of v/2 a secret from the public and
that Hippasus was murdered for revealing the secret!
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is a nontrivial linear relation (over R) among 1, V2.

This example highlights the fact that it is important to understand which scalars you are allowed
to use in a vector space as properties (for example, linear (in)dependence) can differ when we
change scalars.

4. Consider the R-vector space R3[t] given in Example Then, the subset
E={1,t ¢} C Ryt],
is linearly independent.

We must show that the boxed statement in Remark holds. So, assume that we have a linear
relation
A1+ Aaot + Ag.t? + Mg t? = Oy,

with A1,..., Ay € R. Then, by definition, the zero polynomial Og,q is the polynomial that has all
coefficients equal to zero. Therefore, from our remarks in Example [1.2.6] we must have A\; = Xy = A3 =
Ay = 0 (polynomials are equal if and only if they have equal coefficients).

5. This example might appear to be the same as the previous example but it is actually different:
consider Cg(0, 1), the R-vector space of continuous functions f : (0,1) — R. Let E = {fy, A1, f2, i},
where

,:(0,1) = R; X x'

Then, E is linearly independent.

Indeed, suppose that we have a linear relation
)\0f6+...+>\3fé:0(;]€(0,1), A, ..., A3 €R.

Now, this is a linear relation between functions (0,1) — R, and any two such functions f, g are equal
if and only if we have f(x) = g(x), for every x € (0,1). Hence, we are supposing that

Aofo(x) + A1fi(x) + A2fa(x) + A3f3(x) = O¢,0,1)(x) =0, for every x € (0,1),

— Ao+ Aix 4+ Aox® 4+ A3x> =0, for every x € (0,1).

There are now several ways to proceed: we can either use some calculus or a fundamental fact from
algebra. Using calculus, we can differentiate this equation with respect to x repeatedly to obtain that
A3 = A2 = A1 = Ag = 0. Alternatively, we can use the following basic fact from algebra: if we assume
that one of the \;'s is nonzero then the polynomial on the LHS of the above equation (considered as a
function of x, not a formal expression) can have at most three distinct roots. However, since (0,1) is
infinite we can choose four distinct roots (for example, x = 0.1,0.2,0.3, 0.4 are roots), which is absurd.
Hence, our assumption that one of the A; is nonzero is false, so that \g = ... = A3 = 0 and E is linearly
independent.

There is also a linear algebra approach to this problem that will appear on a worksheet.

6. Examples 4 and 5 can be generalised to show that, if / C Z>g is some set of non-negative integers,
then the subsets . _
EE={t|iel} cK[t], E={fi(x)=x"|iel},

are linearly independent.

We now introduce the second fundamental notion concerning vector spaces, that of the linear span of
a subset (in [1] this is called the linear manifold defined by a subset).

Definition 1.3.7. Let V be a K-vector space, E C V some nonempty subset. Then, the K-linear span
of E is the set of all possible linear combinations of vectors in E,

spang E = {\vi+ ...+ Apvy [ v, v € E, Mg, A, € KT
If E C V is a subset such that spang E = V/, then we say that E spans V/, or that E is a spanning set
of V.
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Proposition 1.3.8. Let V be a K-vector space, E C V some nonempty subset. Then, spang E is a
vector subspace of V.

Proof: We will show that spany E satsfies Axiom SUB from Definition let
V=MAMvi+ ...+ AVy, U= pus + ...+ pplp € spanyg E,
and «, 8 € K. Then,
au+ Bv = a(pruy + ... + ppup) + B(Avi + ... Apvi)
= apaur + ...+ appp + BAivi + ..+ BApva,
is a linear combination of elements of E. Hence, by the definition of spang E, au+ v € spang E. [
Conversely, we have that every subspace U C V is the span of some subset: namely, spang U = U.
Lemma 1.3.9. Let V be a K-vector space and E; C E; C V nonempty subsets of V. Then,
spany E; C spany E,
and spany E; is a subspace of spany Ej.
Proof: Left to the reader. O

Lemma 1.3.10 (Elimination Lemma). Let V be a K-vector space and E C V some nonempty subset.
Suppose that E is linearly dependent. Then, there exists a vector v € E such that, if E' = E\ {V}@
then

spang E = spang E'.

Hence, we can remove a vector from E without changing the subspace spanned by E.

Proof: Since E is linearly dependent then, by Lemma|[1.3.4} there exists a vector v € E such that v
is a linear combination of some other vectors in E, that is

V=MV + ...+ v,

with vi,..., v, € E and Ay, ..., A, € K. Moreover, we can assume that v # v;, for each j; this is the
same as saying that v € spang E’. We will show that this v satisfies the conditions of the Lemma.

Now, as E’ C E then we can use the previous Lemma to conclude that
spang E’ C spany E.
If we can now show that spang E C spang E’ then we must have equality

spang E' = spany E.

So, let u € spang E. Therefore, by the definition of spang E, we have
U= Uy + ... iU,
with uy, ..., ux € E and we can assume that u; # uj for i # j. If there is some u; such that v = u;, then
U= piur+ ...+ pi—1li—1 + piv + pigilivr + .+ peUi.

Hence, we have vy, ..., Ui—1, Uiy1, ..., ux € E' C spang E’ and v € spang E’, so that by Proposition
we must have u € spang E’.

Now, if v # u;, for each i, then each u; € E’ so that u € spang E’. In either case, we have shown that
u € spang E’ and, since u was arbitrary, we must have spang E C spang E’ and the result follows. [

Remark. Lemma has the following consequence: if E is a finite linearly dependent set that spans
the K-vector space V , then there is a subset of E that forms a basis of V. You should already be aware
of what a basis is; however, for completeness, we will (re)introduce this notion in an upcoming section
in a (perhaps) not so familiar way that fits better with the intuition behind a basis.

201f S C T are sets, then define
T\S={teT|t¢Ss},

the collection of all elements of T that are not elements of S.
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1.4 Linear Morphisms, Part |

We have given an introduction to vector spaces and we have introduced the fundamental ideas of linear
(in)dependence and spans. In this section we will consider the relationships that can exist between
distinct vector spaces and which respect the ‘linear algebraic’ structure of vector spaces: this is thel
notion of a linear morphism between vector spaces.

Definition 1.4.1. Let V and W be K-vector spaces.

e A function
f:V-oW; vef(v),

is called a K-linear morphism between V' and W if the following properties hold:

(LIN1) for every u,v € V, we have
f(u+v)=f(u)+ f(v);

where the '+’ on the LHS of this equation is addition in V and the ‘+' on the RHS of this equation
is addition in W,

(LIN2) for every u € V, X € K, we have
f(Av) = Af(v);

where the scalar multiplication on the LHS of this equation is occuring in V and on the RHS of
this equation it is occuring in W.

In fact, we can subsume both of these properties into
(LIN) for every u,v € V, A € K, we have
f(u4 Av) = f(u) + Af(v),
where the scalar multiplication on the LHS of this equation is occuring in V and on the RHS of
this equation it is occuring in W.

e For given K-vector spaces V and W we denote the set of all K-linear morphisms by
Homg(V, W) ={f:V — W f linear}.
e The set of all K-linear morphisms from a K-vector space V to itself is denoted
Endx(V) & Homg (V, V).

A vector f € Endg(V) is called an endomorphism of V. For every K-vector space V there exists the
identity morphism of V, denoted idy € Endg (V). See the upcoming examples (Example [1.4.8]).

e We will use the adjectives ‘injective’, ‘surjective’ and ‘bijective’ to describe linear morphisms that
satisfy the corresponding conditions.

e A bijective linear morphism will be called an isomorphism.

The set of all bijective K-linear morphisms from a K-vector space V to itself is denoted
GLx(V) = {f € Endg(V) | f is bijective}.

We will see that, in the world of linear algebra, K-vector spaces that are isomorphic have the same linear
algebraic properties (and, therefore, can be regarded as ‘the same’).

Notation. You may have seen the phrases ‘linear map’, ‘linear transformation’ or ‘linear function’:
these all mean the same thing, namely, a function satisfying (LIN) above. We are using the word
‘morphism’ to emphasise the fact that a linear morphism is a function that ‘changes’ one vector space
to another. This is also the fancy grown-up word that certain mathematicians use (myself included) in
daily parlance.
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Remark 1.4.2. We will see in a later section (Theorem [1.7.4)) that, for f € Endg(V), with V a finite
dimensional K-vector space

‘f injective' = ‘f surjective’ = 'f bijective’ = 'f injective’,
so that all of these notions are equivalent for finite-dimensional K-vector spaces.

Lemma 1.4.3. Let f € Homg(V, W) be a K-linear morphism between the K-vector spaces V and W.
Then, f(Oy) = Ow.
Proof: We have
f(0v) = f(Oy 4+ 0y) = f(Oy) + f(Oy), by LINI,

and subtracting 7(0y) from both sides of this equation we obtain

Ow = f(0v).
O

Definition 1.4.4. Let V, W be K-vector spaces and f € Homg(V, W). Then,

- the kernel of f is the subset

kerf ={veV|f(v)=0w}CV,
- the image of f is the subset
imf ={we W |w=f(v), forsomeve V}CW.

Proposition 1.4.5. Let f € Homg(V, W), for K-vector spaces V', W. Then,

- ker f is a subspace of V,

- imf is a subspace of W.

Proof: Left to the reader. O

Definition 1.4.6. Let V, W be K-vector spaces. Then, we will define the structure of a K-vector space
on the set Homg (V, W): define the K-vector space (Homg(V, W), a, o) where

a : Homg (V, W) x Homg(V, W) — Homg(V, W) ; (f,g) — (a(f.g): V = W ; v— f(v) +g(v)),

o : K x Homg(V, W) = Homg(V, W) ; (A, )= (c(\ f): V= W; v A(v)).

As usual we will write
aff,g)=~Ff+g, and o(\fF)=Af.

Whenever we discuss Homg (V, W) as a K-vector space, it will be this K-vector space structure
that we mean.

There are a couple of things that need to be checked to ensure that the above defintion of K-vector
space on Homg (V, W) makes sense:

1. You need to check that the new functions f + g and Af that we have defined, for f,g €
Homg(V, W), A € K, are actually elements in Homg(V, W), that is, that they are K-linear
morphisms.

2. The zero vector Opom, (v, w) € Homg(V, W) is the K-linear morphism

OHomK(V,W) V=W, v 0y
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3. Given f € Homg(V, W) we define the negative of f to be the K-linear morphism

—f:VoW; v —f(v),

where —f(v) is the negative (in W) of the vector f(v), for each v € V.

Remark 1.4.7. 1. The fact that Homg(V, W) has the structure of a K-vector space will be important
when we come to consider the Jordan canonical form. In that case, we will be considering the K-vector
space Endg (V) and using some of its basic linear algebraic structure to deduce important properties of
K-linear morphisms f : V — V.

2. We can consider Homg (V, W) C WY as a subset of the K-vector space of (arbitrary) functions

(recall Example [1.2.6)
WY ={f: V- W}

In fact, Homg (V, W) C WV is a vector subspace.

However, the condition of K-linearity that we have imposed on the functions is very strong and there are
far ‘fewer’ K-linear functions than there are arbitrary functions. For example, we will see in a proceeding
section that Homg (V/, W) is finite-dimensional, whereas WV is infinite-dimensional (assuming W # Z,

the trivial vector space introduced in Example [1.2.6| (E])

3. It is not true that GLg(V) is a vector subspace of Endg(V), for any K-vector space V that is
not the trivial K-vector space Z with one element (cf. Example [1.2.6]). For example, the zero vector
Okndy (v) & GLx (V) since Ognay(v) : V — V is not an injective function: if v € V is nonzero in V then

OEndy (V) (V) = Ov = Ognay (v)(Ov),
where we have used Lemma for the RHS equality.

We will now give some basic examples of K-linear morphisms. Most of these should be familiar from
your first linear algebra class and, as such, you should feel pretty at ease with showing that the given
functions are linear.

Example 1.4.8. 1. Consider the function

X1
f:Q* -5 Q?; X2 —> o )
Q Q X3 X3 + %X1
X4
Then, f is Q-linear.
2. The function
X3+ 2x2

f:R?>—R3: {2] = | =x + V2% |,
x1

is not R-linear. For example, if it were, then we must have (recall the definition of e; from Example 1
1.2.0)

2
fl—e) = |-v2],
0
whereas
2 -2
—fle) =— [V2]| = |-V2
0 0
Hence,
f(—e) # —f(e),

21\What happens when W = Z?
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so that Axiom LIN2 does not hold.

The problem we have here is the appearance of ‘nonlinear’ terms x3 etc. In general, we must only have
single powers of x; appearing as in Example 1.

3. In general, a function
f:K"—=K"; x— f(x),

is a K-linear morphism if and only there exists an m x n matrix A € Mat,x,(K) with entries in K such
that
f(x) = Ax, for every x € K".

You should have already seen this result from your first linear algebra class.

Conversely, given A € Mat,, ,(K) we define the K-linear morphism
Ta: K" = K":; x+— Ax.
This notation will reappear through these notes.

4. Let V be a K-vector space. Then, the identity morphism of V is the K-linear morphism
idy:V—=V;:viev.
It is easy to see that idy € GLg(V), ie, that idy is an isomorphism.

5. Let V be a K-vector space and U C V be a vector subspace. Then, there is a K-linear morphism
iv:U—=>V; u—u,

called the inclusion morphism of U. It is trivial to verify that this is K-linear. Moreover, iy is an injective
morphism, for any subspace U C V.

6. Let V be a K-vector space and suppose that there are subspaces U, W C V suchthat V =U&® W.
Then, define the projection morphisms onto U and W as follows:

py:V—-U;,v=u+wru,

pw:V oW, v=u+wr— w.
These morphisms are surjective.

Note that these functions are well-defined because V = U & W and so every v € V can be uniquely
written as v = u+ w (by Proposition [1.2.11)). Therefore, we need not worry about whether py, pw are
functions.FE]

7. The following are examples from calculus: consider the R-vector space Cg[0, 1] of continuous functions
f :]0,1] — R. Then, the function

tf:%mH%R;ﬁffﬂ@W

is R-linear. This should be well-known to all.

If we denote by C!(0,1) C Cg(0,1) the set of all continuous functions f : (0,1) — R that are
differentiable, then we have an R-linear maﬂ

if%ﬂa%&mfwi
dx dx

22If we did not have the uniqueness property, and only knew that V = U = W, then it could be possible that
v=u+w=u +wwith u# v € U. Then, py(v) could equal either u or v/, so that py can't be a function (recall that
a function f : S — W must assign a unique value f(s), to every s € S).

23|t is not necessarily true that a function that can be differentiated once can be differentiated twice. It is actually
surprisingly hard to find such an example but if you take Math 104 you should see the following example of such a function

xzsin(x’l), if x #0,
0, ifx=0.

fZR*)R;X’—){
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which is just the ‘derivative with respect to x" morphism. It is R-linear.

8. This example exhibits a subtlety that we shall come back to in later sections: recall the set of natural
numbers N. Define a function

. _ o, ifi=1,
T:KN%KN;(/Hf(’))H<IH{f(i—1), if i # 1. )

That is, if we represent a function (f : N — K ; i+ f(i)) € KN by an infinite sequence

(f) = (h. 2. f3,...),

where f; & (i), then

T((f)) = (0, A, £, f3,...).
So, T is the 'shift to the right by one place’ function defined on infinite sequences of numbers in K.

Then, it is relatively straightforward to see that T is K-linear and is injective. However, T is not
surjective: thus, we have an example of an injective linear endomorphism of a K-vector space that is
not surjective. As we will see in an upcoming section, this is impossible if K were finite-dimensional
(cf. Theorem . Hence, this implies that K" is an infinite dimensional K-vector space.

We now recall an important result that allows us to characterise when K-linear morphisms are injective.
In practice, whenever you want to show that a morphism is injective you should use the following

Lemma 1.4.9 (Characterising injective linear morphisms). Let V, W be K-vector spaces, f : V — W
a K-linear morphism. Then, f is injective if and only if ker f = {0y }.

Proof: (=) Suppose that f is injective. Let v € ker f; we want to show that v = 0y. Now, since
v € kerf, then f(v) = Ow, by the definition of ker f. Furthermore, by Lemma we know that
f(0v) = Ow. Hence, as f is injective then

f(v) =f(0v) = v=0v,

so that ker f = {0y }.

(«<=) Conversely, suppose that ker f = {0y }. We must show that f is injective: therefore, we need to
show that, whenever f(v) = f(w), for some v, w € V/, then we necessarily have v = w. So suppose
that there are v, w € V with f(v) = f(w). Then

f(v)=f(w) = f(v)—f(w)=0w = f(v—w) =0, since f linear,
so that v — w € ker f = {Oy}. Hence, v = w. Therefore, f must be an injective function. O

Remark 1.4.10. In this section, we have given a (re)introduction to linear morphisms (or linear maps,
transformations, whatever) and stated some basic properties and examples. However, in practice it is
usually pretty difficult to prove certain things about linear morphisms (for example, injectivity, surjectivity
etc.) in a direct manner.

In order to make questions easier to understand and solve we will most often represent a linear morphism
using a matrix representation. This will be done in the proceeding sections. However, it should be
noted that this approach to attacking problems only works for finite-dimensional vector spaces and the
morphisms between them (infinite matrices are difficult to manipulate!).

We finish this section with some important facts that we will use throughout the remainder of these
notes.

Theorem 1.4.11 (Invariance of Domain). Suppose that there exists an isomorphism
f: K" — K™,

Then, n = m.
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Proof: This is an exercise in row-reduction and one which you should already be familiar with.

Recall that for any linear morphism f : K” — K™, there is a matrix As called the standard matrix
associated to f such that
for every x € K", f(x) = Arx.

As is defined to be the m x n matrix whose it" column is the column vector f(e;), where ¢; is the jth
standard basis vector of K" (Example [1.2.6)).
Then, it will be an exercise to show the following:

- f is injective if and only if Ar has a pivot in every column, and

- f is surjective if and only if Af has a pivot in every row.

Therefore, since we are assuming that f is an isomorphism it must, by definition, be a bijective morphism.
Hence, it is both injective and surjective. By the preceding comments we must therefore have a pivot
in every column and every row. The only way that this can happen is if n = m. O

We will see later, after the introduction of bases for vector spaces, that the converse if also true: namely,
if n = m then K" and K™ are isomorphic.

Proposition 1.4.12. Let V, W be K-vector spaces, E C V a subset of V. Let f : V — W be an
isomorphism from V to W and denote f(E) = {f(e) | e € E}, the image set of EF_T] Then,

- E is linearly independent if and only if f(E) is linearly independent.
- E spans V if and only if f(E) spans W.

Proof: Left to the reader. O

1.5 Bases, Dimension

In this section we will introduce the notion a basis of a K-vector space. We will provide several equivalent
approaches to the definition of a basis and see that the size of a basis is an invarianﬂ of a K-vector
space which we will call its dimension. You should have already seen the words basis and dimension in
your previous linear algebra course so do not abandon what you already know! We are just simply going
to provide some interesting(?) ways we can think about a basis; in particular, these new formulations
will allow us to extend our results to infinite dimensional vector spaces.

First, we must introduce a (somewhat annoying) idea to keep us on the straight and narrow when we
are considering bases, that of an ordered set.

Definition 1.5.1 (Ordered Set). An ordered set is a nonempty set S for which we have provided a
‘predetermined ordering’ on S.

Remark 1.5.2. 1. This definition might seem slightly confusing (and absurd); indeed, it is both of these
things as | have not rigorously defined what a ‘predetermined ordering’ is. Please don't dwell too much
on this as we will only concern ourselves with orderings of finite sets (for which it is easy to provide an
ordering) or the standard ordering of N. An ordered set is literally just a nonempty set S whose elements
have been (strictly) ordered in some way.

For example, suppose that S = [3] = {1,2,3}. We usually think of S has having its natural ordering
(1,2,3). However, when we consider this ordering we are actually considering the ordered set (1,2, 3)
and not the set S... Confused? | thought so. We could also give the objects in S the ordering (2,1, 3)
and when we do this we have a defined a different ordered set to (1,2, 3).

24This is not necessarily the same as the image of f, imf, introduced before.

25|n mathematics, when we talk of an invariant we usually mean an atrribute or property of an object that remains
unchanged whenever that object is transformed to another via an isomorphism (in an appropriate sense). For example,
you may have heard of the genus of a (closed) geometric surface: this is an invariant of a surface that counts the number
of ‘holes’ that exist within a (closed) surface. Perhaps you have heard or read the phrase that a mathematician thinks a
coffee mug and a donut are indistuingishable. This is because we can continuously deform a donut into a coffee mug, and
vice versa. This continuous deformation can be regarded as an ‘isomorphism’ in the world of (closed) geometric surfaces.
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If you are still confused, do not worry. Here is another example: consider the set
S = {Evans Hall, Doe Library, Etcheverry Hall}.
Now, there is no predetermined way that we can order this set: | might choose the ordering
(Evans Hall, Etcheverry Hall, Doe Library),
whereas you might think it better to choose an ordering
(Doe Library, Etcheverry Hall, Evans Hall).

Of course, neither of these choices of orderings is ‘right’ and we are both entitled to our different choices.
However, these ordered sets are different.

The reason we require this silly idea is when we come to consider coordinates (with respect to a given
ordered basis). Then, it will be extremely important that we declare an ordering of a basis and that we
are consistent with this choice.

2. Other examples of ordered sets include N, Z, Q and R with their usual orderings. We can also order
C in an ordering called a lexicographic ordering: here we say that z = a; + biv—1<w=ay+ bv/—1
if and only if either, a; < ap, or, a; = a» and b; < by. Think of this as being similar to the way that
words are ordered in the dictionary, except now we consider only ‘words’ consisting of two ‘letters’, each
of which is a real number.

3. What about some really bizarre set that might be infinite; for example, R, the set of all functions
R — R. How can we order this set? In short, | have no idea! However, there are some very deep results
from mathematical logic that say that, if we assume a certain axiom of mathematics (the so-called
Axiom of Choice), then every set can be ordered in some manner. In fact, it has been shown that the
Axiom of Choice of logically equivalent to this ordering property of sets! If you want to learn more then
you should consult Wikipedia and take Math 125A in the Fall Semester 9]

Therefore, no matter how weird or massively infinite a set is, if you are assuming the Axiom of Choice
(which we are) then you can put an ordering on that set, even though you will (a priori) have no idea
what that ordering is! All that matters is that such an ordering exists.

Definition 1.5.3 (Basis; Ordered Basis). Let V' be a K-vector space. A nonempty subset B C V is
called a (K)-basis of V if

- B is linearly independent (over K), and
- if BC B’ and B’ is linearly independent (over K), then B’ = 5.

In this case, we say that B is maximal linearly independent.

An ordered (K)-basis of V is a (K)-basis of V that is an ordered set.

Remark 1.5.4. 1. You may have seen a basis of a K-vector space V' defined as a subset B C V such
that B is linearly independent (over K) and such that spang B = V. The definition given above is
equivalent to this and it has been used as the definition of a basis to encapsulate the intuition behind
a basis: namely, if K = R, we can think of a basis of an R-vector space as a choice of ‘independent
directions’ that allows us to consider well-defined coordinates. This idea of ‘independent directions’ is
embodied in the fact that a basis must be a linearly independent set; and the assumption of maximal
linear independence is what allows us to obtain well-defined coordinates.

However, just to keep our minds at ease our next result will show the equivalence between Definition
and the definition you have probably seen before.

26] have to admit that | do not know any mathematical logic but have come across these ideas during my own excursions
in mathematics. There are lots of many interesting results that can be obtained if one assumes the Axiom of Choice: one
is called the Banach-Tarski Paradox; another, which is directly related to our studies, is the existence of a basis for any
K-vector space. In fact, the Axiom of Choice is logically equivalent to the existence of a basis for any K-vector space.
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2. We will also see in the homework that we can consider a basis to be a minimal spanning set (in an
appropriate sense to be defined later); this is recorded in Proposition [1.5.9]

3. It is important to remember that a basis is a subset of V' and not a subspace of V.

4. We will usually not call a basis of a K-vector space a ‘K-basis', it being implicitly assumed that we
are considering only K-bases when we are talking about K-vector spaces. As such, we will only use the
terminology ‘basis’ from now on.

Proposition 1.5.5. Let V be a K-vector space and B C V a basis of V. Then, spang B = V.
Conversely, if B C V is a linearly independent spanning set of V', then B is a basis of V

Proof: Let us denote W = spang B. Then, because B C V we have W C V. To show that W =V
we are going to assume otherwise and obtain a contradiction. So, suppose that W # V. This means
that there exists vo € V such that vy ¢ W. In particular, vo ¢ B C W. Now, consider the subset
B'=BU{w}CV.

Then, by Corollary [1.3.5}, B’ is linearly independent.

Now, we use the maximal linear independence property of B: since B C B’ and B’ is linearly independent
we must have B’ = BB, because B is a basis. Hence, vy € B. But this contradicts that fact that vy ¢ B.
Therefore, our intial assumption, that W # V, must be false and we must necessarily have W = V.

Conversely, suppose that B is a linearly independent subset of V such that spang B = V. We want to
show that B is a basis, so we must show that B satisfies the maximal linearly independent property of

Definition [[.5.3]

Therefore, suppose that B C B’ and that B’ is linearly independent; we must show that B’ = . Now,
since B C B’ we have V = spang B C spang B’ C V/, using Lemma Hence, spang B/ = V =
spang B. Assume that B # B’; we aim to provide a contradiction. Then, for each w € B’ \ B we have
w € spang B’ = spang B, so that there exists an expression

w = Ab1+ ...+ X\ybn,

where by, ..., b, € B. But this means that we have a nontriviaE] linear relation among vectors in B’
(recall that, as B C B, we have by, ..., b, € B’). However, B’ is linearly independent so that no such
nontrivial linear relation can exist. Hence, our initial assumption of the existence of w € B’ \ B is false,
so that B’ = B. The result follows. O

Corollary 1.5.6. Let V be a K-vector space, B C V a basis of V. Then, for every v € V there exists
a unique expression
v=Mbi+ ..+ N bn,

where by, ..., by € B, M\,....,.A\p €K, ne N.

Proof: By Proposition [L.5.5 we have that spang B = V so that, for every v € V, we can write v as
a linear combination of vectors in B

v=MANbi+ ..+ by, b1,..,b, € B,

where we can further assume that none of Ay, ..., A, is equal to zero.

We need to show that this expression is unique: so, suppose that we can write v as a different linear
combination
v=yp1bl + ...+ pxby, b, .. b, €B,

again assuming that none of the ug, ..., ux are equal to zero.

Therefore, we have
Mbi+ ...+ A by=v= /lell + ...+ ,ukb;(,

giving a linear relation
A1by + ... 4+ Apbp — (pabi + ... + pkbj) = Oy.

2T\Why is this linear relation nontrivial?
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Thus, since B is linearly independent this linear relation must be trivial and, furthermore, since we have
assumed that none of the A's or i's are zero, the only way that this can happen is if n = k and, without
loss of generality, b; = b; and A\; = p;. Hence, the linear combination given above is unique. O

Corollary 1.5.7. Let V be a K-vector space, B = (b, ..., b,) C V an ordered basis containing finitely
many vectors. Then, V' is isomorphic to K".

Proof: This is just a simple restatement of Corollary we define a function

A1
[lg:V=K";vie[vlg= ||,
An
where
vV = )\1b1 —+ ...+ )\nbnv

is the unique expression for v coming from Corollary Uniqueness shows that [—]z is indeed a
well-defined function.

It will be left to the reader to show that [—]s is a bijective K-linear morphism, thereby showing that it
is an isomorphism. O

Definition 1.5.8. Let V be a K-vector space, B = {by, ..., b,} C V an ordered basis containing finitely
many vectors. Then, the linear morphism

AL
[lg: V=K', v [vlg=| ]|,
An
introduced above is called the B-coordinate map or B-coordinate morphism.

The following Proposition provides yet another viewpoint of the idea of a basis: it says that a basis is a
spanning set that satisfies a certain minimality condition.

Proposition 1.5.9. Let V be a K-vector space, B C V a basis of V. Then, B is a minimal spanning
set - namely,

- spang B =V, and
- if B C B is such that spang B’ = V then B’ = B.

A proof of this Proposition will appear as a homework exercise.

Despite all of these results on bases of vector spaces we have still yet to give the most important fact
concerning a basis: that a basis exists in an arbitrary K-vector space.

The proof of the general case requires the use of a particularly subtle lemma, called Zorn’s Lemma. You
can read about Zorn's Lemma on Wikipedia and there you will see that Zorn's Lemma is equivalent to
the Axiom of Choice (although the proof of this fact is quite difficult). You will also read on Wikipedia
that Zorn's Lemma is logically equivalent to the existence of a basis for an arbitrary K-vector space.

Theorem 1.5.10. Let V be a K-vector space. Then, there exists a basis B C V of V.
Proof: Case 1: There exists a finite subset E C V such that spang E = V.

In this case we will use the Elimination Lemma (Lemma to remove vectors from E until we obtain
a linearly independent set. Now, if E is linearly independent then E is a linearly independent spanning
set of V' and so, by Proposition E is a basis of V. Therefore, assume that E is linearly dependent.
Then, if we write E as an ordered set E = {ey, ..., e,}, we can use Lemma [1.3.10] to remove a vector
from E so that the resulting set is also a spanning set of V; WLOG, we can assume that the vector we
remove is e,. Then, define E("~1) = £\ {e,} so that we have spany E("~1) = V. If E("=1) s linearly
independent then it must be a basis (as it is also a spanning set). If E("=1) s linearly dependent then
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we can again use Lemma to remove a vector from E("~1) so that the resulting set is a spanning
set of V; WLOG, we can assume that the vector we remove is e,_1. Then, define E("=2) = E \ {en—2}
so that we have spany E("~2) = V. Proceeding in a similar fashion as before we will either have that
E("=2) is linearly independent (in which case it is a basis) or it will be linearly dependent and we can
proceed as before, removing a vector to obtain a new set E("—3) etc.

Since E is a finite set this procedure must terminate after finitely many steps. The stage at which it
terminates will have a produced a linearly independent spanning set of V/, that is, a basis of V (by

Proposition |1.5.5]).

Case 2: There does not exist a finite spanning set of V.

In this case we must appeal to Zorn's Lemma: basically, the idea is that we will find a basis by considering
a maximal linearly independent subset of V. Zorn's Lemma is a technical result that allows us to show
that such a subset always exists and therefore, by definition, must be a basis of V. O

Theorem 1.5.11 (Basis Theorem). Let V' be a K-vector space and B C V a basis such that B has only
finitely many vectors. Then, if B' is another basis of V' then B’ has the same number of vectors as B.

Proof: Let B = {by,..., by} and B = {bj, ..., bl,} be two distinct bases of V. Then, by Corollary
1.5.7, we have isomorphisms

[-]lg:V—=K", and [-]g:V =K

Hence, we obtain an isomorphism (since the composition of two isomorphisms is again an isomorphism,

by Lemma [0.2.4))

s o [l K" = K™,
where []5! : K™ — V is the inverse morphism of [~]s/. Thus, using Theorem |1.4.11} we must have
n = m, so that B and B’ have the same size. O

Theorem [1.5.17] states that if V' is a K-vector space admitting a finite basis B, then every other basis
of V must have the same size as the set 5.

Definition 1.5.12. Let V be a K-vector space, B C V a basis of V containing finitely many vectors.
Then, the size of B, |B|, is called the dimension of V' (over K) and is denoted dimxk V/, or simply dim V
when no confusion can arise. In this case we will also say that V is finite dimensional. If V is a K-vector
space that does not admit a finite basis then we will say that V is infinite dimensional.

The Basis Theorem (Theorem [1.5.11)) ensures that the dimension of a K-vector space is a well-defined
number (ie, it doesn't change when we choose a different basis of V).

Now that we have introduced the notion of dimension of a K-vector space we can give one of the
fundamental results of finite dimensional linear algebra.

Theorem 1.5.13. Let V and W be K-vector spaces such that dimg V = dimg W < oo is finite. Then,
V' is isomorphic to W .

This result, in essence, classifies all finite dimensional K-vector spaces by their dimension. It tells us
that any linear algebra question we can ask in a K-vector space V (for example, a question concerning
linear independence or spans) can be translated to another K-vector space W which we know has the
same dimension as V. This follows from Proposition [1.4.12]

This principle underlies our entire approach to finite dimensional linear algebra: given a K-vector space
V such that dimg V = n, Theorem [1.5.13states that V is isomorphic to K" and Corollary [1.5.7] states
that, once we have a basis B of V, we can use the B-coordinate morphism as an isomorphism from V
to K". Of course, we still need to find a basis! We will provide an approach to this problem after we
have provided the (simple) proof of Theorem

Proof: The statement that V and W have the same dimension is just saying that any basis of these
vector spaces have the same number of elements. Let B C V be a basis of V, C C W a basis of W.
Then, we have the coordinate morphisms

[_]B :V—-K" and [—]c W — K",
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both of which are isomorphisms. Then, the morphism
[—]g1 o[-lg: V=W,
is an isomorphism between V and W. O

Example 1.5.14. 1. The ordered set B = (ey, ..., e,) C K" is an ordered basis of K", where ¢; is
the column vector with a 1 in the i*" entry and 0 elsewhere.

We will denote this basis S(".

It is easy to show that S(") is linearly independent and that spany S(" = K". Hence, we have
that dimg K” = n.

2. Let S be a finite set and denote S = {5y, ..., sc}. Then, B = (es, ..., €5, ) is an ordered basis of
K, where e, is the elementary functions defined in Example

We have that B is linearly independent: for, if there is a linear relation

cies + ... + cres, = Ogs,

then, in particular, evaluating both sides of this equation (of functions) at s; gives
G = cies (si) + ... + cres (i) = (cres, + ... + cres, ) (5i) = Ogs(si) = 0.

Hence, ¢; = 0, for every i, and B is linearly independent.
Furthermore, B is a spanning set of K°: let f € K°. Then, we have an equality of functions

f=f(s1)es +f(s2)es, + ... + f(sn)es,

which can be easily checked by showing that
f(t) = (f(s1)es, + f(s2)es, + ... + f(sn)es,) (), Vt € S.

Hence, f € spang B so that, since f was arbitrary, we find spang B = KS.

Hence, we see that dimg K> = |S].

3. It is not true that if S is an infinite set then B = {e, | s € S} is a basis of K°, even though B is
a linearly independent set. This is discussed in a worksheet.

4. As a particular example of 2 above, we see that Mat,, ,(K) has as a basis the elementary matrices
B={ej| (i,j) € {1,....m} x {1,...,n}}. These are those matrices that have Os for all entries
except for a 1 in the jj-entry.

Hence, we see that dimg Mat,, ,(K) = mn.

1.5.1 Finding a basis

In this section we will provide criteria for determining when a subset E of a finite dimensional K-vector
space V is a basis. Hopefully, this is just a recollection of results that you have seen before in your first
linear algebra course.

Throughout this section we will fix a finite dimensional K-vector space V such that dimg V = n and an
ordered basis B = (by, ..., b,) (which we know exists by Theorem [1.5.10)).

Proposition 1.5.15. Let E C V' be a nonempty subset of V.

a) If E is linearly independent, then |E| < n.
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b) If spang E =V, then |E| > n,

¢) If E C V is linearly independent and F C V is a spanning set, so that spang F = V/, then either
k = n and E is a basis of V; or, E can be extended to a basis of VV by adding to E vectors from F.
This means, if E = {ey, ..., ex} then we can find fii1, ..., f, € F such that {ey, ..., ek, fxx1, ..., fn}
is a basis of V.

Proof: a) Suppose that E is linearly independent, finite and nonempty and that |E| > n, say
|E| = k > n and denote E = {ey, ..., &k }; we aim to provide a contradiction.

In this case, E can't be a basis of V, for otherwise we would contradict the Basis Theorem (Theorem
1.5.11)), as E does not have n vectors. Hence, since E is linearly independent we must have that
spang E # V (otherwise E would be a basis, by Proposition . Moreover, we can't have B C
spang E as then we would have V = spang B C spang E implying that V = spang E (because we
would have spang E C V and V C spang E). Therefore, we can assume, without loss of generality,
that by ¢ spany E so that, by the Elimination Lemma (Lemma [1.3.10)), we have that £y = EU {b;} is
a linearly independent set. Then, we can’t have that spang E; = V/, else we would contradict the Basis
Theorem. Thus, spang E; # V. Now, without loss of generality, we can assume that b, ¢ spang E;
otherwise, by, ..., b, € spang E; and by € spang Ep, so that B C spang E; giving V' = spang E;. Denote
E; = E; U {by}. Then, again by the Elimination Lemma, we have that E, is a linearly independent
set such that spang E; # V (else we would contradict the Basis Theorem). Proceeding in this way we
obtain subsets
E=E_1U{b}, i=1..,n with B% E,

that are linearly independent. In particular, we obtain the subset E, = EUB that is linearly independent
and strictly contains 3, contradicting the maximal linearly independent property of a basis. Therefore,
our initial assumption that |E| > n must be false, so that |E| < n.

If E is infinite, then every subset of E is linearly independent. Hence, we can find arbitrarily large
linearly independent finite subsets of E. Choose a subset E’ such that |E’| > n. Then we are back in
the previous situation, which we have just cannot hold. Hence, we can’t have that E is infinite.

b) This is consequence of the method of proof for Case 1 of Theorem [1.5.10, Indeed, either E is an
infinite set and there is nothing to prove, or E is a finite set. Then, as in the proof of Theorem [1.5.10}
we can find a basis E/ C E contained in E. Hence, by the Basis Theorem, we see that n = |E’| < |E|.

¢) Let E C V be a linearly independent subset of V. Then, by a) we know that |E| < n. Let us write
E ={ey, ..., e}, so that k < n.

Case 1: k = n : In this case we have that E is a basis itself. This follows by the maximal linear
independence property defining a basis as follows: by a) we know that every linearly independent set
must have at most n vectors in it. Thus, if E C E’ and E’ is linearly independent, then we must
necessarily have E’ = E, since E’ cannot have any more than n vectors. This is just the maximal linear
independence property defining a basis. Hence, E is a basis of V.

Case 2: k < n: Now, by b), we know that any spanning set of V must have at least n vectors in it.
Hence, since k < n we have spang E C V while spang E # V. We claim that there exists i1 € F
such that f41 ¢ spang E. For, if not, then we would have F C spang E, so that V = spang F C
spang E C V, which is absurd as spang E # V. Then, F; = E U {fx41} is a linearly independent
set, by the Elimination Lemma. If spang F; = V then we have that F; is a basis and we are done.
Otherwise, spang F; # V. As before, we can find fy» € F such that i, ¢ spang F; and obtain linearly
independent set F, = F; U {fx42}. Then, either spang F, = V' and we are done, or spang F, # V and
we can define a linearly independent set F3. Proceeding in this manner we either obtain a basis F;, for
some i < n— k, or we obtain a linearly independent set F,_x and we are back in Case 1, so that F,_x
must be a basis. In either case, we find a basis of the required form. O

Corollary 1.5.16. Let V be a K-vector space such that dimg V =nand E C V.
- If E is linearly independent and |E| = n, then E is a basis of V.
- If spang E =V and |E| = n, then E is a basis of V.
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Proof: The first statement was shown in ¢). The second statement is left to the reader. O

Corollary 1.5.17. Let V be a K-vector space such that dimgV = n, U C V a subspace. Then,
dimg U < n. Moreover, if dimg U = n, then U = V.

Proof: Let B’ C V be a basis of U. Then, B’ is a linearly independent subset of U, therefore a
linearly independent subset of V. Hence, by Proposition|1.5.15} we have that B’ contains no more than
n vectors. By the definition of dimension the result follows.

Moreover, suppose that dimg U = n. Then, there is a subset B’ of U that is linearly independent and
contains exactly n vectors. Hence, by the previous Corollary, B is a basis of V. So, since spang 5’ = U
and spang B’ = V we have U = V. O

Corollary 1.5.18. Let V be a K-vector space, U C V a subspace. Then, any basis of U can be extended
to a basis of V.

Proof: Let B’ = {b},..., b.} be a basis of U and B = {by,..., by} a basis of V; in particular,
spang B = V. Then, by Proposition [1.5.15] part ¢), we can extend B’ to a basis of V using vectors
from B. O

Corollary 1.5.19. Let V be a K-vector space, U C V a subspace. Then, there exists a subspace W C V
such that V = U ® W. Moreover, in this case we have

dimV =dimU +dim W,

and if B' is any basis of U and B" is any basis of W then B =B'UB" is a basis of V.
Proof: Let B = {b{,..., b.} be a basis of U and extend to a basis B = {b}, ..., b}, byy1, ..., by} of

' br,
V/, using the previous Corollary. Then, let W = spang{b,11, ..., by}. Then, since B is a basis we have
that V = U+ W (as every vector in v can be expressed as a linear combination of vectors from B). We
need to show that UN W = {0y }. So, let x € UN W. Then, we have

x = Abj+ ..+ Ab. €U,
and
X = Mlerrl + ...+ ,U/,-,,rb,, ew.

Hence,
,u1b,+1 4+ ...+ u,,_,b,, =X = )\1b/1 + ...+ )\,b;,

giving a linear relation
Mby+ o+ AbL — (pibri1 + oo+ pn—rby) = Oy
Thus, as B is linearly independent then this linear relation must be trivial so that

/1'1:---:,Uln7r2>\1_---:>\r:0;

hence, x = 0y so that UN W = {0y }.
The statement concerning the dimension of V follows from the above proof.

The final statement follows from a dimension count and a simple argument showing that B = B’ U B”
is a linearly independent set. Now we can use Corollary [1.5.16| to deduce that B is a basis of V. The
details are left to the reader. O

We end this section with an important formula relating the dimension of subspaces, the so-called di-
mension formula.

Proposition 1.5.20 (Dimension formula). Let V be a K-vector space, U, W C V two subspaces of V.
Then,
dim(U+ W) =dimU+dmW —dimUn W.

Note that here we are not assuming that V. = U + W.
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Proof: Let X = U+ W so that X C V is a subspace of V and can be considered as a K-vector
space in its own right. Moreover, we have that U, W, UN W C X are all subspaces of X and UN W is
a subspace of both U and W.

Now, if U C W (resp. W C U) then we have U+ W = W (resp. U+ W = U) and UNW = U (resp.
UN W = W). So, in this case the result follows easily.

Therefore, we will assume that U ¢ W and W ¢ U so that UNW C U and UN W C W while
UNW # U, W. Using the previous Corollary we have that there are subspaces U’ C U and W/ c W
such that

U=UnW)a U, and W=(UnNW)ae W.

Let B; be a basis of UN W, B, a basis of U’ and Bz a basis of W’. We claim that B = B; U B> U B3
is a basis of U+ W. Indeed, since By U B, is a basis of U and By U Bs is a basis of W (by the previous
Corollary), we certainly have that spang B = U + VVFE] Furthermore, it is straightforward to show that
B is linearly independen@ thereby giving that B is a basis of U+ W. Thus,

dim(U + W) =dim U’ +dimUN W +dim W/,

and
dimU=dimU +dimUNnW, and dimW =dimW +dimUnNW.

Comparing these equations gives the result. O

Example 1.5.21. 1. The subset

1 -1 3
E={]1 0 1|  cQ3
0 1 1

defines a basis of Q3. Since E has consists of 3 vectors and dimg Q® = 3, we need only show that
E is linearly independent (Corollary [1.5.16]). So, by Example[1.3.6} this amounts to showing that
the homogeneous matrix equation

Ax =0,

has only one solution, namely the zero solution, where A is the matrix whose columns are the
vectors in E. Now, since we can row-reduce

1 -1 3
1 0 1| ~&h,
0 1 1

we find that E is indeed linearly independent, so that it must be a basis, by Corollary [1.5.16]

f={lo o B o o a5 of e

Then, E is a basis of Maty(Q). Again we use Corollary [1.5.16f since E has 4 vectors and
dimg Mat,(R) = 2.2 = 4 we need only show that E is linearly independent or that it spans
Mat,(R). We will show that spang E = Maty(R). So, let

a a
A= 911 912
a1 a2

2. Consider the subset

28The reader should check this.
29Again, this is an exercise left to the reader.
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Then, we have

B 10 0 0 (az+ax) [0 1 (a2—an) [0 1
A_a”[o 0}“22[0 1}+ 2 {1 o]+ 2 |-1 o]’

so that A € spany E. Since A was arbitrary we must have spany E = Mat,(R).

Furthermore, if we consider the ordered basis

5= (5 o[ 30 153

then the B-coordinate morphism is the linear morphism

ai1
[<]5 : Mat;(R) - R*; A= [all 312] o |2t 221)/2
a1 ax az

(a12 — a@21)/2

1.6 Coordinates
([, Ch. 5)

Throughout this section we assume that all K-vector spaces are finite dimensional.

1.6.1 Solving problems

The results of the previous section form the theoretical underpinning of how we hope to solve linear
algebra problems in practice. The existence of an ordered basis B = (b1, ..., b,) of a K-vector space V

from Theorem such that n = dim V, along with Corollary and Corollary allow us to

introduce the notion of B-coordinates on V: we have an isomorphism
AL
[lg: V=K', v [vlg=| ]|,
An
where v = A1b; + ... + A\,b, is the unique expression determined in Corollary Then, using
Proposition [1.4.12] we know that questions concerning linear independence and spans of subsets in V
have the same answers if we translate them to questions in K" via the B-coordinate map. Since we are

then talking about sets of column vectors we can use row-reduction methods to answer the question
that was originally posed concerning vectors in V.

So, we have the following approach to solving questions about linear independence/spans of subsets
E C V in finite dimensional K-vector spaces V (we suppose that n = dim V):

0. If |[E| > n then E is linearly dependent; if |[E| < n then it is not possible that E spans V. This
follows from Proposition [1.5.15

1. Determine an ordered basis B of V using, for example, Corollary [1.5.16
2. Using the B-coordinate morphism [—]z : V — K", determine the set [E]z = {[e]s | e € E}.
3. Using row-reduction determine the linear independence/spanning properties of the set [E]g.

4. By Proposition [1.4.12} linear independence/spanning properties of [E]s are the same as those of
EcV.
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1.6.2 Change of basis/change of coordinates

We have just seen an approach to solving linear independence/spanning property problems for a (finite
dimensional) K-vector space V. However, it is not necessarily true that everyone will choose the same
ordered basis B of V: for example, we could choose a different ordering on the same set B, leading to
a different ordered basis; or, you could choose an ordered basis that is a completely distinct set from an
ordered basis | may choose.

Of course, this should not be a problem when we solve problems as the linear independence/spanning
properties of a subset E should not depend on how we want to ‘view' that subset, ie, what coordinates
we choose. However, given two distinct ordered bases 31 and B, of V/, it will be the case in general that
[E]s, and [E]p, are different sets so that if we wanted to compare our work with another mathematician
we we would need to know how to translate between our two different ‘viewpoints' we've adopted, ie,
we need to know how to change coordinates.

Proposition 1.6.1 (Change of coordinates). Let B = {b1,..., by} and C = {ci, ..., cn} be two ordered
bases of V. Let Pc_ i be the n X n matrix

Pen = [[bi]e[bo]c - - [bnlc]
so that the ith column is [b;]c, the C-coordinates of b;. Then, for every v € V, we have
[Vle = Peeglvls.
Moreover, if A € Mat,(K) is such that
[vle = A[v]s, Vv €V,

then A= P 5.

We call P¢._p the change of coordinates matrix from B to C. The formula just given tells us that, given
the B-coordinates of a vector v € V/, to obtain the C-coordinates of v we must multiply the B-coordinate
vector of v on the left by Pe._ . Moreover, we see that the change of coordinate matrix from B to C
is uniquely characterised by this property.

Remark 1.6.2. 1. We can organise this data into a diagram

v
[)—% PNGE

Trer s

K" K"

where
Teo. s : K" = K", x— Peopx.

is the linear morphism defined by the matrix Pe. 5.

The symbol ‘O’ that appears is to be translated as
‘the composite morphism Tp,_, o [—]s: V — K" equals the morphism [—]¢ : V — K"’

That is, if we start at (the domain) V and follow the arrows either to the left or right then we get the
same answer in (the codomain) K" (at the bottom right of the diagram). In this case, we say that the
diagram commutes.

We could also write this diagram as

v Ly
-5 l O l[—]c
K" K"
Tre 5



where idy : V — V is the identity morphism from Example [1.4.8] The reason we are also considering
this diagram will become apparent in the following sections.

2. Suppose that Pg, ¢ is the change of coordinate matrix from C to B. This means that for every
v € V we have

[vls = Psecl[V]e.

Then, if we want to change back to C-coordinates, we simply multply on the left by Pc. 5 so that
[vle = Peslv]ls = PePsclV]c, Vv e V.
This means that the morphism
Tpe psc K" —= K" x— PeegPpecx,

is the identity morphism idg» of K”; this uses the fact that V is isomorphic to ]K”FE]

We will see later on that this implies that Pe._p and Pg. ¢ are invertible matrices and are inverse to
each other:

Pe«Ppic = Ih = PaecPcws,
where [, is the n X n identity matrix.

This should not be surprising: all we have shown here is that the operations ‘change coordinates from
B to C' and ‘change coordinates from C to B’ are inverse to each other.

Of course, you can also obtain this result knowing that a matrix with linearly independent columns is
invertible; this should be familiar to you from your first linear algebra course. However, we have just
stated a stronger result: not only have we determined that a change of coordinate matrix is invertible,
we have provided what the inverse actually is.

Example 1.6.3. 1. Consider the two ordered bases S = (ey, &5, €3) and

0 0 1
B = 2,1 1,11
1 -1 1

of Q3. Then, what is the change of coordinate matrix from B to S(®? We use the formula given above:

we have

0 0 1

Psa s = [[bilso[be]se [bs]lso] = |2 1 1
1 -1 1

Therefore, the change of coordinate matrix from B to S is simply the matrix whose i*" column is the

ith basis vector of the ordered basis B.

Moreover, if we want to determine the change of coordinate matrix from S to B we need to determine
the inverse matrix of Pg@) g, using row-reduction methods, for example.

2. In general, if S(" = (e1, ..., en) is the standard ordered basis of K" and B = (b4, ..., b,) is any other
ordered basis of K", then the change of coordinate matrix from B to S s

PS(")<—B = [b]_ b2 bn]

Again, if we wish to determine the change of coordinate matrix from S(") to B we need to determine
the inverse matrix of Pgw 5. This may not be so easy for large matrices.

30Why is this true?
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1.7 Linear morphisms ||

In this section we will discuss the relationship between linear morphisms (of finite dimensional K-vector
spaces) and matrices. This material should be familiar to you from your first linear algebra course.

Throughout this section all K-vector spaces will be assumed finite dimensional.

Definition 1.7.1. Let f : V — W be a linear morphism of K-vector spaces, B = (b, ..., b,) C V,C =
(c1, ... €m) C W ordered bases of V, W. Then, the matrix of f with respect to B and C is the m x n
matrix

[f15 = [[f(bL)lc [F(b2)lc -~ [F(bn)lc].
so that the it column of [f]$ is the C-coordinate vector of f(b;) € W.
If V= W and B = C then we write [f]s < [f]5.

Lemma 1.7.2. Let f : V — W be a linear morphism of K-vector spaces, B C V,C C W ordered bases
of V, W. Then, for every v € V, we have

[F(V)]e = [fz[vs.
Moreover, if A is an m X n matrix such that
[f(V)]c = A|v]s, foreveryv eV,
then A = [f]%.
This result should be familiar to you. Note that the standard matrix Ar we defined previously for a linear
morphism f € Homg (K", K™) is just

m)

(
Ar = [f130

We can record the conclusion of the Lemma [1.7.2| in a diagram in a similar fashion as we did in the
previous section for Pc._ 5. We have the commutative diagram

v—ew

[_]Bl O l[—]c

K" —— K"

Ting

where Tige : K" — K™ is the ‘multiplication by [f]5" morphism and the symbol ‘(" is translated to
mean

‘the composite morphism [—]c o f : V — K™ equals the composite morphism Tige o [~]s : V — K™

this is precisely the statement of Lemma [1.7.2]

So, given ordered bases B = (by,...,b,) C V and C = (c1, ..., ¢m) C W of K-vector space V and W,
we have just defined a function

[f]% s Homg (V, W) — Maty, o(K) ; f— [f]%.

In fact, this correspondence obeys some particularly nice properties:

Theorem 1.7.3. The function
[-14 : Homg (V, W) — Mat,, o(K) ; f+— [f]S,

satisfies the following properties:
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a) [~1% is an isomorphism of K-vector spaces,

b) if f € Homg(U, V), g € Homg(V, W) and AC U,BC V,C C W are bases of U, V, W, then
g o 115 = [8]z[f14-

Here
gof:U—V —= W eHomg(U, W),

is the composite morphism and on the RHS of the equation we are considering multiplication of
matrices.

c) for the identity morphism idy € Homg(V, V) we have
[idv] = In,
where I, is the n x n identity matrix.

d) if V=W then
[idv]G = Pecs.

e) If A € Mat,, ,(K) and
Ta: K" = K"; x+— Ax,

so that Ta € Homg (K", K™). Then, if SO = (e1, ..., ) is the standard basis of K', then
(m)
[Tald = A

We will now show how we can translate properties of morphisms into properties of matrices:

Theorem 1.7.4. Let f € Homg(V, W) be a linear morphism of K-vector spaces V, W and let B C
V,C C W be ordered bases of V., W. Then,

a) f is injective if and only if [f]§ has a pivot in every column,
b) f is surjective if and only if [f]§ has a pivot in every row,
c) f is an isomorphism if and only if [f]§ is a square matrix and has a pivot in every row,/column,

d) Suppose dim V =dim W. Then, f is injective if and only if f is surjective. In particular,

‘f injective = f surjective =—> f bijective = f injective’.

Remark 1.7.5. 1. Theorem states various properties that imply that the association of a linear
morphism to its matrix (with respect to some ordered bases) behaves well and obeys certain desirable
properties.

- a) implies that any question concerning the linear algebra properties of the set of K-linear mor-
phisms can be translated into a question concerning matrices. In particular, since it can be easily
seen that dimg Mat,, ,(K) = mn and isomorphic K-vector spaces have the same dimension, we
must therefore have that

dimg Homg (V, W) = mn,

so that Homg(V/, W) is finite dimensional.

- b) can be summarised by the slogan

| ‘matrix multiplication is composition of morphisms’. |

Together with e) this implies that, for an m x n matrix A and an n x p matrix B, we have
Tao Tg = Tas.
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2. Theorem provides a way to show that a linear morphism satisfies certain properties, assuming
we have found bases of the domain and codomain.

Conversely, Theorem [I.7.4]is also useful in determining properties of matrices by translating to a property
of morphisms. For example, suppose that A, B are n x n matrices such that AB = [,. By definition, a
square matrix P is invertible if and only if there is a square matrix Q such that PQ = QP = I,. Thus,
even though we know that AB = I,, in order to show that A (or B) is invertible, we would need to
show also that BA = [,. This is difficult to show directly (ie, only using matrices) if you only know that
AB = I,. However, if we consider the linear maps T4 and Tg then

AB=1, = TaoTg= Tag =idg.. (Theorem b), ¢), €))

Now, by Lemma [0.2.4] since idg~ is injective then Tg is injective. Thus, Tg is an isomorphism by
Theorem so there exists a morphism g € Homg (K", K") such that go Tg = Tgog = idg». Since
Tpo Tg = idgn, then

g=idgnog=(TaoTg)og=Tao(Tgog)= Taocidgs = Ta,

because f o idg» = f, for any function f with domain K", and idg» o f = f, for any function f with
codomain K”. Hence, we have shown that g = T so that idgn = Tgog = Tgo Tp = Tga. Therefore,
I, = BA. Note that we have repeatedly used (various parts of) Theorem in this last collection of
justifications.

Suppose that we have distinct ordered bases By, B, C V and C1,C> C W of the K-vector spaces V, W
and f € Homg(V, W). How are the matrices [f]fgl1 and [f]f;2 related?

Proposition 1.7.6. The matrices [f](l';l1 and [1‘]%22 satsify the following relation

[f]%é = PC2<—Cl[f]%11 P <5,

where we are considering multiplication of matrices on the RHS of this equation. Moreover, if there
exists a matrix B such that

B = Pe,c,[f13 P, 5,
then B = [f]3.

Proof: The proof is trivial once we have Theorem m If we consider that Pg,« 5, = [idv]g; and
Pe,ec, = [idw]gf then the RHS of the desired relation is

Pe,c, [f13 Psys, = [idw]Z [F1Z [idv]g = [idv o f oidV]E = [F]Z.
O

Corollary 1.7.7. Let f € Endg (V) be an endomorphism of a K-vector space V' (recall Definition ,
B,C C V ordered bases of V. Then, if we denote P = Pg_c, we have

(+) [fle = P[f]5P-

Example 1.7.8. 1. Consider the linear morphism

x1
.3 2. X1+ 2xp
f-Q°—=>Q°; |x H[_;X2+3X3].

X3

Then, f is linear since we can write

f(x) = [1 2 ] x, for every x € Q°.
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Here, we have

Consider the ordered bases

0 0 1
B= 21,11

! i - CZ(PJ'BDCQ%

Then, we can use Proposition to determine [f]5.

We have seen in Example that

0 0 1 11
P$(3)<—B - 2 1 1 y PS(2)<—C - |:_1 1:| ’
1 -1 1
so that
. 11
Peser = Psa ¢ = [% 12]
2 2
Hence,
0 0 1
1 1 1 1
@) s —=111 2 0 1 = =
(1§ = Pecsolfl3ePso s = [% 12} {0 1 3} 2 1 1| = [3 e Z‘J :
2 2 2 1 -1 1 1

2. Consider the linear morphism
g : Maty(R) — Matr(R) ; A A— AT,
where A is the transpose of A. It is an exercise to check that g is linear.

We have the standard ordered basis of Mat;(R), S = (e11, €12, €1, €2), where gj; is the 2 x 2
matrix with 0 everywhere except a 1 in the ij-entry. Also, we have the ordered basesE]

B = (e12, €1, €11 — e, e11 + e2), C = (e11, e, €12+ 1, €12 — e21) C Matr(R).
Now, we see that

gle1) =0, g(e2) = er2 — 1, glen1) = —en2 + e, g(exn) =0,

so that
0 O 0 O
|01 -1 0
[gls = 0 -1 1 0
0 O 0 O

We use Proposition to determine [g]5. We have

00 1 1 1 00 O
10 0 0 001 1
Pses=1g 1 o ol Ps<=]o 0 1 -1
00 -1 1 010 0

31Check that these are bases of Maty(R).
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Then,

1 0 0 O
_ 0 0 0 1
PCHS:Psiczol 1 ol
[
o I 1o
and we have
1 o0 o 0]fo o o0 0]Jfo o 1 1
c |00 0 1410 1 -1 0f|1 0 0 O
[g]B—PCPS[g]SP‘SV—B—O% ! o/lo -1 1 offlo1 0 o
oI 2 0olo o o o000 —11
(0 0 0 0
o 0 0 o0
10 0 0 O
1 -1 .0 0

Indeed, we have that g(e12) = €12 — €1, which gives

[g(e2)lc =

= O O O

Using the definition of [g]% this should be the first column, so that the matrix we have obtained
above corroborates this.

Remark 1.7.9. The relationship established in Proposition [I.7.6] can be indicated in the following
‘rooftop’ or ‘prism’ diagram (think of the arrow V — W as the top of the rooftop)

Vv . w
15 -]
/ s, /
K" - K™ [-]
\\ TG \ e
TP52<—51 TPC2<—C1
K e K
2=

Here we are assuming that all squares that appear are the commutative squares appearing after Lemma
and that the triangles that appear at the end of the prism are the commutative triangles that
appeared in Remark So, Proposition corresponds to the ‘bottom square’ being a commutative

diagram.

This diagram can be confusing at first but the more you try and understand it the better you will
understand the relationship between linear morphisms, matrices and change of coordinates.

Note that in the rooftop diagram all arrows which have some vertical component are isomorphisms; this
means that we can go forward and backwards along these arrows.

For example, suppose we start at V and go along the sequence of arrows (|, —). Then, the commutativity
of the bottom square and the fact that that the arrows \, are isomorphisms means we have

2=\,

where X denotes the inverse morphism to \,.
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Then, because we write composition of functions in the reverse order (g o f means ‘do f first, then g')

we have
T[f];i © [_]Bz = TPCQFcl © T[f]gll ° TPBlFBz °© [_]62;

that is, for every v € V, we have
[F12[Vls, = Pe,c,[f15 Py ,[V]B,.
and this is Proposition [1.7.6]

Definition 1.7.10 (Similar matrices). Let A, B € Mat,(K). We say that A is similar to B if and only
if there exists an invertible matrix Q such that

A= Q'BQ.

This definition is symmetric with respect to A and B: namely, A is similar to B if and only if B is similar
to A, since
A=Q'BQ = QAQ'=B,

so that if we let P = Q! then we have a relation
B=PlAP.

Here we have used the (assumed known) fact that (P~1)~! = P, for any invertible matrix P.

Moreover, if A is similar to B and B is similar to C, so that
A=Q 'BQ, and B=PlCP,

then
A=Q'BQ=Q P 1CPQ = (PQ)IC(PQ),

so that A is similar to C3

Corollary states that matrices of linear endomorphisms with respect to different bases are similar.
There is a converse to this result.

Proposition 1.7.11. Let A, B € Mat,(K) be similar matrices, so that A= P~1BP, where P € GL,(K)
is an invertible n x n matrix. Then, there exists a linear endomorphism f € Endg(K") and ordered bases
B,C C K" such that
[f]g = A, and [f]c = B.
Proof: We take C = S = (ey, ..., e,), B = (b1, ..., b,), where b; is the i*" column of P, and
f = Tg € Endg(K"). The details are left to the reader. O

Hence, Proposition teIIs us that we can think of similar matrices A and B as being the matrices
of the same linear morphism with respect to different ordered bases. As such, we expect that similar
matrices should have certain equivalent properties; namely, those properties that can arise by considering
the linear morphism T4 (or, equivalently, Tg), for example, rank, diagonalisability, invertibility.

1.7.1 Rank, classification of linear morphisms

Let £ € Homg(V, W) be a linear morphism and recall the definition of the kernel of f and the image

of f (Definition [1.4.4)).

32These facts, along with the trivial statement that A is similar to A, imply that the notion of similarity defines an
equivalence relation on Mat,(K).
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Definition 1.7.12. We define the rank of f, denoted rank f, to be the number
rank f = dimimf.

We define the nullity of f, denoted nul f, to be the number
nul f = dimker f.

If Ais an m x n matrix then we define the rank of A, denoted rank A, to be the rank of the linear
morphism T, determined by A. Similary, we define the nullity of A, denoted nul A, to be the nullity of
the linear morphism Tp.

There exists a basic relationship between rank and nullity.

Theorem 1.7.13 (Rank Theorem). Let f € Homg(V, W). Then,
dim V = nul f 4 rank f.

Proof: By Corollary [1.5.19 we know that there is a subspace U C V such that V =kerf & U. Let
B = (by, ..., b;) be an ordered basis for U. Then, we claim that C = (f(b1), ..., f(b;)) is an ordered
basis of imf.

First, it is easy to see that the set {f(b1), ..., f(b;)} C W is a subset of imf. If v € imf, then v = z+u,
where z € ker f, u € U (since V = ker f @ U). Moreover, if u = A1by + ... + A\, b, then

f(v)="Ff(z+u)="f(2)+f(u) =0w + f(Aibr + ... + A\rby) = Aif(b1) + ... + A f(br) € spang C.
Hence, since imf = {f(v) € W | v € V} then we must have spany C = imf.

It remains to show that {f(by), ..., f(b,)} is linearly independent: indeed, suppose we have a linear
relation
MF(bL) + ..+ A F(by) = O

Then, since f is linear, this implies that A;b; + ... + A, b, € ker f and A\1by + ... + A, b, € U (because B
is a basis of U). Hence,
Mbi+ ...+ A b EkerfNU= {Ov},

so that
AMbi+ ...+ A b, =0y.

Now, as B is linearly independent then
AM=X=--=A=0.
Hence, C is linearly independent and therefore a basis of imf.
Now, using Corollary [I.5.19, we see that
dmV =nulf +r=nulf +rankf,

by the previous discussion. O

Lemma 1.7.14. Let A be an m x n matrix. Then, the rank of A is equal to the maximal number of
linearly independent columns of A.

Proof: Let us write
A=larax -+ ap),

so that the it" column of A is the vector a; € K™.

Consider the linear morphism T4 € Homg (K", K™). Then, we have defined rank A = rank T4 =
dimimT,4. Then, since
X1

TA = X181 + ... + Xpan,
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we see that

(%) spang{ai,...,an} =imTa.
Suppose that A # 0., ,. Thus, one of the columns of A is nonzero. Suppose that a; # Ogm. Then, {a;}
is a linearly independent set and can be extended to a basis of imTa using vectors from {ay, ..., an},

by (x). Hence, rank A = dimimT, is equal to the number of columns of A that form a basis of imT4.
Moreover, by Proposition [1.5.15] every linearly independent set in im T4 has size no greater than rank A.
In particular, every linearly independent subset of the columns of A has size no greater than rank A while
there does exist some subset having size exactly rank A.

If A= Omn then T4 € Homg(V, W) is the zero morphism and rank T4 = dim{Ow} = 0. The result
follows. O

The proof that we have just given for the Rank Theorem implies the following result.

Theorem 1.7.15. Let f € Homg(V, W) be a K-linear morphism and denote r = rank f. Then, there
exists ordered bases B C V,C C W such that

Ir Or,n—r

c _
[f]B B Omfr,r Omfr,nfr
where n = dim V, m = dim W and 0;; € Mat; j(K) is the zero matrix.

Proof: Consider an ordered basis By = (by, ..., b,—,) of ker f and extend to an ordered basis
B = (blv L} bn—rv bn—r+lv e bn)

of V. Then, as in the proof of the Rank Theorem, we see that (f(b,—,11), ..., f(b,)) is an ordered basis
of imf. Extend this to an ordered basis

C = (f(bn=rs1), .-, F(bn), €1, e\ Cm—r),
of W. Then,

m—r,r 0m—r,n—r

5=l o |
O

Corollary 1.7.16. Let A € Matp, ,(K) such that rank A = r. Then, there exists P € GL,(K), Q €
GL(K) such that
/ Orn—
—1 _ r r,n—r
Q AP = l:omr,r Omr,nr:| '
Corollary 1.7.17. Let A, B € Mat,, ,(K). Then, A, B are the matrices of the same linear map with
respect to different bases if and only if they have the same rank.

Proof: By the previous Corollary we can find @, @ € GL,,(K), Py, P, € GL,(K) such that
/r Or,n—r

0mfr,r 0mfr,nfr

QAP = { ] = Q;'BP,.

Then, we have
QQ AP Py = B.

Recall that Qngl = (Qngl)_l. Then, as Qngl and P1P2*1 are invertible matrices (products of
invertible matrices are invertible) their different sets of columns are linearly independent and therefore
form ordered bases C C K™ and B C K". Then, if we consider the linear map T,, the above equation
says that
(m)
Pecsm[Tal§m Psows = B,
so that Proposition implies that [T4]% = B. O

Remark 1.7.18. 1. The rank of a matrix A is usually defined to be the maximum number of linearly
independent columns of A. However, we have shown that our definition is equivalent to this
definition.
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2. Theorem [1.7.15]is just a restatement in terms of linear morphisms of a fact that you might have
come across before: every m x n matrix can be row-reduced to reduced echelon form using row
operations. Moreover, if we allow ‘column operations’, then any m x n matrix can be row/column-
reduced to a matrix of the form appearing in Theorem [1.7.15]

This requires the use of elementary (row-operation) matrices and we will investigate this result
during discussion.

3. Corollary|[1.7.17]allows us to provide a classification of m x n matrices based on their rank: namely,
we can say that A and B are equivalent if there exists Q € GL,(K), P € GL,(K) such that

B= QAP

Then, this notion of equivalence defines an equivalence relation on Mat, ,(K). Hence, we can
partition Mat,, ,(K) into dictinct equivalence classes. Corollary [1.7.17| says that the equivalence
classes can be labelled by the rank of the matrices that each class contains.

1.8 Dual Spaces (non-examinable)

In this section we are going to try and understand a ‘coordinate-free’ approach to solving systems of
linear equations and to prove some basic results on row-reduction; in particularm we will prove that
‘row-reduction works'. This uses the notion of the dual space of a K-vector space V. We will also
see the dual space appear when we are discussing bilinear forms and the adjoint of a linear morphism
(Chapter 3).

Definition 1.8.1. Let V be a K-vector space. We define the dual space of V, denoted V*, to be the
K-vector space

V* % Homg(V, K).

Therefore, vectors in V* are K-linear morphisms from V to K; we will call such a linear morphism a
linear form on V.

Notice that dimg V* = dimg V.

Example 1.8.2. Let V be a K-vector space, B = (b, ..., b,) an ordered basis of V. Then, for each
i=1,..,n, we define b7 € V* to be the linear morphism defined as follows: since B is a basis we know
that for every v € V we can write a unique expression

v=cibi +..4+ cyb,.

Then, define
b*(v) = ¢,

so that b is the function that ‘picks out’ the i*" entry in the B-coordinate vector [v]z of v.

Proposition 1.8.3. Let V' be a K-vector space, B = (b, ..., by) an ordered basis of V. Then, the
function
Og: V= V", v=cb+ ..+ cpby— c1bi + ... + cub},

is a bijective K-linear morphism. Moreover, B* = (b, ..., b}) is a basis of V* called the dual basis of

B.

Proof: Linearity is left as an exercise to the reader.

To show that 63 is bijective it suffices to show that 65 is injective, by Theorem Hence, we will
show that ker g = {0y }: let v € kerfp and suppose that

v=cibi +..+ cpb,.
Then,
OV* = QB(V) = Cle —+ ...+ C,,b: € V*,
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Hence, since this is an equality of morphisms, we see that evaluating both sides of this equality at b;,
and using the defintion of b}, we have

0=0v«(b;)) = (c1b] + ... + b)) (b;) = c1by (bi) + ... + cab(bi) = ¢, for every i,
so that ¢; = ... = ¢, = 0 € K. Hence, v = 0 and the result follows. O

Definition 1.8.4. Let f € Homg(V, W) be a linear morphism between K-vector spaces V, W. Then,
we define the dual of f, denoted f*, to be the function

Ff W = Vi am f(a) =aof.

Remark 1.8.5. 1. Let's clarify just exactly what * is, for a given f € Homg(V, W): we have
defined * as a function whose inputs are linear morphisms o : W — K and whose output is the
linear morphism

ffla)=aof:VoW—=K; v alf(v)).

Since the composition of linear morphisms is again a linear morphism we see that f* is a well-
defined function

. W*— v*,
We say that 7* pulls back forms on W to forms on V. Moreover, the function * is actually

a linear morphism, so that f* € Homg(W*, V*)FE]

2. Dual spaces/morphisms can be very confusing at first. It might help you to remember the following
diagram

v —ew

N
N [0}

F (@) "~

K
It now becomes clear why we say that f* pulls back forms on W to forms on V.
3. The (—)* operation satisfies the following properties, which can be easily checked:

- for f, g € Homg(V, W) we have (f + g)* = f* + g* € Homg(W*, V*); for A € K we have
(AF)* = AF* € Homy(W*, V*),

- if f € Homg(V, W), g € Homg(W, X), then (g o f)* = f* o g* € Homg(X*, V*); id}, =
idy. € Endic(V*).

4. Let B=(by,....,by) C V,C = (c1,...,cm) C W be ordered bases and f € Homg(V, W). Let
B*,C* be the dual bases of B and C. Then, we have that the matrix of f* with respect to C*, B*
is

[F16- = [IF*(e)se -+ [F(cp)lse],
an n X m matrix.

Now, for each i, we have
f*(C,*) = )\1,’bi¢ + ...+ /\n,'b;;,

so that
ALi
[F(c)]s-=| ¢ |, and A = f"(c")(bi) = ¢ (f(bx)).
)\ni

As c*(f(bk)) is the i* entry in the C-coordinate vector of f(by), we see that the ik®" entry of
[f]G is Ak, which is the kith entry of [f*]5.. Hence, we have, if A = [f]$, then

[F5 = At

33Check this.
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Lemma 1.8.6. Let V, W be finite dimensional K-vector spaces, f € Homg(V, W). Then,
- f is injective if and only if f* is surjective.
- f is surjective if and only if f* is injective.
- f is bijective if and only if f* is bijective.

Proof: The last statement is a consequence of the first two.

(=) Suppose that f is injective, so that ker f = {Oy}. Then, let 3 € V* be a linear form on V, we
want to find a linear form a on W such that f*(5) = a. Let B = (by, ..., by) be an ordered basis of V,
B* the dual basis of V*. Then, since f is injective, we must have that f(B) = (f(b1), ..., f(bn)) is a
linearly independent subset of V\/@ Extend this to a basis C = (f(bx, ..., f(bn), Cat1, .-, Cm) of W and
consider the dual basis C* of W*.

In terms of the dual basis B* we have
B=Mbi+ ...+ Ab € V"

Consider
a=Mf(b1)" 4+ ... X\f(by)" +0cppy + ...+ 0c), € W™

Then, we claim that f*(a) = 8. To show this we must show that f*(a)(v) = B(v), for every v € V
(since £*(f), a are both functions with domain V). We use the result (proved in Short Homework 4):
if f(b;) = g(b;), for each i, with f, g linear morphisms with domain V/, then f = g. So, we see that

*(a)(bi) = M (f(b1)*)(bi) + ... + Aaf*(F(bn)*)(bi) + Oy, using linearity of *,
= MF(b)*(f(b;)) + ... + Aof(bn)*(f(bi)) = Ai, since f* pulls back forms.

Then, it is easy to see that 8(b;) = A;, for each i. Hence, we must have f*(a) = 8.

The remaining properties are left to the reader. In each case you will necessarily have to use some bases
of V and W and their dual bases. O

Remark 1.8.7. 1. Lemma [1.8.6| allows us to try and show properties of a morphism by showing the
‘dual’ property of its dual morphism. You will notice in the proof that we had to make a choice
of a basis of V and W and that this choice was arbitrary: for a general K-vector space there is
no ‘canonical’ choice of a basis. In fact, every proof of Lemma [1.8.6] must make use of a basis
- there is no way that we can obtain these results without choosing a basis at some point. This
is slightly annoying as this means there is no ‘God-given’ way to prove these statements, all such
attempts must use some arbitrary choice of a basis.

2. Lemma does NOT hold for infinite dimensional vector spaces. In fact, in the infinite dimen-
sional case it is not true that V is isomorphic to V*: the best we can do is show that there is an
injective morphism V — V*. This a subtle and often forgotten fact.

In light of these remarks you should start to think that the passage from a vector space to its dual can
cause problems because there is no ‘God-given' way to choose a basis of V. However, these problems
disappear if we dualise twice.

Theorem 1.8.8. Let V be a finite dimensional K-vector space. Then, there is a ‘canonical isomorphism’
ev:V = (V) vie (evy = a(v))

Before we give the proof of this fact we will make clear what the function ev does: since V* is a K-vector
. . def .
space we can take its dual, to obtain (V*)* = V**_ Therefore, ev, must be a linear form on V*, so
must take ‘linear forms on V' as inputs, and give an output which is some value in K. Given the linear

form o € V*, the output of ev,(«) is a(v), so we are ‘evaluating « at v'.

34You have already showed this in Short Homework 3.
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The reason we say that this isomorphism is ‘canonical’ is due to the fact that we did not need to use a
basis to define ev - the same function ev works for any vector space V/, so can be thought of as being
‘God-given’ or 'canonical’ (there is no arbitrariness creeping in here).

Proof: ev is injective: suppose that ev, = Oy««, so that ev, is the zero linear form on V*. If
v # Oy then we can extend the (linearly independent) set {v} to a basis of V (simply take a maximal
linearly independent subset of V that contains v). Then, v* € V* is the linear form that ‘picks out
the v-coefficient’ of an arbitrary vector u € V when written as a linear combination using the basis
containing v. Then, we must have

0=-ev, (v*)=v*(v) =1,
which is absurd. Hence, we can’t have that v # Oy so that ev is injective.

Hence, since dim V = dim V* = dim V** we see that ev is an isomorphism. O

1.8.1 Coordinate-free systems of equations or Why row-reduction works

We know that a system of m linear equations in n variables is the same thing as a matrix equation
Ax = b,

where A is the coefficent matrix of the system and x is the vector of variables. We are going to try and

consider systems of linear equations using linear forms.

Let S(M = (e1 ..., ey) be the standard basis of K", S(M* the dual basis. Then, if v is a linear form on
K" we see that
=M€ + ...+ Aer.

Hence, if x = x1e1 + ... + xpe, € K" then
a(x) =0 & Aixg + ... + A\pxp, = 0.

Hence, kera = {x € K" | A\1x1 + ... + Apx, = 0}.

Now, suppose that a1, as, ..., a,n € K"* are linear forms. Then,

m
ﬂ keraj = {x € K" | aj(x) = 0, for every i}.

i=1
So, if aj = Aj1ef + ... + Aine;, then

m X1 A11X1 + ...+ )\1an =0

ﬂ keraj=q¢x= || €K"| : :

i=1 Xn AmiXt + .+ Amaxp, =0
This is precisely the solution set of the matrix equation

Ax =0,

where A = [\;]. Hence, we have translated our ‘systems of linear equations’ problem into one involving
linear forms: namely, we want to try and understand ﬂ,- ker «vj, for some linear forms a; € K" *.

Now, how can we interpret elementary row operations in this new framework? Of course, swapping rows
is the same as just reordering the forms «;. What happens if we scale a row by A € K? This is the same
as considering the linear form Aa € K" *. Similarly, adding row i to row j is the same as adding «; to
o to obtain the linear form «; + a;. In summary, performing elementary row operations is the same as
forming linear combinations of the linear forms «;.

The whole reason we row-reduce a matrix A to a reduced echelon form U is because the solution sets of
Ax = 0 and Ux = 0 are the same (a fact we will prove shortly), and it is easier to determine solutions for
the matrix equation defined by U. Since we obtain U by applying elementary row operations to A, this
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is the same as doing calculations in spang{«;} C K"*, by what we have discussed above. Moreover,
since U is in reduced echelon form this means that the rows of U are linearly independent (this is easy
to see, by the definition of reduced echelon form) and because elementary row operations correspond to
forming linear combinations of linear forms, we have that the linear forms that correspond to the rows
of U must form a basis of the subspace spang{«a;} C K" *.

Definition 1.8.9. Let V be a finite dimensional K-vector space, V* its dual space. Let U C V be a
subspace of V and X C V* a subspace of V*. We define

anny~U ={a € V* | a(u) =0, for every u € U}, and
annyX ={v e V| ev,(a) =0, for every a € X},

the annihilators of U (resp. X) in V* (resp. V). They are subspaces of V* (resp. V), for any U (resp.
X).

Proposition 1.8.10. Let V be a K-vector space, U C V a subspace. Then,
dimV =dim U + dimanny- U.

Proof: Let A = (a3, ..., ax) be a basis of U and extend to a basis B = (a1, ..., ax, k<1, ..., an) of V.
Then, it is easy to see that a,”<‘+1, ..., @y € anny-U. Moreover, if o € anny« U then

a=Aal + ...+ \pap,

and we must have, for every i =1, ..., k, that

0= a(a;) = A\
Hence, a € spang{aj,,,...,a;} implying that (a;,;, ..., a}) is a basis of anny-U. The result now
follows. O

Corollary 1.8.11. Let f € Homg(V, W) be a linear morphism between finite dimensional vector spaces.
Suppose that A = [f5 = [a;] is the matrix of f with respect to the bases B = (b)) C V,C = (¢;) C W.
Then,

rank f = max. no. of linearly ind't columns of A = max. no. of linearly ind’t rows of A.

Proof: The first equality was obtained in Lemma|l.7.14] The maximal number of linearly independent
rows is equal to dim spang{a;}, where

aj = apbi + ... + ainb;, € V*.
Now, we have that
anny spang{a;} ={v e V| ev,(a;) =0, forevery i} ={v e V| a;(v) =0, for every i},
and this last set is nothing other than ker fF_g] Thus, by the Rank Theorem (Theorem we have
dimV = dimimf + dim ker f = rank f 4+ dimanny spang{a;} = rank f + (dim V — dimspang{a;}),
using Proposition [1.8.10] in the last equality. Hence, we find
rank f = dimspang{«;},
which is what we wanted to show. O

Proposition 1.8.12 (Row-reduction works). Let A € Matp, ,(K), U be its reduced echelon form. Then,
x satisfies Ux = 0 if and only if Ax = 0.

Proof: Let oy, ..., am, € K"* be the linear forms corresponding to the rows of A, 51, ..., B, be the
linear forms corresponding to the (nonzero) rows of U (we have just seen that r = rank A). Then, by our
discussions above, we know (3;) is a basis of W = spang{a;}™,; C K" *. In particular, spang{8;} = W.
Now, we have

anng-W = {x € K" | aj(x) =0, for every i} = {x € K" | 5;j(x) =0, for every j}.

The result follows from this equality of sets since this common set is the solution set of Ax = 0 and
Ux = 0. O

35Think about this!
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2 Jordan Canonical Form

In this chapter we are going to classify all C-linear endomorphisms of a n-dimensional C-vector space V.
This means that we are going to be primarily studying End¢( V), the C-vector space of C-endomorphisms
of V (up to conjugation). For those of you that know about such things, we are going to identify the
orbits of the group GL¢ (V) acting on the set Endc (V') by conjugation. Since there exists an isomorphism

Endc(V) — Mat,(C) ; f — [f]s,

(once we choose an ordered basis B of V) this is the same thing as trying to classify all n x n matrices
with C-entries up to similarity.

You may recall that given any square matrix A with C-entries we can ask whether A is diagonalisable
and that there exists matrices that are not diagonalisable. For example, the matrix

11
A= [O 1} '
is not diagonalisable]

In fact, this example is typical, in the following sense: let A € Maty(C). Then, A is similar to one of
the following types of matrices

[g 2},a,b€(c, or [C 1],C€(C.

In general, we have the following

Theorem (Jordan Canonical Form). Let A € Mat,(C). Then, there exists P € GL,(C) such that

s 0 - 0
0 b - 0
P7lAP = , |,
0 - - Jy
where, for each i = 1, ..., k, we have an n; X n; matrix
A1 0 0
0 X 1 0
=1 = .. .. |, XNeC.
o --- 0 A1
0 - - 0 N

Hence, every n x n matrix with C-entries is similar to an almost-diagonal matrix.

We assume throughout this chapter that we are working with C-vector spaces and C-linear
morphisms. Furthermore, we assume that all matrices have C-entries.

2.1 Eigenthings

([, p.108-113)

This section should be a refresher on the notions of eigenvectors, eigenvalues and eigenspaces of an
n x n matrix A (equivalently, of a C-linear morphism f € Endc(V)).

Definition 2.1.1. Let f € Endc(V) be a C-linear endomorphism of the C-vector space V. Let A € C.

36Try and recall why this was true.
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- The A-eigenspace of f is the set

Ex® {veV|f(v)=Av}

This is a vector subspace of V' (possibly the zero subspace).

If Ex # {Ov} and v € E) is a nonzero vector, then we say that v is an eigenvector of f with
associated eigenvalue \.

- If Ais an nx n matrix with C-entries then we define the \-eigenspace of A to be the A-eigenspace
of the linear morphism T4. Similarly, we say that v € C" is an eigenvector of A with associated
eigenvalue \ if v is an eigenvector of T, with associated eigenvalue \.

Lemma 2.1.2. Let f € Endc(V), vi,..., vk € V be eigenvectors of f with associated eigenvalues
A1, ..., A € C. Assume that \j # \j whenever i # j. Then, {v1, ..., v} is linearly independent.

Proof: Let S = {wv1,...,vw}. Let T C S denote a maximal linearly independent subset (we know
that a linearly independent subset exists, just take {v;}; then choose a linearly independent subset of
largest size). We want to show that T = S. Suppose that T # S, we aim to provide a contradiction.
As T # S, then we can assume, without loss of generality, that v, ¢ T.

We are going to show that v, ¢ spangs T, and then use Corollary to deduce that T U {v,} is
linearly independent, contradicting the maximality of T.

Suppose that v, € spang T, we aim to provide a contradiction. So, as vy € spang T then
Vk = vy, + ...+ GV,
where ¢y, ..., 6 € C, vi, ..., vi, € T. Apply f to both sides of this equation to obtain
AV = CLAL Vi + oo+ Cs ALV,
Taking this equation away from A, times the previous equation gives
Ov = c1( Ay — Ak)viy + o+ Gs(Ai, = M)V,

This is a linear relation among vectors in T so must be the trivial linear relation since T is linearly
independent. Hence, we have, for each j =1, ..., s,

ci(Xj — k) =0,
and as v ¢ T (by assumption) we have \; # A. Hence, we must have that ¢; = 0, for every j. Then,
we have v, = Oy, which is absurd as vk is an eigenvector, hence nonzero by definition.

Therefore, our initial assumption that vx € spans T must be false, so that v ¢ spanc T. As indicated
above, this implies that TU{v} is linearly independent, which contradicts the maximality of T. There-
fore, T must be equal to S (otherwise T # S and we run into the previous ‘maximality’ contradiction)
so that S is linearly independent. O

Corollary 2.1.3. Let Ay, ..., A denote all eigenvalues of f € Endc(V). Then,
E,\1 + ...+ E)\k = E)\l D...D EM!

that is, the sum of all eigenspaces is a direct sum.
Proof: Left to the reader. O

Consider the case when
Ex®..8E\, =V,

what does this tell us? In this case, we can find a basis of V consisting of eigenvectors of f (each
Ai-eigenspace E), is a subspace we can find a basis of it B; say. Then, since we have in this case

dimV =dimEy, + ... + dim E,,,
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we see that
B=DB1U..UB;,

is a basis of VEI) If we write B = (b, ..., b,) (where n = dim V) then we see that
[fls = [[f(b)]s --- [F(a)ls],
and since f(b;) is a scalar multiple of b; we see that [f]s is a diagonal matrix.
Theorem 2.1.4. Let f € Endc(V) be such that
E)\l D...D E,\k =V.

Then, there exists a basis of V' such that [f]|g is a diagonal matrix.

Corollary 2.1.5 (Diagonalisation). Let A € Mat,(C) be such that there exists a basis of C" consisting
of eigenvectors of A. Then, there exists a matrix P € GL,(C) such that

P~'AP =D,

where D is a diagonal matrix. In fact, the entries on the diagonal of D are the eigenvalues of A.

Proof: Let B = (b, ..., b,) be an ordered basis of C" consisting of eigenvectors of A. Then, if
P = Pg 5 we have

P~1AP = D,
by applying Corollary to the morphism T4 € Endc(C"). Here we note that [Ta]s = D is a diagonal
matrix by Theorem [2.1.4 O

Definition 2.1.6. We say that an endomorphism f € End¢(V) is diagonalisable if there exists a basis
B C V of V such that [f]3 is a diagonal matrix

We say that an n x n matrix A € Mat,(C) is diagonalisable if T is diagonalisable. This is equivalent
to: A is diagonalisable if and only if A is similar to a diagonal matrix (this is discussed in the following
Remark).

Remark 2.1.7. Corollary implies that if there exists a basis of C" consisting of eigenvectors of A
then A is diagonalisable. In fact, the converse is true: if A is diagonalisable and P~1AP = D then there
is a basis of C" consisting of eigenvectors of A. Indeed, if we let B = (by, ..., b,) where b; is the it
column of P, then b; is an eigenvector of A. Why does this hold? Since we have

P~AP = D = diag(d,, ..., dy),
where diag(di, ..., d,) denotes the diagonal n x n matrix with di, ..., d, on the diagonal, then we have
AP = PD.

Then, the it column of the matrix AP is Ab;, so that AP = PD implies that Ab; = d;b; (equate the
columns of AP and PD). Therefore, each column of P is an eigenvector of A.

2.1.1 Characteristic polynomial, diagonalising matrices

Corollary|2.1.5|tells us conditions concerning when we can we can diagonalise a given matrix A € Mat,(C)
- we must find a basis of C" consisting of eigenvectors of A. In order to this we need to determine how
we can find any eigenvectors, let alone a basis consisting of eigenvectors.

Suppose that v € C" is an eigenvector of A with associated eigenvalue A € C. This means we have

Av=Av = (A—Al,)v =0c¢n,

3TWhy must this be a basis?
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that is, v € ker Ta_y;,. Conversely, any nonzero v € ker Ta_y,, is an eigenvector of A with associated
eigenvalue A. Note that
E)\ = ker TA_)\In'

Since Ta—xs, € Endc(C™) we know, by Proposition [1.7.4} that injectivity of Ta_y,, is the same thing
as bijectivity. Now, bijectivity of Ta_», is the same thing as determining whether the matrix A — A/, is
invertible (using Theorem [1.7.4)). Hence,

ker Ta_xi, # {Ocn} < Ta_x;, not bijective < det(A— Al,) =0.

Therefore, if v is an eigenvector of A with associated eigenvalue A then we must have that det(A—Al,) =
0 and v € ker Ta_yj,. Moreover, if A € C is such that det(A — Al,) = 0 then ker Ta_y;, # {Ocn} and
any nonzero v € ker Ta_y, is an eigenvector of A with associated eigenvalue .

Definition 2.1.8 (Characteristic polynomial). Let f € Endc(V). Define the characteristic polynomial
of f, denoted x¢()), to be the polynomial in A with complex coefficients

Xf()\) = det([f — )\id\/]g),

where B is any ordered basis of V[

If A € Mat,(C) then we define the characteristic polynomial of A, denoted xa()), to be x7,(A). In this
case, we have (using the standard basis S(") of C")

XA(A) = det(A = Aly).

Note that we are only considering A as a ‘variable’ in the determinants, not an actual number. Also,
note that the degree of y(\) = dim VfY| and the degree of x4(\) = n.

The characteristic equation of f (resp. A) is the equation

xr(A) =0, (resp. xa(A)=0.)
1 -3
A= {2 —1} '

1-A -3
A/\IQ:{2 _I_A}

Example 2.1.9. Let

Then,

Hence, we have
xa(A) = (1 =X (=1 —=X) —2.(=3) = A2 +5.

Remark 2.1.10. 1. It should be apparent from the discussion above that the eigenvalues of a given
linear morphism f € Endc (V) (or matrix A € Mat,(C)) are precisely the zeros of the characteristic

equation xr(A) =0 (or xa(A) = 0).

2. Example highlights an issue that can arise when we are trying to find eigenvalues of a
linear morphism (or matrix). You'll notice that in this example there are no R-eigenvalues: the
eigenvalues are +£1/—5 € C\ R. Hence, we have complex eigenvalues that are not real. In general,
given a matrix A with C-entries (or a C-linear morphism f € Endc(V)) we will always be able to
find eigenvalues - this follows from the Fundamental Theorem of Algebra:

381f C is any other basis of V then there is an invertible matrix P such that
[f — Aidy]e = P7L[f — Aidy]5P.

Then, since det(AB) = det Adet B, for any matrices A, B, we see that det([f — Aidy]¢) = det([f — Aidy]g) (where we
have also used det P! = (det P)~1).
39This will be shown in homework.
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Theorem (Fundamental Theorem of Algebra). Let p(T) be a nonconstant polynomial with C-
coefficients. Then, there exists Ao € C such that p(\g) = 0. Hence, every such polynomial can
be written as a product of linear factors

p(T) = (T = A)™(T = A2)™ - (T = Ae)™.
Note that this result is false if we wish to find a real root: for p(T) = T2 + 1 there are no real

roots (ie, no Ag € R such that p(A\g) = 0).

It is a consequence of this Theorem that we are considering in this section only K = C as this
guarantees that eigenvalues exist.

We are now in a position to find eigenvectors/eigenvalues of a given linear morphism f € End¢(V) (or
matrix A € Mat,(C)):

0. Find an ordered basis B = (by, ..., b,) of V to obtain [f]z. Let A = [f]g. This step is not
required if you are asked to find eigenthings for a given A € Mat,(C).

1. Determine the characteristic polynomial xa()\) and solve the equation xa(A) = 0. The roots of
this equation are the eigenvalues of A (and f), denote them Aq, ..., Ax.

2. v € V is an eigenvector with associated eigenvalue J; if and only if v € ker(f — );idy) if and only
if [v]p is a solution to the matrix equation

(A= Aih)x = 0.

Example 2.1.11. This follows on from Example 2.1.9 and we have already determined Step 1. above,

we have
A1 =V-b5, A= —v-5.

If we wish to find eigenvectors with associated eigenvalue \; then we consider the matrix

AA1/2:[1_2¢_75 _1__%}”[3 _03]'

keI’TA,\llz_{|:i;:| E(C2X1—3X2_0}_{|:3:(:| |X€C}.

In particular, if we choose x = 1, we see that [

and so obtain that

3| . . . . .
1| isan eigenvector of A with associated eigenvalue

v/ —b. Any eigenvector of A with associated eigenvalue v/—5 is a nonzero vector in ker T,_ /=5,
Definition 2.1.12. Let f € End¢(V) (or A € Mat,(C)). Supoose that

XF(A) = (A= A1) (A = A2)™ - (A — A)™
so that Aq, ..., Ak are the eigenvalues of f.

- define the algebraic multplicity of \; to be n;,

- define the geometric multiplicity of A\; to be dim Ej,.
Lemma 2.1.13. Let f € Endc(V) and A be an eigenvalue of f. Then,
‘alg. multplicity of A’ > ‘geom. multiplicity of \’

Proof: This will be proved later after we have introduced the polynomial algebra C[t] and the notion
of a representation of C[t] (Definition [2.4.2) O
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Proposition 2.1.14. Let A € Mat,(C). Denote the eigenvalues of A by A1, ..., . Then, A is diago-
nalisable if and only if, for every i, the algebraic multplicity of \; is equal to the geometric multiplicity
of )\,‘.

Proof: (=) Suppose that A is diagonalisable and that
XA()‘) = ()\ - )\1)"1()\ - )\2)"2 s ()\ - )\k)”k.
Then, by Remark we can find a basis of eigenvectors of C". Hence, we must have

Cn:E/\l@"'@E)\k'

Then, by Lemma [2.1.13| and Corollary [1.5.19] we have
n=dimEy, +..+dimEy, <nm+ ..+ nc=n,

where we have used that the degree of the characteristic polynomial is n.
This implies that we must have dim Ey, = n;, for every i: indeed, we have

dim E)\l + ...dim E)\k =m-+ ..+ ng,

with dim Ey, < nj, for each i. If dim Ey, < nj, for some /, then we would coontradict this previous
equality. The result follows.

(«<=) Assume that dim E), = n;, for every i. Then, we know that
VOE\,+...+E, =E\,®...0E,,.

Then, since
dim(E)\1 D...D E)\k) =dim EA1 + ... +dim EAk =n + ...+ ng =n,

we see that V = Ey, & ... @ E,,, by Corollary [L.5.17] Hence, there is a basis of V consisting of
eigenvectors of A so that A is diagonalisable. O

As a consequence of Proposition [2.1.14| we are now in a position to determine (in practice) when a
matrix A is diagonalisable. Following on from the above list to find eigenvectors we have

3. For each eigenvalue \; determine a basis of ker Ta_y,;, (by row-reducing the matrix A — Ail, to
reduced echelon form, for example). Denote this basis B; = (bg'), s bf,',?)

4. If |B;| = m; = n;, for every i, then A is diagonalisable. Otherwise, A is not diagonalisable. Recall
that in Step 1. above you will have determined xa()), and therefore n;.

5. If Ais diagonalisable then define the matrix P to be the n x n matrix

p=[bY .. pMpR ... p@)

m 2

k
b )~~~bf,’k‘)].

Then, Remark implies that

P_lAP = diag(/\l, . Al, AQ, ceey A2, vy )\k, ceey )\k),

with each eigenvalue \; appearing n; times on the diagonal.

Note that the order of the eigenvalues appearing on the diagonal depends on the ordering
we put on B.

Corollary 2.1.15. Let A € Mat,(C). Then, if A has n distinct eigenvalues A1, ..., \,, then A is diago-
nalisable.
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Proof: Saying that A has n distinct eigenvalues is equivalent to saying that
Xa(A) = (A= A1) - (A= An),

so that the algebraic multiplicity n; of each eigenvalue is 1. Furthermore, J; is an eigenvalue if and only
if there exists a nonzero v € C" such that Av = \;v. Hence, we have

1§dimE)\,.§n,-:1,

by Lemma 2.1.13] so that dim Ey, = 1 = n;, for every i. Hence, A is diagonalisable by the previous
Proposition. O

a=l; 3

from the previous examples. Then, we have xa(A) = (A—+/—5)(A—(—+/—5)), so that Corollary|2.1.15

implies that A is diagonalisable.

Example 2.1.16. Consider the matrix

In this section we have managed to obtain a useful criterion for when a given matrix A is diagonalisable.
Moreover, this criterion is practically useful in that we have obtained a procedure that allows us to
determine the diagonalisability of A by hand (or, at least, a criterion we could program a computer to
undertake).

2.2 Invariant subspaces
([, p.106-108)

In the proceeding sections we will be considering endomorphisms f of a C-vector space V and some
natural subspaces of V that we can associate to f. You may have seen some of these concepts before
but perhaps not the terminology that we will adopt.

Definition 2.2.1 (Invariant subspace). Let f € Endc(V) be a linear endomorphism of V, U C V a
vector subspace of V. We say that U is f-invariant or invariant with respect to f if, for every u € U we
have f(u) € U.

If A€ Mat,(C), U C C" a subspace, then we say that U is A-invariant or invariant with respect to A
if U is Ta-invariant.

Example 2.2.2. 1. Any subspace U C V is invariant with respect to idy € Endc(V). In fact, any
subspace U C V is invariant with respect to the endomorphism ¢ -idy € Endc(V/), where

(c-idy)(v) = cv, forevery v e V.

In particular, every subspace is invariant with respect to the zero morphism of V.

2. Suppose that V = U® W and py, pw are the projection morphisms introduced in Example
Then, U is py-invariant: let v € U, we must show that py(u) € U. Recall that if v = u+ w is the
unique way of writing v € V as a linear combination of vectors in U and W (since V = U & W),
then

pu(v) =u, pw(v)=w.

Hence, since u € V can be written as u = u+ 0y, then py(u) = v € U, so that U is py-invariant.
Also, if w € W then w = 0y + w (with Oy € U), so that py(w) = 0y € W. Hence, W is also
py-invariant. Similarly, we have U and W are both py-invariant.

In general, if V =U; & --- P Uy, with U; C V a subspace, then each U; is pUj—invariant, for any
iJ.

3. Let f € Endc(V) and suppose that A is an eigenvalue of f. Then, Ej is f-invariant: let v € E,.
Then, we have f(v) = Av € E), since E) is a vector subspace of V.
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Lemma 2.2.3. Let f € Endc(V) and U C V an f-invariant subspace of V.
- Denote fk = fofo---of (the k-fold composition of f on V') then U is also f*-invariant.
- If U is also g-invariant, for some g € Endc(V), then U is (f + g)-invariant.
- If A € C then U is a Af-invariant subspace.
Proof: Left to reader. O

Remark 2.2.4. It is important to note that the converse of the above statements in Lemma
[2.2.3 do not hold.

For example, consider the matrix
01
Sl
and the associated endomorphism T4 € Endc(C?). Then, T2 = Tp. = T, = idc> (because A2 = b),
so that every subspace of C2 is A2-invariant. However, the subspace U = spanc(e;) is not A-invariant
since Ae; = e.

We can also see that A + (—A) = 0, so that every subspace of C? is (A + (—A))-invariant, while
U = spang(er) is neither A-invariant nor (—A)-invariant.

Let f € Endc(V) and U be an f-invariant subspace. Suppose that B’ = (by, ..., bk) is an ordered basis
of U and extend to an ordered basis B = (bs, ..., bk, bx+1, ..., by) of V. Then, the matrix of f relative
to B is

e = (bl -+ 7Bl [F(Ble] = [

where A € Mat(C), B € Maty n—k(C), C € Mat,_k n—«(C). This follows because f(b;) € spanc{b1, ..., b},
foreach i =1, ..., k.

A B
n—kk C|'

Moreover, we can see that if V = U ® W with U and W both f-invariant, and if B = B; U BB, is an
ordered basis of V/, where 31 is an ordered basis of U, B3, is an ordered basis of W, then the matrix of

f relative to B is A
0
[f]B - |:0 B:| 1

where A € Matgim U(C), B € Matyim W(C)

Definition 2.2.5. Let A € Mat,(C). We say that A is block diagonal if there are matrices A; €
Mat,,(C), i =1, ..., k, such that

A 0 0
0 A 0
A= : _
0 Ak

So, our previous discussion implies the following

Lemma 2.2.6. Let f € Endc(V), Ui, ..., Ux C V subspaces of V that are all f-invariant and suppose
that
V=U®- - U.

Then, there exists an ordered basis B of V such that

0 A -~ 0
[fls=1|. . . .|
0 Ay
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is a block diagonal matrix, with A; € Matgim v.(C). In fact, we can assume that B = By U ...U By, with
B; an ordered basis of U;, and that
Ai = [fluls;,

where f| u; - Ui = U; is the restriction of f to U,-FEI

2.3 Nilpotent endomorphisms
([, p.133-136)

In this section we will consider those linear endomorphisms f € Endc(V) whose only eigenvalue is 0.
This necessarily implies that
xr(A) = A"

We will see that for such endomorphisms there is a (ordered) basis B of V such that [f]z is ‘nearly
diagonal’.

Definition 2.3.1. An endomorphism f € Endc(V) is called nilpotent if there exists r € N such that
f" = Onde(v), SO that f7(v) = Oy, for every v € V.

A matrix A € Mat,(C) is called nilpotent if the endomorphism T € Endc(C") is nilpotent.

Lemma 2.3.2. Let f € Endc(V) be a nilpotent endomorphism. Then, the only eigenvalue of f is A =0
so that xr(\) = A4im V.

Proof: Suppose that v € V is an eigenvector of f with associated eigenvalue A. Therefore, we have
v # 0 and f(v) = Av. Suppose that f" = 0. Then,

0=f"(v)=fo---of(v)=Ffo---of(Av)=A"v.

Thus, as v # 0 we must have \" = 0 (Proposition [1.2.5]) implying that A = 0. O

For a nilpotent endomorphism f (resp. matrix A € Mat,(C)) we define the exponent of f (resp. of A),
denoted 7(f) (resp. n(A)), to be the smallest r € N such that " = 0 (resp. A" = 0). Therefore, if
n(f) = r then there exists v € V such that f"~1(v) # 0y.

For v € V we define the height of v (with respect to f), denoted ht(v), to be the smallest integer m
such that f™(v) = Oy, while f™~1(v) # Oy. Hence, for every v € V we have ht(v) < n(f).

Define Hy = {v € V | ht(v) < k}, the set of vectors that have height no greater than k; this is a
subspace of V[*]]

Let f € Endc(V) be a nilpotent endomorphism. Then, we obviously have H, ) = V, Ho = {Ov} and
a sequence of subspaces

{OV} = HO - Hl c---C H’r](f)fl C H”I(f) =V.

Let us denote
dim H,‘ = m;,

so that we have
O=mp<m<..< Myr)—1 < My(r) = dim V.

We are going to construct a basis of V: for ease of notation we let n(f) = k. Assume that k # 1,
so that f is not the zero endomorphism of V.

1. Let Gk be a complementary subspace of Hy_; so that

Hix = Hk—1 @ G,

and let (z1, ..., z,,) be an ordered basis of Gi. Then, since z; € Hi\ Hx_1 we have that f¥~1(z) #
Oy, for each j.

4OThis is a well-defined function since U; is f-invariant.
“1Exercise: show this.
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2. Consider the vectors f(z1), f(z2), ..., f(zp,). We have, for each j,

f*=1(f(z)) = f*(z) = 0y, since z; € Hy,
so that f(z;) € Hi_1, for each j. In addition, we can't have f(z;) € Hi_», else
0v = P21 (z)) = (),
implying that z; € Hy_;.

Moreover, the set S; = {f(z1), f(z2), ..., f(25,)} C Hk—1 \ Hk—2 is linearly independent: indeed,
suppose that there is a linear relation

le(zl) + ...+ Cpy f(zpl) = 0y.
with ¢y, ..., ¢, € C. Then, since f is a linear morphism we obtain

flazi + ... + ¢p 2, ) = Ov,

so that c1z; + ... + ¢p 25 € H1 C Hi—_1.

Hence, we have ¢z + ... + ¢p,2p, € Hik—1 N G = {0y}, so that c1z; + ... + ¢p, 25, = Ov. Hence,
because {z, ..., z, } is linearly independent we must have ¢; = ... = ¢, =0 € C. Thus, 51 is
linearly independent.

3. spang S1 N Hig_2 = {0y }: otherwise, we could find a linear combination

af(zi) + ...+ cp f(2p,) € Hi—2,

with some ¢; # 0. Then, we would have
0y = FE2(crf(2) + oo+ Fzn)) = F @21 + oo+ Gz,

so that c1z1 + ... + ¢ 2p, € Hik—1 N G = {0y} which gives all ¢; = 0, by linear independence
of the z's. But this contradicts that some ¢; is nonzero so that our initial assumption that
spang S1 N Hk_o # {0y} is false.

Hence, we have
spang S1 + Hyk—» = spang 51 & Hik_2 C Hy_1.

In particular, we see that my — my_1 < mg_1 — my_».
4. Let Gk_1 be a complementary subspace of Hy_» @ spang S1 in Hi_1, so that
Hi—1 = Hix_2 @ spanc 51 @ Gg_1,

and let (zp, 41, ..., Zp,) be an ordered basis of Gi_1.

5. Consider the subset S, = {f%(z1), ..., f?(2p,), f(Zp;+1), -, f(2p,)}. Then, as in 2, 3, 4 above we
have that
S» C Hi—2 \ Hik-3,
S, is linearly independent and spang S, N Hx—3 = {0y }. Therefore, we have

spanc So+ Hi_3 = spanc So ® Hi_3 C Hi_o,

so that my_1 — my_> < my_o — my_3.
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6. Let Gi_2 be a complementary subspace of spang So @ Hi—3 in Hi_», so that

Hik—2 = Hx_3 @ spanc $2 @ Gk_»,

and (Zp,41, ..., Zp,) be an ordered basis of Gi_».

7. Consider the subset S3 = {f3(z1), ..., F3(2p,), F2(Zp151), - » F2(2py)s F(Zpot1)s o+ F(2Zpy)}. Again,
it can be shown that
S3 C Hk—3 \ Hi—a,

S is linearly independent and spang S3NHi—4 = {Ov}. We obtain my_o —my_3 < my_3—my_4.

8. Proceed in this fashion to obtain a basis of V. We denote the vectors we have obtained in a table

21, Zpys
(2.3.1) f(z). f(zp,), Zp1+1, Zp,,
), .. N z), 2(zp41), o F2Z) o Zpat1 e Zpg,

where the vectors in the i*" row have height k — i + 1, so that vectors in the last row have height
1.

Also, note that each column determines an f-invariant subspace of V, namely the span of the
vectors in the column.

Lemma 2.3.3. Let W; denote the span of the it" column of vectors in the table above. Set py = 1.
Then,
dimW; =k —j, ifpi+1<i<pj.

Proof: Suppose that p; + 1 < i < pj41. Then, we have
W; = spanc{z, f(z), ..., f*77(z)}.
Suppose that there exists a linear relation
czit+af(z)+ ..+ Ckfjf1fk_j_l(2,') = 0y.
Then, applying f~1 to both sides of this equation gives
aof N z) + af* I (z) . a1 P 2(Z) = 0y

Now, as z; has height k —j (this follows because the vector at the top of the i*" column is in the (k—j)*
row, therefore as height (k — j)) the previous equation gives

Cofk_j_l(zi) 4+ 0y + ...+ 0y =0y,
so that ¢g = 0, since fk*j’l(z,-) # 0y. Thus, we are left with a linear relation
le(Zi) + ...+ Ck_j_1fk_j_1(2;) =0y,

and applying f/=%=2 to this equation will give ¢; = 0, since f(z;) has height k — j — 1. Proceeding in
this manner we find that ¢ = ¢; = ... ¢j_x—1 = 0 and the result follows. O

Thus, the information recorded in (2.3.1)) and Lemma proves the following

Theorem 2.3.4. Let f € Endc (V) be a nilpotent endomorphism with exponent 1n(f) = k. Then, there
exists integers di, ..., dx € Z>q so that

kdy + (k — 1)dy + ... + 2di_1 + 1djc = dim V,
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and f-invariant subspaces

k k k—1 k—1 1 1
Wi, W WD Wl ow L wiP c
with dime WY = j, such that
veuwPe. .owPenw Ve . .anf Ve . .anwPe. . .owd.

k

Moreover, there is an ordered basis B,-U) of W,-U) such that

0 1 0 o0 0
0 O 1 o --- 0
0 0 0 1 -0
Fwolsgo = |00
0 «++ --- . 0 1
0 -~ - - 0 0]

We call such matrices 0-Jordan blocks. Hence, we can write the matrix of f relative to B =J; ; B,(j) as
a block diagonal matrix for which all of the blocks are 0-Jordan blocks and are of nonincreasing size as
we move from left to right.

Moreover, the geometric multiplicity of O as an eigenvalue of f is equal to the number of blocks of the
matrix [f]p and this number equals the sum
di+dr+ ...+ dy =dim E.
Proof: Everything except for the final statement follows from the construction of the basis B made
prior to the Theorem.

The last statement is shown as follows: we have that Eg = Hj, so that the O-eigenspace of f consists
of the set of all height 1 vectors in VF‘E] Moreover, the construction of the basis B shows that a basis
of Hj is given by the bottom row of the table (2.3.1]) and that this basis has the size specified. O

Corollary 2.3.5. Let A € Mat,(C) be a nilpotent matrix. Then, A is similar to a block diagonal matrix
for which all of the blocks are 0-Jordan blocks.

Proof: Consider the endomorphism Ta € Endc(C") and apply Theorem Then, we have a
basis BB such that [Ta]s takes the desired form. Now, use Corollary and [Ta]sm = A to deduce
the result. O

Definition 2.3.6. Let n € N. A partition of n is a decomposition of n into a sum of positive integers.
If we have a partition of n

n=n+..+n, withny,....,meN, n<n<..<n,

then we denote this partition
nor: n
1122 ... n/ I'

where we are assuming that 1 appears r; times in the partition of n, 2 appears r, times etc.
For example, consider the partition of 13

13=1+1+1+2+4+4,

then we denote this partition
132142,

42Check this.
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For a nilpotent endomorphism f € Endc (V) we define its nilpotent class to be the set of all nilpotent
endomorphisms g of V for which there is some ordered basis C C V with

[f]s = [gle.
where B is the basis described in Theorem [2.3.4]

We define the partition associated to the nilpotent class of f, denoted m(A), to be the partition
19291 ... k% obtained in Theorem We will also call this partition the partition associated
tof.

For a matrix A € Mat,(C) we define its nilpotent class (or similarity class) to be the nilpotent class of
the endomorphism T,4. We define the partition associated to A to be the partition associated to Tp4.

Theorem 2.3.7 (Classification of nilpotent endomorphisms). Let f,g € Endc (V) be nilpotent endo-
morphisms of V. Then, f and g lie in the same nilpotent class if and only if the partitions associated
to f and g coincide.

Corollary 2.3.8. Let A, B € Mat,(C) be nilpotent matrices. Then, f and g are similar if and only if
the partitions associated to A and B coincide.

Proof: We simply note that if T4 and Tg are in the same nilpotent class then there are bases
B,C C C" such that

[Tals = [Tslc-
Hence, if P1 = Psm 5, P2 = Pstn ¢ then we must have
P 'AP, = Py 'BP;,

so that
PP AP P, = B.

Now, since Pngl = (P1P271)’1 we have that A and B are similar precisely when T4 and Tg are in the
same nilpotent class. The result follows. O
2.3.1 Determining partitions associated to nilpotent endomorphisms

Given a nilpotent endomorphism f € Endc (V) (or nilpotent matrix A € Mat,(C)) how can we determine
the partition associated to f (resp. A)?

Once we have chosen an ordered basis B of V we can consider the nilpotent matrix [f]z. Then, the
problem of determining the partition associated to f reduces to determining the partition associated to
[f]5. As such, we need only determine the partition associated to a nilpotent matrix A € Mat,(C).

1. Determine the exponent of A, n(A), by considering the products A2, A3, etc. The first r such that
A" = 0 is the exponent of A.

2. We can determine the subspaces H; since

Hi={x e C"|ht(x) <i}=kerTy.

In particular, we have that dim H; is the number of non-pivot columns of A'.

C/1 =dim H”I(A) —dim Hn(A)—l-

3.

4. d, =dim Hn(A)—l —dim H,,](A)_2 — d.
5. d3 =dim Hn(A)_Q —dim Hn(A)—3 — dz.
6.

Thus, we can see that d; = dim H,(a)_(j—1) — dim H,(ay_; — dj_1, for 1 <i < n(A).
Hence, the partition associated to A is

m(A) : 19 2dhm-1 .. p(A)h
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Example 2.3.9. Consider the endomorphism

X1 X2
X2 0
F:CO=C%; |x| = |x
X4 0
X5 0

Then, with respect to the standard basis S®) we have that

01000
00000
A% [flem =10 0 0 1 0
00000
00000

You can check that A% = 0 so that 7(A) = 2. Then,

- dy =dimH, —dimH; =5 —3 =2, since H; = ker Ta has dimension 3 (there are 3 non-pivot
columns of A).

- dp=dimH; —dimHy—dy =3—-0—2=1, since Hy = {0}.
Hence, the partition associated to A is
m(A): 122 1424+2=75;
there are three 0-Jordan blocks - two of size 2 and one of size 1.

You can check that the following matrix B is nilpotent

1 -1 1 -1 1
1 -1 1 -1 1
B=]0 0 0 0 O
1 -1 1 -1 1
1 -1 1 -1 1

and that the partition associated to B is
m(B): 1’2+ 14+14+14+2=5
- We have B2 = 0 so that n(B) = 2.

- dp =dimH, —dimH; =5 —4 =1, since H; = ker Tg has dimension 4 (there are 4 non-pivot
columns of B).

- dp=dimH; —dimHy—dy =4—0—1=3, since Hy = {0}.

Thus, A and B are not similar, by Corollary However, since the matrix

01 00O
0 00 0O
cC=10 0 0 0 Of,
0 00 0O
0 00 0O
has associated partition
7(C): 132,

then we see that B is similar to C, by Corollary

Moreover, there are four 0-Jordan blocks of B (and C) - one of size 2 and three of size 1.
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2.4 Algebra of polynomials
([, p.136-142)

In this section we will give a brief introduction to the algebraic properties of the polynomial algebra
C[t]. In particular, we will see that C[t] admits many similarities to the algebraic properties of the set
of integers Z.

Remark 2.4.1. Let us first recall some of the algebraic properties of the set of integers Z.

- division algorithm: given two integers w,z € Z, with |w| < |z|, there exist a,r € Z, with
0 < r < |w| such that
Z=aw +r.

Moreover, the ‘long division’ process allows us to determine a, r. Here r is the ‘remainder’.

- prime factorisation: for any z € Z we can write

ai a2

z=4pi'py - pd,

where p; are prime numbers. Moreover, this expression is essentially unique - it is unique up to
ordering of the primes appearing.

- Euclidean algorithm: given integers w, z € Z there exists a, b € Z such that

aw + bz = ged(w, z),

where ged(w, z) is the ‘greatest common divisor' of w and z. In particular, if w,z share no
common prime factors then we can write

aw + bz = 1.
The Euclidean algorithm is a process by which we can determine a, b.

We will now introduce the polynomial algebra in one variable. This is simply the set of all polynomials
with complex coefficients and where we make explicit the C-vector space structure and the multiplicative
structure that this set naturally exhibits.

Definition 2.4.2. - The C-algebra of polynomials in one variable, is the quadruple (C[t], o, o, u)f|
where (C[t], o, o) is the C-vector space of polynomials in t with C-coefficients defined in Example

2.6 and
p: Clt] x C[t] — C[t] ; (f.g) > pu(f, g),

is the ‘multiplication’ function.

So, if
=ap+ ait+..+ant", g =bo+ b1+ ... + byt™ € C[t],

with m < n say, then
w(f,g) =co+cit+ ...+ cmynt™",

Ci = Z ajbk.

Jt+k=i,
0<j<n,
0<k<m

where

“3This is a particular example of a more general algebraic object called a C-algebra: a C-algebra is a set A that is a
C-vector space and for which there is a well-defined commutative multiplication map that interacts with addition in a
nice way - for example, distributivity, associativity hold. One usually also requires that a C-algebra A has a multiplicative
identity, namely an element e such that f -e =e-f = f, for every f € A. It is common to denote this element by 1.
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We write
wu(f,g)="f-g, orsimply fg.

1 is nothing more than the function defining the ‘usual’ multiplication of polynomials with
C-coefficients. In particular, for every f, g € C[t] we have fg = gf.

We will write C[t] instead of the quadruple above when discussing C[t] as a C-algebra. Note that
the polynomial 1 € C[t] satisfies the property that 1-f = f -1 =f, for every f € C[t].

- A representation of C|[t] is a C-linear morphism

p: C[t] — Endc(V),

for some finite dimensional C-vector space V/, such that

(*) p(fg) = p(f) o p(g). and p(1) =idy,
where we are considering composition of linear endomorphisms of V on the RHS of the first
equalityF_T]

Remark 2.4.3. Suppose that
p: C[t] — Endc(V),

is a representation of C[t]. Then, for any f = ag + ait + axt?> + ... + a,t" € C[t], we have
p(f) = plao + a1t + ... + ant”) = app(1) + a1p(t) + ... + anp(t"), as pis C-linear,
= aoidy + a1p(t) + a2p(t)* + ... + anp(t)", by (¥),
where we have written p(t)k = p(t) o --- o p(t), the k-fold composition of p(t).

Hence, a represention of C[t] is the same thing as specifying a C-linear endomorphism p(t) €
Endc(V): the multiplicative property of p then implies that p(f) only depends on p(t), for any
f e C[t].

Conversely, given a C-linear endomorphism of V, L € Endc (V) say, then we can define a representation
pr of C[t] as follows: define

pr: C[t] = Endc(V); ag + art + ... + apt” — agid, + a1L + ... + a,L" € Endc(V),

where LK = L o---0 L and the addition and scalar multiplication on the RHS is occuring in Endc(V).

We are going to study an endomorphism L € Endc(V) by studying the representation p; of
C[t] it defines. If A € Mat,(C) then we define ps to be the representation defined by the
endomorphism T, of C".

Suppose we are given a representation of (C[t]
p : C[t] = Endc(V),

and denote n = dimc V, L = p(t) € Endc(V) (so that p = p;) and suppose that L # idy [7]

We know that Endc (V) is n>-dimensional (since we know that Endc(V/) is isomorphic to Mat,(C)).
Therefore, there must exist a nontrivial linear relation

Moidy + ML+ AL+ 4 A L™ = Ogngo(v),

44This means that p is a morphism of (unital) C-algebras.
45If L = idy then we call the representation pid,, the trivial representation. In this case, we have that

imp = {c-idy € End¢(V) | c € C} C Endc(V).
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with \; € C, since the set {idy, L, L, ..., L"Q} contains n? + 1 vectors. Thus, we have

Oknde(v) = Aoidy + AL+ MaL? + .. + Apl™
n2
= Xop(1) + Ap(t) + ... + Apep(t)
=p(ho+Mt+ ...+ /\nztnz),
so that the polynomial
2
f=X+At+ ...+ A2t" € kerp.

In particular, we have that kerp # {Oc[g}. We will now make a detailed study of the kernel of
representations of C[t].

Keep the same notation as above. We have just seen that kerp is nonzero. Let m; € kerp be
a nonzero polynomial for which p(m;) = Ogng.(v) and such that m; has minimal degree We must
have degm; # 0, otherwise m; is a constant polynomial, say m; = ¢ -1 with ¢ € C, ¢ # 0, and
p(c-1) = cp(l) = cidy # Ogndc(v), contradicting that m; € kerp. Hence, we can assume that
degm; = m > 0.

Now, let f € ker p be any other polynomial in the kernel of p. Denote deg f = p. Thus, by our choice of
my (it must have minimal degree) we see that p > m. Now use the division algorithm for polynomialeﬁ]
to find polynomials g, h € C[t] such that

f=gm_+h,

where deg h < m.

Then, as f € ker p, we must have

Oendc(v) = p(f) = p(gme + h) = p(g)p(mL) + p(h) = Ogndc(v) + p(h),

so that h € kerp. If h were a nonzero polynomial then we have obtained an element in ker p that has
strictly smaller degree that my, contradicting our choice of m;. Hence, we must have that h = 0 and
f = gm;. We say that m; divides f.

We have just shown the following

Proposition 2.4.4. Suppose that
p: C[t] = Endc(V),

is a representation of C[t]. Denote L = p(t) € Endc(V) and suppose that m; € ker p is nonzero and
has minimal degree. Then, for any f € ker p there exists g € C[t] such that

f=gm.

Remark 2.4.5. Proposition is stating the fact that the C-algebra C|[t] is a principal ideal domain,
namely, every ideal in C[t] is generated by a single polynomial (ie, ‘principal’).

Definition 2.4.6. Let L € Endc (V) and consider the representation
pr : C[t] = Endc(V),

defined above. We define the minimal polynomial of L, denoted u; € C[t], to be the unique nonzero
polynomial p; € ker p that has minimal degree and has leading coefficient 1: this means that

pr=ag+ ait + ...+ am_1t™ 4+ t™.

46Recall that the degree, deg f, of a polynomial
f=ao+art+..+acthk e Ct],
is defined to be deg f = k. We have the property that
degfg = degf + degg.

AT)f you have not seen this before, don't worry, as | will cover this in class.
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This polynomial is well-defined (ie, it's unique) by Proposition : if m_ € ker p has minimal degree
and leading coefficient a € C, then we have i, = a=tm;. If f € ker p is any other polynomial of minimal
degree and with leading coefficient 1, then we must have deg f = deg u; and, by Proposition we
know that there exists g € CJ[t] such that

f =g

Since deg f = deg(gp.) = deg g + deg 1, we must have that degg = 0, so that g =c -1 € C[t]. As
both f and p; have leading coefficient 1, the only way this can hold is if ¢ =1, so that f = p;.

For A € Mat,(C) we write u4 instead of ur, and call it the minimal polynomial of A.

Corollary 2.4.7. Let L € Endc(V), py be the minimal polynomial of L. For f = ag+ ajt + ... + axtk €
C[t] we denote
f(L) = pu(f) = aoidy + a1L + ... + acL* € Endc(V).

If f(L) = Ogndc(v) then f = g, for some g € C[t].
Proof: This is simply a restatement of Proposition [2.4.4] U

Example 2.4.8. 1. Consider the endomorphism T4 of C3 defined by the matrix
2 0 0

A=10 1 -1

0 2 -1

Then, you can check that the following relation holds

—A3 4 2A%2 - A4 2l =0s.

Consider the representation ps defined by A. Then, since the above relation holds we must have

f=-X 42\ - \+2¢ kerpa.
You can check that we can decompose f as
f=02-ANA\-V-1)(\+V-1).
Hence, we must have that 4 is one of the following polynomialsﬂgl
A= V-1 +V-1), 2= NN\ -V=-1), 2=\ +V-1), f.
In fact, we have pus = f.

You may have noticed that f = x () - this is the Cayley-Hamilton Theorem (to be proved later
and in homework): if A € Mat,(C) then xa(\) € kerpa, so that xa(A) = 0 (using the above

notation from Corollary 2.4.7)).

- Consider the matrix

A:

O O
o
= O O

You can check that we have the relation

—A3+3A%2 —3A+ I3 = 03,

so that
f=-XN+3\2-3\+1=(1-\)> € kerpa.

“8Why can't we have 14 be one of (2 — )), (A —v/—=1), (A 4+ /—=1)?
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Now, we see that we must have u4 being one of the following polynomials{ig]
(1—M\)2, f.
It can be checked that
A? —2A+ Iy = 0,

so that
pa=(1=A)>2
You will notice that
xa(A) = (1= ))*

In both of these examples you can see that the roots of the minimal poynomial of A are precisely the
eigenvalues of A (possibly with some repeated multiplicity). In fact, this is always true: for a matrix A
the roots of u4 are precisely the eigenvalues of A. This will be proved in the next section.

Recall that a polynomial f € C[t] can be written as a product of linear factors
f=a(t—ca)™(t—c)™ - (t —c)™,

where a, ¢y, ....c €C, ng,...,ne € N.

This is the analogue in C[t] of the ‘prime factorisation’ property of Z mentioned at the beginning of
this section: the ‘primes’ of C[t] are degree 1 polynomials.

Definition 2.4.9. We say that the (nonzero) polynomials fi, ..., f, € C[t] are relatively prime if there
is no common linear factor for all of the f;.

Example 2.4.10. The polynomials f = t> + 1 and g = t> — 1 are relatively prime. Indeed, we have
f=t2+1=(t—V-1(t+V-1), g=(t-1)(t+1),

so that there is no common linear factor of either.

However, the polynomials g and h = t” — 1 are not relatively prime as
h=1t"—1=(t—1)(t —w)(t —w?) - (t —w"),
where w = cos(27/n) + v/—1sin(27/n) € C. Hence, the linear factor (¢t — 1) appears in both g and h.

We now give another basic algebraic property of the C-algebra C[t] whose proof you would usually see
in Math 113. As such, we will not prove this result here although the proof is exactly the same as the
corresponding result for Z (with the appropriate modifications): it involves the C[t]-analogue of the
‘Euclidean algorithm’ for Z.

Lemma 2.4.11. Let f1,..., f, € C[t] be a collection of relatively prime polynomials. Then, there exists
g1, ..., 8p € C[t] such that
figi + ... + fogp =1 € C[t].

Example 2.4.12. 1. The polynomials f = t?> + 1, g = t?> — 1 are relatively prime and

1 1
E(t2 +1) - 5(t2 ~1) =1

2. The polynomials f = t?> + 1, g = t3 — 1 are relatively prime and

1 1
S(t— Dt —1)— 5(1.*2 —t-1)(+1) =1

9Why can't we have 1 — \?
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Remark 2.4.13. The mathematical reason that Z and C|[t] obey the same algebraic properties is that
they are both examples of Euclidean domains: these are commutative rings for which there exists a
division algorithm, Euclidean algorithm and the notion of prime elements.

More specifically, a Euclidean domain is a commutative ring without zerodivisors for which there exists
a well defined ‘degree’ function. As a consequence of the existence of the degree function the division
algorithm and Euclidean algorithm hold. Moreover, it can be show that such commutative rings are
principal ideal domains and are therefore unique factorisation domains: this means that the ‘unique
factorisation’ property holds.

2.5 Canonical form of an endomorphism
([, p.142-146)

Throughout this section we fix a linear endomorphism L € End¢(V), for some finite dimensional
C-vector space V. We denote n = dim¢ V.

We recall the notation from Corollary for L € Endc(V), f = ag + art + ... + axtk € C[t], we
define the endomorphism

f(L) = p(f) = aoidy + arL + aL? + ... + axL* € Endc(V),
where L' = Lo ---o L is the i-fold composition of the endomorphism L.
Definition 2.5.1. Any nonzero f € ker p; is called an annihilating polynomial of L.

In particular, the minimal polynomial u; of L is an annihilating polynomial of L.

The following theorem is the culmination of our discussion regarding polynomials and representations of
the polynomial algebra. It allows us to use the minimal polynomial of L to decompose V into a direct
sum of L-invariant subspaces. Hence, we can find a basis of V for which the matrix of L with respect to
this basis is block diagonal. We will then see that we can use our results on nilpotent endomorphisms
to find a basis of V for which the matrix of L is ‘almost diagonal’ - this is the Jordan canonical form

(Theorem [2.5.12)).

Theorem 2.5.2. Suppose that f € ker p is an annihilating polynomial of L and that f = fif,, with fi
and f, relatively prime. Then, we can write

V=UaoUl,
with Ui and U, both L-invariant (Definition , and such that
A(L)(w2) = 0v,  A(L)(tn) = Ov,

for every uy; € Uy, up € Us.

Moreover,
Ui = ker (L), U = ker fi(L).

Proof: As fi and f, are relatively prime we know that there exists g1, g&» € C[t] such that
fig1 + hg =1 € C[t].
This follows from Lemma Hence, we have
id, = pL(1) = pr(figr + £282) = pr(fi)pL(g1) + pu(f2)pi(g2) = fi(L)g(L) + f2(L)g2(L).

Define
Uy =imfi(L), U, =im#fk(L).

Then, since
A(L)oL="Lof(L), A(L)oL=Loh(L),
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(you should check this) we have that, if uy = A1(L)(x1) € Uy, ua = H(L)(x2) € U, then
L(Ul) = LOfl(L)(Xl) = fl(L)OL(Xl) S |mf1(L) = Ul, L(Uz) = Lsz(L)(Xz) = fQ(L)OI_(Xz) S |mf2(L) = U2.
Hence, Uy, U, are L-invariant.

Now, let u; € Uy = imfi(L) so that u; = f1(L)(x1), for some x; € V. Then,

fo(L)(u) = R(L)(A(L)(a)) = F(L)(x),

since fif, = f and pi(f) = p(Afa) = p(f)pL(f2) (pL is a representation of C[t]). Our assumption is
that f is an annhiliating polynomial of L so that f(L) = Ognq.(v) and we obtain

A(L) () = F(L)(x) = Ov.

Similarly we obtain that
A(L)(u2) =0y, for every u; € Us.

Let v € V. Then,

v =idy(v) = (A(L)gi(L) + K(L)g(L))(v) = A(L)(g1(L)(v)) + R(L)(g2(L)(v)) € Uy + U
Hence, V = U; + U>.
Now, let x € Uy N U,. Therefore, we have fi(L)(x) = 0y = f(L)(x) by what we showed above. Hence,
x = (L) (g (L)(x))+h(L)(&(L)(x)) = a(L)(A(L)(x)+e&A(L)(R(L)(x)) = &1(L)(0v)+&(L)(0v) = Ov.
Here we have used that h(L) o g(L) = g(L) o h(L), for any g, h € CJ[t], which can be easily verified.

Hence, we have
V=U®o&U,

Finally, suppose that f(L)(w) = Oy, for some w € V. Then, we want to show that w € U;. Since
V = U; @ U then we have
W = uy + U,

where u; € Ui, up € Us. Thus, we have x1, xp € V such that
u =h(L)(x), x = hH(L)(x).

Thus,
Ov = R(L)(w) = H(L)(u1 + v2) = H(L)(u1) + £(L)(w2) = Ov + f(L)(w2),

and
A(L)(u2) =0,
as uy € U,. Therefore,
wp = gi(L)(fi(L)(w2)) + &2(L)(f2(L)(u2)) = Ov + Ov = Ov,
so that w = u; € U;. We obtain that ker fi(L) = U, similarly. O

Corollary 2.5.3 (Primary Decomposition Theorem). Let f € C[t] be an annihilating polynomial of
L € End¢(V). Suppose that f is decomposed into the following linear factorsm

f=a(t—A)"(t— )™ (t — )™
Then, there are L-invariant subspaces Uy, ..., Ux C V such that
V=U&..&U,
and such that each U; is annihilated by the endomorphism

(L - /\,'id\/)ni - (I_ - )\,Id\/) O---0 (L — )\,Id\/)

50This is always possible by the Fundamental Theorem of Algebra.
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Proof: This is a direct consequence of Theorem [2.5.2} apply Theorem 2.5.2] to
A= (t—A)" g =(t =)™ (t =)™,
which are obviously relatively prime polynomials, to obtain
V=UeWV,
where U; = kerfi(L), Vi = kergi(L). Then, Vi is L-invariant so that L restricts to a well-defined

endomorphism of V4, denoted L; € Endc(V4). Then, g1 is an annihilating polynomial of L;.

Now, we can write
81 = hg,

where
h=(t—=X)" g=(t—A3)™ - (t— )™
Then, f, and g are relatively prime so we can apply Theorem to V; to obtain

Vi=U,d Vs

with U, = ker f(L), Vo = ker go(L). Then, V4 is Ly-invariant (and also L-invariant, when we consider V5
as a subspace of V) so that L; restricts to a well-defined endomorphism of V,, denoted L, € Endc(V5).
Then, g» is an annihilating polynomial of L.

Proceeding in this way we see that we can write
V=U® - & U,
where U; = ker(L — X;id,)™. O

Remark 2.5.4. Theorem and the Primary Decomposition Theorem (Corollary form the
theoretical basis for the study of endomorphisms of a finite dimensional C-vector space. These results
allow us to deduce many properties of an endomorphism L if we know its minimal polynomial (or its
characteristic polynomial). The next few Corollaries demonstrate this.

Corollary 2.5.5. Let L € Endc(V). Then, L is diagonalisable if and only if u; is a product of distinct
linear factors, ie,

pr=(t—a)(t—c) - (t—ck),
with ¢; # ¢j for i # j.
Proof: (=) Suppose that L is diagonalisable so that we have
Eﬁl@...@E)fk =V,
with Eﬁl_ the A;-eigenspace of L. Consider the polynomial
f=(t—X) - (t—X) € CJ[t].

Then, we claim that p.(f) = 0 € Endc(V): indeed, let v € V and write v = e; + ... + ¢ with ¢; € E .
Then, for each i, we have

pL(f)(e,-) = (L — )\1Idv) e (L — )\kidv)(e,') = Ov,

because (L — Asidy)(L — Aiidy) = (L — Aiidy)(L — Asidy), for every s, tPI| Hence, we must have
pL(f)(v) = Oy, for every v € V, so that p,(f) = 0 € Endc(V). Hence, by Proposition [2.4.4] there is
some g € CJ[t] such that

f=pg.

As f is a product of distinct linear factors the same must be true of p;.

51We can move (L — )\idy) to the front of p;(f) and, since L(e;) = \;e;, we obtain (L — )\;idy)(e;) = Oy.
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(<) Suppose that
pr=(t—c1) - (t —cx) € Cl[t].
Then, by Corollary [2.5.3] we obtain a direct sum decomposition

V=U®&: - & U,
where U; = ker(L — ¢jidy). Hence,
U={veV|(L-cidy)(v)=0v}={veV|Lv)=cv}=EL

is precisely the c;-eigenspace of L. Thus, as we have written V' as a direct sum of eigenspaces of L we
must have that L is diagonalisable. O

Example 2.56.6. 1. Let A € Mat,(C) be such that
A —1,=0,,
for some k € N. Then, we see that

f:tk—lekerpA,

where pa = pr, is the representation of C[t] defined by the endomorphism T4 € Endc(C").
Therefore, the minimal polynomial of A, pa, must divide f so that there is g € C[t] such that

f=uag.

Now, we have
f=(t—1)(t—w) - (t —w*1),

where w = cos(27/k) +sin(2w/k)v/—1; in particular, f has distinct linear factors. Thus, the same
must be true of . Hence, by Corollary we have that A is diagonalisable.

For those of you that are taking Math 113 this has an important consequence:

‘every commutative finite group can be realised as a subgroup of D,, for some n’

where D, is the group of diagonal n x n complex matrices. This uses Cayley's theorem (for
groups) and the fact that a family of commuting diagonalisable matrices can be simultaneously
diagonalised (mentioned as a footnote on LH3).

2. More generally, A € Mat,(C) is such that there exists a polynomial relation

for some f € C[t] with distinct linear factors, then A is diagonalisable. For example, if

A% —3A+ 21, =0,
then A is diagonalisable.

The previous Corollary shows that the zeros of the minimal polynomial are eigenvalues of L, for L
diagonalisable. In fact, this is true for any L € End¢(V).

Corollary 2.5.7. Let L € Endc(V) and pp € C[t] the minimal polynomial of L. Then, p;(c) = 0 if and
only if c € C is an eigenvalue of L.
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Proof: Suppose that
nL = (t — Cl)nl e (t — Ck)n".

Then, p;(c) = 0if and only if ¢ = ¢;, for some i € {1, ..., k}. We will show that each ¢; is an eigenvalue
of L and, conversely, if A is an eigenvalue of L then A = ¢;, for some i. This shows that the set of
eigenvalues of L is precisely {c, ..., ck}.

Let Uy, ..., Uy C V be the L-invariant subspaces such that
V=U®& - & U,

from Corollary Then, the proof of Corollary shows that U; = ker(L — ciidv)™. As nj > 1
we can find nonzero w € V such that (L — ¢;idy)(v) = Oy: namely, we take

w = (L — cidy) " (v),

where r = ht(v) is equal to the height of any nonzero v € U; with respect to the nilpotent endomorphism
(Liy, — ciidy,) € Endc(U;)F_Z] Hence,

(L — C,'id\/)(W) = (L — c,-id\/)’(v) = 0\/,

so that w is eigenvector of L with associated eigenvalue ¢;. In particular, ¢; is an eigenvalue of L.

Conversely, suppose that ¢ € C is an eigenvalue of L and that v is an eigenvector such that L(v) = cv;
in particular, v # 0y. Then, since
V=U&: & U,

we have a unique expression
v=u+ ..+ ug u € U,.

Then,
L)+ ...+ L(uk) = L(v) = cv = cuy + ... + cux,

and since L(u;) € U; (each U; is L-invariant) we must have L(u;) = cu;, for each i: this follows because
every z € V can be written as a unique linear combination of vectors in Uy, ..., U.

Let My ={ie{l ...k} |ui=0y}and Iy = {1, ..., k} \ I'1: as v # Oy we must have 'y # &. Thus,
for every i € ', we have that u; € U; is also an eigenvector of L with associated eigenvalue c. As

U,' = ker(L - C,'idv)n',

we have, for each i € 'y,

Oy = (L — ciidy)™ (u;) = ( (Z)(—c,-)”L””) (u;) = (Z)(—c,-)pc"pu,- = (c— )" u;.

=0

Hence, we see that ¢ = ¢;, for each i € I'5. Since ¢; # ¢j, if i # j, then we must have that ¢ = ¢;, for
some j, so that any eigenvalue of L is equal to some ¢;.

We have just shown that the set of eigenvalues of L is precisely {cy, ..., ck}. Moreover, the set of roots
of uy is also equal to this set and the result follows. O

Corollary 2.5.8. Let L € Endc(V) and p € C[t] the minimal polynomial of L. Suppose that
V=U& - & U,

is the direct sum decomposition from Corollary [2.5.3 Then, if ¢ is an eigenvalue of L we must have
that the c-eigenspace of L satisfies
EfC U;,

for some j. Furthermore, if c,c’ are eigenvalues of L and EL, EL, C U;, then ¢ = ¢’

52This is an endomorphism of U; since U; is L-invariant.
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Proof: This follows from the latter part of the the previous proof of Corollary if veELis
nonzero, so that L(v) = cv, then we have

v=u+..+u ue U,

as above. Moreover, if we define I, as before, then the latter part of the previous proof shows that
I, = {j}, for some j. Thus,
v=u;cU.

Hence, EL C Uj, for some j. The last statement follow from the proof of Corollary O

Corollary 2.5.9 (Cayley-Hamilton Theorem). Let L € Endc(V) and x; € C[t] the characteristic poly-
nomial of L. Then,

xt(L) = pr(xr) = Ognde(v) € Ende(V).

Proof: This is a consequence of Corollary The roots of the minimal polynomial of L, yu;, are
precisely the eigenvalues of L. The roots of y; are also the eigenvalues of L. Therefore, we see that

ne = (t — /\1)m1 (t — )\k)mk, and XL = (t — /\1)"1 cee (t — /\k)nk.

We are going to show that m; < n;, for each i. First we need the following Lemma (which can be easily
proved by induction on k and expanding the determinant across the top row)

Lemma 2.5.10. Let A € Mat,(C) and suppose that
(A0
=[5 a)
with A; € Maty(C), Ay € Mat,_,(C). Then, xa(A) = xa,(AN)xa,(N\)
If B=ByU...UBy is a basis of V, with each B; C U;, then the matrix [L]z is block diagonal

Ay
Az
[L]s =

Ak
As a consequence of Lemma [2.5.10| we have that

XL = XA XAy """ XA+

Moreover, it follows from the proof of Corollary and Corollary that the only eigenvalue of A;
is \j. Hence, using Lemma [2.5.10] we must have that

XA = (t — )\,')nf_
It is a further consequence of Lemma [2.5.10] that dim U; = n;.

Since the endomorphism N; = Ly, — Ajidy, € Endc(U;) is nilpotent (Corollary [2.5.3)) the structure
theorem for nilpotent endomorphisms (Theorem [2.3.4)) shows that n(N;) < n;, where n(N;) is the
exponent of N;.

By construction, we have that
U,‘ = ker(L - )\;id\/)mi,

which implies that n(N;) < m;. In fact, n(N;) = m;, for every i: otherwise, we must have n(N;) < m;,
for some i, so that for every u € U;,

(L — Xidy)" ™M) (u) = 0y.
Consider the polynomial

g =(t—=A)™ (£ = Nien)™ (e — X)) (£ — Nipg)™ - (£ = )™ € C[t].
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We have that deg g < deg ;. as n(N;) < m;. Then, for any v € V, if we write v = uy + ... + ug, then
we see that

pr(g)(v) = pr(g)(ur + ... + uk)
= pr(g)(u1) + ... + p(g)(uk)
=0y +...4+0y =0y,

because

(L — Ajidy)™(u;) = Oy, forj#i, and (L— Xidy)"™)(u;) =0y.
But then this contradicts the definition of p; being a nonzero element of ker p; of minimal degree.
Hence, our initial assumption the n(/N;) < m;, for some i, cannot hold so that n(N;) = m;, for every i.

Therefore, m; < n;, for every i, so that y; divides x;: there exists f € C[t] such that
xL = wuf € (C[t]

Hence, we obtain
pr(xc) = pr(pef) = pr(pc)pi(f) = Ognde(vy € Ende(V),
where we use that p; € kerp;. O

Remark 2.5.11. The Cayley-Hamilton theorem is important as it gives us an upper bound on the
degree of the minimal polynomial: we know that the minimal polynomial of L must have degree at
most n? (because the set {id,, L, ..., L"Q} C End¢(V) must be linearly dependent), so that deg i, < n?.
However, the Cayley-Hamilton theorem says that we actually have degpu; < n thereby limiting the
possibilities for p;.

2.5.1 The Jordan canonical form

Let us denote
N; = L\U,- — )\;idU,. € End(c(U,-).

Since each U; is L-invariant it is also Nj-invariant (Lemma[2.2.3). Moreover, Corollary implies that
the restriction of N; to U; is a nilpotent endomorphism of U;. Hence, by Theorem [2.3.4] we can find a
basis B; C U; of U; such that the matrix of the restriction of N; with respect to B; has the canonical
form

s 0 - 0
0 b - 0
0 - ey

with each J, a 0-Jordan block and such that the size of J; is at least as large as the size of Ji;1. Let
B = B; U...U By be the subsequent ordered basis of V we obtain.

As we have
V=U®&: - ® U,

then for each v € V, we have
v=uy+ ...+ ux, ui € U;.

Thus, applying L to v gives
L(V) = L(Ul) + ...+ L(uk) = )\1U1 + N]_(Ul) + ...+ )\kl.lk + Nk(Uk).

Hence, the matrix of L with respect to the basis B takes the form

A O o .- 0
0 A o .- 0
[Lls = ) : :
0 o e e A
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where, for each i =1, ..., k, we have

s 0 - 0
0 Jh - 0
Ai = Ailgimu; + . :
0 pr
BY 1 0 0 T
0 X 1 0
0 A1
(2.5.1) 0 0 N
= by 1 0
0 X 0
0 o1
0 0 )

A

Theorem 2.5.12 (Jordan Canonical Form). Let L € Endc(V), V a finite dimensional C-vector space.
Then, there exists an ordered basis B C V such that [L|g is a matrix of the form above. We call
B a Jordan basis of L.

Proof: Since the minimal polynomial p; of L is an annihilating polynomial of L we can use Primary
Decomposition (Corollary [2.5.3)) to obtain a direct sum decomposition of V,

V=U®..®U..
Now, the previous discussion implies the existence of B so that [L]g takes the desired form. O

Corollary 2.5.13. Let A € Mat,(C). Then, A is similar to a matrix of the form above.

Proof: Consider the endomorphism T4 € Endgn. Then, there is an ordered basis B of C” such that
[Ta]s takes the desired form, by Theorem [2.5.12| Since [Ta]lswm = A, we have that A and [Ta]s are

similar (Corollary [1.7.7)). O

Remark 2.5.14. 1. The Jordan canonical form is a remarkable result. However, practically it is quite
difficult to determine the Jordan basis of L. The use of the Jordan canonical form is mostly in theoretical
applications where you are (perhaps) only concerned with knowing what the matrix of an endomorphism
looks like with respect to some basis of V. The fact that a Jordan basis exists allows us to consider only
‘almost diagonal’ matrices, for which it can be quite easy to show that certain properties hold true.

2. The Jordan canonical form allows us to classify similarity classes of matrices: a similarity class is the
set of all matrices which are similar to a particular matrix. Since similiarity is an equivalence relation
we can partition Mat,(C) into disjoint similarity classes. Then, the Jordan canonical form tells us that
each similarity class is labelled by a set of eigenvalues (the entries on the diagonal of the Jordan form
lying in that similarity class) and the partitions of each block. Two matrices are similar if and only if
these pieces of data are equal.

3. In group-theoretic language, we see that the Jordan canonical form allows us to classify the orbits
of GL,(C) acting on the set Mat,(C). Furthermore, this is actually the same thing as classifying the
Ad-orbits of the algebraic group GL,(C) acting on its Lie algebra gl,(C) via the Adjoint representation.

Example 2.5.15. Consider the following matrix

2 1 1
A=|2 3 3
-5 -1 —4
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Then, you can check that
xa(t) = —(t —2)%(t +3).

Since
A2+ A—6l3 # 03,

it is not possible for A to be diagonalisable as this is the only possibility for the minimal polynomial 114
with distinct linear factors.

Therfore, it must be the case that there exists P € GL3(C) such that

21 0
P7'AP=10 2 0|,
00 -3

as this is the only possibility for the Jordan canonical form of A. Let's determine a basis B C C3 such

that
0

2 1
Pgso[TalsePsep =[Tals= ({0 2 0
0 0 -3

As
pa = (t —2)%(t +3),

is an annihilating polynomial of A and f; = (t — 2)?, , = (t + 3) are relatively prime, then we can find
A-invariant subspaces Ui, Us C C3 such that

C* = U @ Uy,

and where
U1 = ker T(A_2/3)2, U2 = ker TA+3/3.

You can check that

—5/28
U, = E_3 = spang¢ —13/28 ,
1
—5/28
so that A defines an endomorphism T, : U, — U, ; x — Ax of U, and if B, = —13/28 c Uy
1

then
[T2]s, = [-3].

We also know that A defines and endomorphism T7 : Uy — U; ; x — Ax. Now, since

0 1 1
(A-2k?=12 1 3],
-5 -1 -6
we find that
1 0
Uy = ker T(a_a1,)2 = spang 01,1
-1 0
So, if we let
1 0
Cl = 0 , 1 (: (Cl, C2)),
-1 0
then



If we set
-1 1
Ny =[Ta]e, —2h = 1 1|

then we see that N12 = 0p, so that Nj is nilpotent. Moreover, using our results on nilpotent matrices, if
we set P = [Ny e, e] then we have
_ 01
PN P = { ] :

0 0

Hence, we have

2 1]
[T1]3 =Ny +2h = {0 2_ .
Therefore, if we let ~
1 0
81:(C1+C2,C2): 11,11 ,
-1] [0
and B = By U B, then we have
21 0
[Talz=10 2 0
0 0 -3
In particular, if we set
1 0 -5/28
P=1|-1 1 -13/28],
-1 0 1
then
2 1 0
Ptap=10 2 o0
0 0 -3
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3 Bilinear Forms & Euclidean/Hermitian Spaces

Bilinear forms are a natural generalisation of linear forms and appear in many areas of mathematics.
Just as linear algebra can be considered as the study of ‘degree one’ mathematics, bilinear forms arise
when we are considering ‘degree two' (or quadratic) mathematics. For example, an inner product is
an example of a bilinear form and it is through inner products that we define the notion of length in
analytic geometry - recall that the length of a vector x € R" is defined to be \/x2 + ... + x2 and that
this formula holds as a consequence of Pythagoras’ Theorem. In addition, the ‘Hessian’ matrix that
is introduced in multivariable calculus can be considered as defining a bilinear form on tangent spaces
and allows us to give well-defined notions of length and angle in tangent spaces to geometric objects.
Through considering the properties of this bilinear form we are able to deduce geometric information -
for example, the local nature of critical points of a geometric surface.

In this final chapter we will give an introduction to arbitrary bilinear forms on K-vector spaces and then
specialise to the case K € {R, C}. By restricting our attention to thse number fields we can deduce
some particularly nice classification theorems. We will also give an introduction to Euclidean spaces:
these are R-vector spaces that are equipped with an inner product and for which we can ‘do Euclidean
geometry’, that is, all of the geometric Theorems of Euclid will hold true in any arbitrary Euclidean
space. We will discuss the notions of orthogonality (=perpendicularity) and try to understand those
linear transformations of a Euclidean space that are length-preserving. We will then generalise to C-
vector spaces and consider Hermitian spaces and unitary morphisms - these are the complex analogues
of Euclidean spaces, where we make use of the ‘conjugation’ operation that exists on C.

3.1 Bilinear forms

(], p-179-182) Throughout this section K can be ANY number field. V will always denote a
finite dimensional K-vector space.

In this section we will give the basic definitions of bilinear forms and discuss the basic properties of
symmetric and alternating bilinear forms. We will see that matrices are useful in understanding bilinear
forms and provide us with a tool with which we can determine properties of a given bilinear form

Definition 3.1.1. Let V be a finite dimensional K-vector space. A K-bilinear form on V is a function
B:VxV—=>K,; (uv)— B(uyv),
such that
(BF1) for every u,v,w € V, A € K we have

B(u+ Av,w) = B(u, w) + AB(v, w),

(BF2) for every u,v,w € V, A € K we have

B(u, v+ Aw) = B(u, v) + AB(u, w).

We say that a K-bilinear form on V/, B, is symmetric if

B(u,v) = B(v,u), forevery u,veV.
We say that a K-bilinear form on V/, B, is antisymmetric if

B(u,v) = —B(v, u), forevery u,ve V.

We denote the set of all K-bilinear forms on V by Bilg(V). This is a K-vector space (the K-vector
space structure will be discussed in a worksheet/homework).
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Remark 3.1.2. 1. The conditions BF1, BF2 that a bilinear form B must satisfy can be restated as
saying that
‘B is linear in each argument.’

2. We will refer to K-bilinear forms on V' as simply ‘bilinear forms on V', when there is no confusion
on K, or even more simply as ‘bilinear forms', when there is no confusion on V.

Example 3.1.3. 1. Let V be a finite dimensional K-vector space and let a1, ap € V* = Homg(V, K)
be two linear forms. Then,

Boja, : VXV =K, (u,v) = ar(u)as(v),

is a bilinear form P3|

In fact, every bilinear form is a sum of bilinear forms of this type. This requires introducing the
notion of tensor product which is beyond the scope of this course. You can learn about this in
Math 250A, the introductory graduate algebra course.

2. Consider the function

X1 i
B:Q*xQ*—=Q, ; x2| | y2| | = Xy + 3xeys — X3y + 2x1ys.
X3 y3

Then, it can be checked that B is a Q-bilinear form on Q3. It is neither symmetric nor antisym-

metric 54

3. Consider the ‘dot product’ on R”
G RTXRTG (X, y) = Xy =Xy F o XaYa

Then, this function is a (symmetric) bilinear form on R".

4. The function
D:K?x K*; (x,y) — det([x y]),

where [x y] is the 2 x 2 matrix with columns x, y, is an antisymmetric bilinear form on K2.
5. Let A € Mat,(K). Then, we have a bilinear form

Ba:K"xK"—=K; (x,y) — x'Ay,

where x" = [x; --- x,] is the row vector determined by the column vector x. That By is a bilinear
form follows from basic matrix arithmetic.

B, is symmetric if and only if A is symmetric.
B, is antisymmetric if and only if A is antisymmetric.
It will be shown in homework that,

every bilinear form B on K" is of the form B = By, for some A € Mat,(K).

As an example, consider the bilinear form B on Q3 from Example 2 above. Then, we have

1 0 2
B =Ba, where A=(0 0 3
-1 0 0

53Check this.
54Why?
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Indeed, we have

1 0 2] [n y1+2y3
ixexs] | 0 0 3| |y2| =[x x3] 3y3 = x1y1 + 2x1y3 + 3x0y3 — X3y1.
-1 0 0] |ys -y

Definition 3.1.4. Let V be a K-vector space, B = (b, ..., by) C V an ordered basis and B € Bilg(V).
Then, we define the matrix of B relative to B to be the matrix

[B]g = [ajj] € Mat,(K), where a;j = B(b;, b;).
Moreover, if B’ € Bilg(V/) is another bilinear form ther™|
[Bls =[B|ls < B=5B.
Hence, there is a well-defined function
[-]s : Bilg(V) = Mat,(K) ; B — [B]z.

Note that this function is dependent on the choice of B.
Proposition 3.1.5. Let B € Bilg(V), B C V an ordered basis. Then,

a) [-]s : Bilk(V) = Mat,(K) is a bijective K-linear morphism.

b) Let A € Mat,(K) and Ba € Bilg(K") be the bilinear form on K" defined by A. Then,

[BA]S(") = A

¢) Let B € Bilk(K") and denote
A= [B]S(n) S Mat,,(K).

Then, By = B.

Proof: This is a homework exercise. O

Lemma 3.1.6. Let V be a K-vector space, B = (b, ..., by) C V an ordered basis of VV and B € Bilg(V).
Then, for any u,v € V we have
[U]ES[B]B[V]B = B(u, V) e K.

Moreover, if A € Mat,(K) is such that
[u]5AlV]s = B(u, V),

for every u,v € V, then A = [B]3.
Proof: Let u,v € V and suppose that

u= zn:)\;b,', vV = zn:/ijbj,
i=1 Jj=1

so that
H1

[l = D o Al Vs =
[n

55Why is this true?
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Then, we have

B(u,v) = B(Z Aib;, Zujbj)
i=1 j=1
= z": i B(b;, iujb_j)y by BF1,
i=1 Jj=1

= Z Z AipiB(bi, bj), by BF2.

i=1 j=1
Also, we see that

H1 n n
[W5[Blslvls = I\ AdBls | 1| =D > AiwiB(bi by)
i=1 j=1
fin
The result follows.

The last statement can be checked by using the fact that
X,'j = e,-tXej = B(b,', bj),
for any X = [x;] € Mat,(K). O

Remark 3.1.7. 1. Suppose that V is a K-vector space and B = (by, ..., b,) C V is an ordered basis.
Let A = [B]g be the matrix of B relative to B. We can interpret Lemma using the following
commutative diagram

VxV LK

)

[]BX[]Bl Ba

K" x K"
Here we have
[Flsx[-l5:VxV=>K"xK"; (u,v)— ([u]s [v]s),
and By is the bilinear form on K" defined by A (Example .
The last statement in Lemma teIIs us that if X € Mat,(K) is such that we have the commutative

diagram

VxVv LK
[—]BX[—]Bl %
K" x K"
then X = [B]s.
What happens if we choose a different ordered basis C C V, how can we compare [B]z and [B]¢?

Proposition 3.1.8. Let V' be a K-vector space, B,C C V ordered bases and B € Bilg(V). Then, if
P = Pq_ 5 then
P*[B]cP = [B]z,

where Pt is the transpose of P.

56 Check this.
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Proof: By Lemma [3.1.6] we know that if we can show that
B(u, v) = [u]zP'[B]cP[v]s,
for every u, v € V, then we must have that
[B]s = P*[B]cP.

Now, for any v € V we have that P[v]g = [v]c, since P is the change of coordinate morphism from 5
to C. Thus, for any u, v € V, we have

[u]5P*[BlcPlv]s = (Plu]s)'[BlePlvls = [ulc[Ble[Vle = B(u, v),

where we have used that (XY)! = Y'X" and the defining property of [B]c. The result follows. O

3.1.1 Nondegenerate bilinear forms

We will now introduce the important notion of nondegeneracy of a bilinear form. Nondegenerate bilinear
forms arise throughout mathematics. For example, an inner product is an example of a nondegenerate
bilinear form, as is the Lorentzian metric from Einstein's Theory of Special Relativity.

Definition 3.1.9. Let V be a finite dimensional K-vector space, B € Bilg(V). Then, we say that B is
nondegenerate if the following property holds:

(ND)  B(u,v)=0, foreveryue V. = v =0y.
If B is not nondegenerate then we say that B is degenerate.

Lemma 3.1.10. Let B € Bilg(V), B C V be an ordered basis. Then, B is nondegenerate if and only if
[Bls is an invertible matrix.

Proof: Suppose that B is nondegenerate. We will show that A = [B] is invertible by showing that
ker Ta = {0}. So, suppose that x € K" is such that

Ax = 0.

Then, for every y € K" we have
0= XtQ = XtAK = Ba(y, x).

As [-]s : V — K" is an isomorphism we have x = [v]s for some unique v € V. Moreover, if y € K"
then there is some unique u € V such that y = [v]s. Hence, we have just shown that

0= Ba(y. x) = [u][Bls[v]s = B(u,v),
by Lemma Therefore, since B is nondegenerate
B(u,v) =0, foreveryueV = v =0y,

Hence, x = [v]g = 0 so that ker T4 = {0} and A must be invertible.

Conversely, suppose that A = [B]g is invertible. We want to show that B is nondegenerate so that we
must show that if
B(u,v) =0, foreveryueV,

then v = 0y. Suppose that B(u, v) =0, for every u € V. Then, by Lemma this is the same as
0= B(u,v) = [u]zA[v]s, forevery ue V.

In particular, if we consider e; = [b;]z then we have
0 =efAlv]g, forevery i, = A[v]g =0.

As A is invertible this implies that [v]z = 0 so that v = Oy, since [—]g is an isomorphism. O
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Corollary 3.1.11. Let B € Bilg(V) be a nondegenerate bilinear form. Then,

B(u,v) =0, foreveryveV, = u=0y.

BEWARE: this condition is (similar but) different to the one defining nondegeneracy in Definition
Of course, if B is symmetric then this follows from Definition
Proof: This will be a homework exercise. O

Example 3.1.12. 1. Consider the bilinear form
B:Q*xQ®—=Q; (x,¥) — x1y2 + x3y2 + xoy1.

Then, B is degenerate: indeed, we have

A - [B]S(n) -

o= o
[ R
o oo

which is non-invertible.
2. The dot product on R" is nondegenerate. This will be shown in a proceeding section.

3. Consider the bilinear form

B : Matx(Q) x Mat2(Q) — Q; (X, Y) — tr(XY).

Then, B is nondegenerate. Suppose that X € Maty(Q) is such that

B(X,Y) =0, forevery Y € Mat,(Q).

Then, in particular, we have
B(X,ej) =0, i,j € {1,2}.

Hence,

X11 = B(X, 611) = 0, X12 = B(X, 621) = 0, X1 = B(X, 612) = 0, Xp2 = B(X, 622) = 0,

so that X = 0, € Mat,(Q).

Proposition 3.1.13. Let V be a K-vector space, B € Bilg(V) a nondegenerate bilinear form. Then, B
induces an isomorphism of K-vector spaces

og: V=V, vioog(v),

where
og(v): V=K, u— og(v)(u) = B(u,v).

Proof: It is left as an exercise to check that og is well-defined, ie, that og is K-linear and og(v) € V*,
for every v € V.

Since we know that dim V = dim V* it suffices to show that o is injective. So, suppose that v € ker 0.
Then, og(v) = 0 € V*, so that og(v) is the zero linear form. Hence, we have og(v)(u) = 0, for every
u € V. Thus, using nondegeneracy of B we have

0=o0g(v)(u) =B(u,v), foreveryueV, = v=0y.

Hence, op is injective and the result follows. O
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Remark 3.1.14. 1. We could have also defined an isomorphism
oV — V¥,

where
If B is symmetric then we have

but this is not the case in general.

2. In fact, Proposition [3.1.13| has a converse: suppose that og induces an isomorphism
og:V —= V"

Then, B is nondegenerate. This follows because og is injectiveF_TI

3. Suppose that B = (by, ..., b,) C V is an ordered basis of V and B* = (b7, ..., b}) C V* is the dual
basis (Proposition [1.8.3). What is the matrix [05]5 of o5 with respect to B and 5*?

By definition we have )
[oslE = [los(by)]s- - [o5(bn)]5-]-

Now, for each i, og(b;) € V* is a linear form on V so we need to know what it does to elements of V.
Suppose that
v=MAb+ ...+ XbyE V.

Then,
oe(b)(v) = B Acbi, b) = > MeB(by, bi),
k=1 k=1

and
n

> B(b;, bi)br | (v) = | > B(by, bi)b; (ZAkbk>—Z)\kB(bk,b,-),
j=1 k=1 k=1

=1

so that we must have

Hence,

[08]E = [Bls.

It is now clear that B is nondegenerate precisely when the morphism o is an isomorphism.

Definition 3.1.15. Let B € Bilg(V). Let E C V be a nonempty subset. Then, we define the (right)
B-complement of E in V to be the set

EX={veV|B(uv)=0 forevery uc E};

this is a subspace of V[¥|
Similarly, we define the (left) B-complement of E in V to be the set

Ef={veV|B(v,u)=0, forevery uc E};

57Some people actually use this property to define nondegeneracy: they say that B is nondegenerate if o is injective.
If you think about it, you will see that these two definitions are saying the exact same thing.
58 Check this.
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this is a subspace of V[
If B is (anti-)symmetric then we have that

E!t =E*
In this case we write E=L.

Remark 3.1.16. Let E C V be a nonempty subset and B € Bilg(V) be (anti-)symmetric. Then, it is
not hard to see that
E+ = spang(E)*.

Indeed, we obviously have
spang(E)* c EL,

since if B(u,v) = 0, for every u € spang(E), then this must also hold for those u € E. Hence,
v € spang(E)* == v € E+. Conversely, if v € E*, so that B(e,v) = 0, for every e € E, then if
W = ci€1 + ... + ckex € spang(E), then

B(w,v) = B(cies + ... ckex, w) = c1B(er, v) + ... + ck B(ex, w) =0+ ... + 0 = 0.

Proposition 3.1.17. Let B € Bilg(V) be (anti-)symmetric and nondegenerate, U C V a subspace of
V. Then,
dim U + dim U+ = dim V.

Proof: As B is nondegenerate we can consider the isomorphism
og:V —= V",
from Proposition We are going to show that
o(Ut) =anny.(U) = {a € V* | a(u) =0, for every u € U}.
Indeed, suppose that w € U~+. Then, for every u € U, we have
og(w)(u) = B(u,w) =0,

so that og(w) € anny«(U). Conversely, let a € anny«(U). Then, a = og(w), for some w € V, since
opg is an isomorphism. Hence, for every u € U, we must have

0= a(u) = og(w)(u) = B(u, w),
so that w € Ut and a = og(w) € og(U1).
Hence, using Proposition we have
dim U+ = dimog(U*) = dimanny- (U) = dim V — dim U.
The result follows. 0

3.1.2 Adjoints

Suppose that B € Bilg(V) is a nondegenerate symmetric bilinear form on V. Then, we have the
isomorphism

OB : V — V*,
given above.

Consider a linear endomorphism f € Endg (V). Then, we have defined the dual of f (Definition

2V =V am f(a)=aof.

59Check this.
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We are going to define a new morphism f+ : V — V called the adjoint of f: in order to define a
morphism we have to define a function and then show that it is linear.

So, given the input v € V what is the output f*(v) € V? We have og(v) € V* is a linear form on V

and we define
a, = *(op(v)) € V*.

As og is an isomorphism, there must exist a unique w € V such that og(w) = «,. We define
fT(v) = w: thatis, f*(v) € V is the unique vector in V such that

ag(f*(v)) = f*(oa(v))-
Hence, for every u € V we have that
op(FF(v))(v) = F(os(v))(v) = os(f"(v))(u) = o(v)(f(u)) = B(u,f"(v)) = B(f(u),v).

Moreover, since we have
fr =0zt of*oop,

then we see that fT is a linear morphism (it is the composition of linear morphisms, hence must be
linear).

Definition 3.1.18. Let B € Bilg(V) be symmetric and nondegenerate. Suppose that f € Endg(V).
Then, we define the adjoint of f (with respect to B), denoted f*, to be the linear morphism

ft =o0g'of*oop € Endg(V).

It is the unique endomorphism of V such that

B(u, ft(v)) = B(f(u),v), forevery u,ve V.
We will usually just refer to 1 as the adjoint of f, the bilinear form B being implicitly assumed known.

Remark 3.1.19. The adjoint of a linear morphism can be quite difficult to understand at first. In
particular, given an ordered basis B C V, what is [fT]5?

We use the fact that

fr zaglof*oas,

so that

[Ff]s =log"' o f*oosls = [05'15-[F1s-loslf = [Bls'[fl5[Bls

Hence, if B = Ba € Bilg(K"), for some symmetric A € GL,(K), and f = T¢, where C € Mat,(K),
then we have
fT=Tx, where X =A"'C'A.

Example 3.1.20. Consider the bilinear form B = Ba € Bilg(Q?3), where
1 00
A=10 0 1| €GLs(Q).
010

Let f € Endg(Q?) be the linear morphism
f:Q° = Q% x— Cx,

where



Then, the adjoint of f is the morphism

1 -3 -1
Q- Q%; x— |1 5 0|x
0 2 3
As a verification, you can check that
1 1 -3 -—-1f (-1 1 0 1] (1 -1
B 11,11 5 0 0 =B -1 3 0| |1|.]0
0 0 2 3 -1 -3 2 5|10 -1

3.2 Real and complex symmetric bilinear forms
Throughout the remainder of these notes we will assume that K € {R, C}.
Throughout this section we will assume that all bilinear forms are symmetric.

When we consider symmetric bilinear forms on real or complex vector spaces we obtain some particularly
nice results.@ For a C-vector space V and symmetric bilinear form B € Bilc(V) we will see that there
is a basis B C V such that

[Bls = ldimv-
First we introduce the important polarisation identity.

Lemma 3.2.1 (Polarisation identity). Let B € Bilg(V) be a symmetric bilinear form. Then, for any
u,v €V, we have

B(u,v) = % (B(u+v,u+v)—B(u,u) — B(v,v)).

Proof: Left as an exercise for the reader. O

Corollary 3.2.2. Let B € Bilg(V) be symmetric and nonzero. Then, there exists some nonzero v € V
such that B(v, v) # 0.

Proof: Suppose that the result does not hold: that is, for every v € V we have B(v,v) =0. Then,
using the polarisation identity (Lemma [3.2.1]) we have, for every u,v € V,

B(u,v):E(B(u—i—v,u—i—v,)—B(u,u)—B(v,v)):%(0—0—0):0.

2
Hence, we must have that B = 0 is the zero bilinear form, which contradicts our assumption on B.
Hence, ther must exist some v € V such that B(v, v) # 0. O

This seemingly simple result has some profound consequences for nondegenerate complex symmetric
bilinear forms.

Theorem 3.2.3 (Classification of nondegenerate symmetric bilinear forms over C). Let B € Bilc(V) be
symmetric and nondegenerate. Then, there exists an ordered basis B C V such that

[Blz = ldim v -

Proof: By Corollary we know that there exists some nonzero v; € V such that B(vi,v1) # 0
(we know that B is nonzero since it is nondegenerate). Let £; = spanc{vi} and consider Ei- C V.

We have E; N Ei- = {0y }: indeed, let x € E; N E{-. Then, x = cvy, for some ¢ € C. As x € Ej- we
must have
0= B(x,v1) = B(cevi, v1) = cB(v1, v1),

so that ¢ =0 (as B(vy, v1) # 0). Thus, by Proposition [3.1.17} we must have
V=FEaoE".

60 Actually, all results that hold for C-vector space also hold for K-vector spaces, where K is an algebraically closed field.
To say that K is algebraically closed means that the Fundamental Theorem of Algebra holds for K[t]; equivalently, every
polynomial f € K[t] can be written as a product of linear factors.
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Moreover, B restricts to a nondegenerate symmetric bilinear form on ElL: indeed, the restriction is
. L 1 . / /
B Ef x i = C; (u, ') = B(u, u'),

and this is a symmetric bilinear form. We need to check that it is nondegenerate. Suppose that w € Ej-
is such that, for every z € Ef- we have
B(z,w) = 0.

Then, for any v € V, we have v = cv; + z,z € Ej-, c € C, so that
B(v,w) = B(cvi + z,w) = cB(vi,w) + B(z,w) =0+ 0=0,

where we have used the assumption on w and that w € Ej-. Hence, using nongeneracy of B on V we
see that w = Oy. Hence, we have that B is also nondegenerate on Ef-.

As above, we can now find vo € Ej- such that B(vz, v2) # 0 and, if we denote E, = spanc{v.}, then
Ei = B0 E,

where E2l is the B-complement of E; in Ell. Hence, we have

V=EoEaE.
Proceeding in the manner we obtain

V=E® --®E,
where n = dim V, and where E; = spanc{v;}. Moreover, by construction we have that

B(vi,vj) =0, fori#j.

Define
1
B(V,', V,')
we know that the square root \/B(v;, v;) exists (and is nonzero) since we are considering (C—scalars
Then, it is easy to see that

i — Vi

1
B(bib)=4"""7
0, i #J.
Finally, since
V =spanc{bi} @ --- ® spanc{bn},

we have that B = (by, ..., b,) is an ordered basis such that
[Blg = I
O

Corollary 3.2.4. Let A € GL,(C) be a symmetric matrix (so that A = A'). Then, there exists P €
GL,(C) such that

P'AP = I,.
Proof: This is just Theore and Proposition applied to the bilinear form Ba € Bilc(C").
The assumptions on A ensure that Ba is symmetric and nondegenerate. O

Corollary 3.2.5. Suppose that X,Y € GL,(C) are both symmetric. Then, there is a nondegenerate
bilinear form B € Bilc(C") and bases B,C C C" such that

X =[Bls, Y = [Ble-

61This is a consequence of the Fundamental Theorem of Algebra: for any ¢ € C we have that
t? —c=0,

has a solution.
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Proof: By the previous Corollary we can find P, @ € GL,(C) such that
PXP=1,=Q'YQ = (Q)'PXPQ'=Y = (PQT)'XPQ'=Y.

Now, let B = Bx € Bilc(C"), B =8 and C = (cy, ..., ¢,), where ¢; is the i column of PQ~1. Then,
the above identity states that
[Blc = PiclBlsPsec =Y.

The result follows. O

The situation is not as simple for an R-vector space V' and nondegenerate symmetric bilinear form
B € Bilg(V), however we can still obtain a nice classification result.

Theorem 3.2.6 (Sylvester's law of inertia). Let V be an R-vector space, B € Bilg(V) a nondegenerate
symmetric bilinear form. Then, there is an ordered basis B C V such that [B]g is a diagonal matrix

di
[Bls =
dp

where d; € {1, —1}.

Moreover, if p = the number of 1s appearing on the diagonal and g = the number of —1s appearing on
the diagonal, then p and q are invariants of B: this means that if C C V is any other basis of V' such
that

€1
€2
[Ble = . :
€n
where ej € {1, —1}, and p’ (resp. q') denotes the number of 1s (resp. —1s) on the diagonal. Then,
p=p.q=4.
Proof: The proof is similar to the proof of Theorem we determine vy, ..., v, € V such that
V =spang{vi} & - - & spang{v,},

and with B(vj, vj) = 0, whenever i # j. However, we now run into a problem: what if B(v;, v;) < 0?7
We can't find a real square root of a negative number so we can't proceed as in the complex case.

However, if we define
5 = +/|B(vi, vj)|, for every i,

then we can obtain a basis B = (by, ..., b,), where we define
1
b,’ = (STV,'.
Then, we see that
0, i #J,
Bbi by =% 7T
+1, i =,

and [B]p is of the required form.

Let us reorder B so that, for i = 1, ..., p, we have B(b;, b;) > 0. Then, if we denote
P = spang{bs, ..., by}, and Q =spang{bpi1,...,bn},

we have
dimP =p, dmQ =¢q (=n—p).
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We see that the restriction of B to P satisfies
B(u,u) >0, for every u € P,

and that if P C P’, P # P’, with P’ C V a subspace, then there is some v € P’ such that B(v, v) < 0:
indeed, as v ¢ P then we have

v=Mb+ ..+ )\pbp + ,ulbp+1 + ...+ qun,
and some p; # 0. Then, since P C P’ we must have b,;; € P’ and
B(bp+j. bpj) <0

Hence, we can see that p is the dimension of the largest subspace U of V for which the restriction of
B to U satisfies B(u, u) > 0, for every u € U.

Similarly, we can define g to be the dimension of the largest subspace U’ € V for which the restriction
of B to U’ satisfies B(u', u’) < 0, for every v’ € U'.

Therefore, we have defined p and g only in terms of B so that they are invariants of B. O
Corollary 3.2.7. For every symmetric A € GL,(R), there exists X € GL,(R) such that
di
d>
XTAX =
dn
with d; € {1, -1}.

Definition 3.2.8. Suppose that B € Bilg(V/) is nondegenerate and symmetric and that p, g are as in
Theorem Then, we define the signature of B, denoted sig(B), to be the number

sig(B)=p—gq.
It is an invariant of B: for any basis B C V such that
di

d>
[Bls = .

with d; € {1, —1}, the quantity p — q is the same.

3.2.1 Computing the canonical form of a real nondegenerate symmetric bilinear form
([, p.185-191)

Suppose that B € Bilg(V) is symmetric and nondegenerate, with V' a finite dimensional R-vector
space. Suppose that B C V is an ordered basis such that

d
[Bls = . :
dn

where d; € {1, —1}. Such a basis exists by Theorem How do we determine B?

Suppose that C C V is any ordered basis. Then, we know that

Pé. g[BlcPeen = [B]s,

96



by Proposition Hence, the problem of determining B is equivalent to the problem of determining
Pc. g (since we already know C and we can use Pc. g to determine @

Therefore, suppose that A = [a;] € GL,(R) is symmetric. We want to determine P € GL,(R) such that

d1
d>
PIAP = . ,
dn
where d; € {1, —1}.
Consider the column vector of variables
X1
K =
Xn
Then, we have
x'Ax = alle + ...+ a,,,,x,% +2 Z a,-jx,-xj.
i<j

By performing the ‘completing the square’ process for each variable x; we will find variables

Y1 = quxi+ qi2xe + ... + GinXn,
Yo = Qo1x1 + QX1 + ... + QanXy

Yn = qn1X1 + qn2X2 + ...+ qnnXn

such that

XAX=Yi + o+ Yy = Yo~ — Vi

Then, P = [g;] ! is the matrix we are looking for.

Why? The above system of equations corresponds to the matrix equation
y=Qx, @Q=][gj] € GL,(R),

which we can consider as a change of coordiante transformation Py, g from the standard basis S(")
R" to a basis B (we consider x to be the S("-coordinate vector of the corresponding element of R").

Then, we see that
(Py) A(Py) = x*Ax = y? + ... +y§ —y3+1 — =y

where P = QL. As

Y'P'APy = (Py)'A(Py) =i+ .+ Y — Yo — =V =Y" o 2

we see that P!AP is of the desired form. Moreover, B is the required basis.

It is better to indicate this method through an example.

62\Why?
63The assighment x — x'Ax is called a quadratic form. The study of quadratic forms and their properties is primarily
determined by the symmetric bilinear forms defined by A.
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Example 3.2.9. 1. Let

2 -2 0 -1

so that A is symmetric and invertible. Consider the column vector of variable x as above. Then, we
have
x"Ax = x12 + 2x22 — xf — 2x1X3 + Ax1X4 + 2X0x3 — dXoX4.

Let's complete the square with respect to x;: we have
X12 + 2x22 — XZ — 2x1X3 + Ax1x4 + 2x0x3 — dXo Xy
= x2 = 2x1(x3 — 2x4) + (x3 — 2x4)% — (X3 — 2x3)° + 2x2 — X2 + 2x0x3 — 4xoXs
= (31— (3 — 2x2))? +25¢ — X2 — 5xZ + 2x0x3 — dxoxg + dx3xg
Now we set
Y1 =x1 — x3+2xg.
Then, complete the square with respect to the remaining x, terms: we have
2 2 2 2
Y1 +2x5 — x5 — 5x5 + 2x0x3 — dxoxs + 4x3x4

1 1
= y2 +2(x3 + xo(x3 — 2x4) + Z(X3 —2x4)?) — §(X3 —2x3)% — X2 — x¢ — dxsxq

1 3
= )’12 +2(x2 + §(X3 - 2X4))2 — §X32 — 7Xf — 2X3Xy

Now we set
Yo = \ﬁ(Xz + %Xe, —X4)-
We obtain
3
X12 + 2x22 — XZ — 2x1x3 + 4x1X4 + 2x0x3 — dXoXq = }’12 + y22 — §x2 — 7xf — 2X3Xy.
Completing the square with respect to x3 we obtain
2 > 35 2
Yi+y, — §x3 —7x; — 2x3Xs
3 14 49 49
=ity - §(X§ T XXt EXE) + gxf
3 7 49
=i+ - E(X3 + §X4)2 FX‘%'
Then, set
¥3 3(xz+ Lxa),
Y4 = %M
So, if we let

QO
I

o O O
o o
o%
NIlw

then we have
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Hence, if we define P = Q~1, then we have that

Hence, we have that p = 3, = 1 and that if Ba € Bilg(R*) then

sig(Ba) =3—-1=2.

2. Consider the matrix

-1 0 0
A=10 0 1
0 1 0

which is symmetric and invertible. Consider the column vector of variables x as before. Then, we have
tA o 2
X AX = —X] + 2xpX3.

Proceeding as before, we ‘complete the square’ with respect to x» (we don't need to complete the square
for x1): we have

— X2 + 2x0x3
> 1 » 1 2
= —x +50e+x3)" - 50— x)
2 2
Hence, if we let
1= X1

then we have

Furthermore, if we let

1 0 0
Q=1 % 7|
0 %5
and defined P = Q1, then
-1
PIAP = 1
-1
Hence, p=1,g =2 and
sig(Ba) = —1.

3.3 Euclidean spaces
Throughout this section V will be a finite dimensional R-vector space and K = R.

Definition 3.3.1. Let B € Bilg(V) be a symmetric bilinear form. We say that B is an inner product
on V if B satisfies the following property:

B(v,v) >0, foreveryve V,and B(v,v)=0< v =0y.

If B € Bilg(V) is an inner product on V then we will write

(u, v) % B(u, v).
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Remark 3.3.2. Suppose that (,) is an inner product on V. Then, we have the following properties:
i) (Au+v,w) = Xu,w) + (v, w), for every u,v,w € V, X €K,
i) (u, Av+w)=Xu,v)+ (u,w), forevery u,v,w € V, A € K,
i) (u, vy ={v,u), for every u,v € V.
iv) (v,v) >0, for every v € V, with equality precisely when v = 0y .
Property iv) is often referred to as the positive-definite property of an inner product.

Definition 3.3.3. A Euclidean space, or inner product space, is a pair (V,(,)), where V is a finite
dimensional R-vector space and (,) is an inner product on V.

Given an inner product space (V, (,)) we define the norm function on V (with respect to (,)) to be the

function
]V = Rxo s v [lv]| = (v, v).
For any v € V we define the length of v (with respect to (,)) to be ||v|| € R>o.
Let (V1,(,)1), (V2,{,)2) be inner product spaces. Then, we say that a linear morphism

f: V1 — V2,
is a Euclidean morphism if, for every u, v € Vi we have

(u,v)1 = (f(u), f(v))2.

A Euclidean morphism whose underlying linear morphism is an isomorphism is called a Euclidean iso-
morphism.

If f:(V,()) = (V,{(,)) is a Euclidean morphism such that the domain and codomain are the same
Euclidean space, then we say that f is an orthogonal morphism, or an orthogonal transformation. We
denote the set of all orthgonal transformations of (V, (,)) by O(V, {,)), or simply O(V) when there is
no confusion.

Example 3.3.4. 1. We define n-dimensional Euclidean space, denoted E”, to be the Euclidean space
(R", ), where - is the usual ‘dot product’ from analytic geometry: that is, for x, y € R” we have

Q.
3

e

Xy = x'y =xi1 + .+ Xnn.

I'<

It easy to check that - is bilinear and symmetric and, moreover, we have
x-x=x'x=x2+ .. +x2>0,

with equality precisely when x = 0.

Given x € E", the length of x is

llxl] = \/xf + ...+ x2.

2. Consider the symmetric bilinear form By € BiIR(R3) where

1 0 O
A=|0 0 -1
0 -1 0
Then, you can check that
0
x=|1| e R3,
1

has the property that
Ba(x,x) = -2 <0,

so that By is not an inner product on R3.
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3. Let By € Bilg(R*) be the symmetric bilinear form defined by

OO R K
O O N+
= N O O
= = O O

Then, By is an inner product: indeed, let x € R3. Then, we have

Ba(x, x) = X3 + 2x1x0 + 2x3 + 2x3 + 2x3x4 + Xz = (x1 + x2)? + x5 + x5 + (x5 + x4)? > 0,

and we have Ba(x, x) = 0 precisely when

x1+x=0 x%=0 x3=0, x3+x4 =0,

sothat xy = x =x3 = x4 =0 and x = 0.

With respect to this inner product, the vector

has length

x| = V{x. x) = V2.

Hence, (R% B,) is a Euclidean space.

4. In fact, a symmetric bilinear form B on an n-dimensional R-vector space V is an inner product
precisely when sig(B) = n[*]

5. Consider the linear morphism T4 € Endg(R?), where

1 |1 -1
A=z h 7
Then, T4 is an orthogonal transformation of E2: indeed, for any x,y € R2, we have

Ta(x) - Ta(y) = (Ax)"(Ay) = x'A'Ay = x'y = x -y,

since A~1 = At

This example highlights a more general property of orthogonal transformations of E” to be dis-
cussed later:
A€ O(E") if and only if A~* = A*[

6. If (V,(,)) is a Euclidean space then idy is always an orthogonal transformation.

Remark 3.3.5. 1. A Euclidean space is simply a R-vector space V equipped with an inner product. This
means that it is possible for the same R-vector space V to have two distinct Euclidean space structures
(ie, we can equip the same R-vector space with two distinct inner products). However, as we will see
shortly, given a R-vector space V there is essentially only one Euclidean space structure on V: this
means that we can find a Euclidean isomorphism between the two distinct Euclidean space structures
on V.

64This is shown in a few paragraphs.
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2. It is important to remember that the norm function ||.|| is not linear. In fact, the norm function is
not additive: indeed, let v € V be nonzero. Then,

1

O =lov| = [lv + (=)

so that if ||.|| were additive then we would have ||v||+||—v|| =0, for every v € V. As ||v|
then we would have that

~vl=0

’

[lv][=1] = v|| =0, for every v € V.
That is, every v € V would have length 0. However, the only v € V that can have length 0 is v = Oy.

Moreover, for any v € V, A € K, we have
AV = [Allvl]-
Theorem 3.3.6. Let (V, (,)) be a Euclidean space. Then,
a) forany u,v € V we have
[lu+ v < ||ull +]|v]]- (triangle inequality)
b) ||vl| = 0 if and only if v = 0y.
c) if {u,v) =0 then
ul]? + |[VI]? = ||u+ v]]. (Pythagoras’ theorem)
d) for any u,v € V we have

[(u, v)| < ||ull||v]]. (Cauchy-Schwarz inequality)

Proof: Left as an exercise for the reader. O

We will now show that there is essentially only one Euclidean space structure that we can give an
arbitrary finite dimensional R-vector space. Moreover, this Euclidean space structure is well-known to
us all.

Lemma 3.3.7. Suppose that {,) is an inner product on V. Then, {,) € Bilg(V) is nondegenerate.
Proof: We need to show the following property of (,):
if v € V is such that (u,v) =0, for every u € V, then v =0y.
So, suppose that v € V is such that (u, v) =0, for every u € V. In particular, we must have
(v,v) =0 = v =0y,
by the defining property of an inner product (Remark iv)). Hence, {,) is nondegenerate. O

Hence, using Sylvester's law of inertia (Theorem [3.2.6]), we know that for a Euclidean space (V, {(,))
there is an ordered basis B C V such that

d
()]s = . where d; € {1,—1}, n=dim V.
dn

Moreover, since (,) is an inner product we must have that sig({,)) = n: indeed, we have

sig((,.))=p—qge{-n—(n—-1),...,n—1,n},

so that sig({,)) = n if and only if g = 0, so that there are no —1s appearing on the diagonal of [{, }]5.
If some d; = —1 then we would have

0 < (b, bj) = -1,
which is impossible. Hence, we must have d; = d, = ... = d, = 1, so that
[<: >]B =In.
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Theorem 3.3.8 (Classification of Euclidean spaces). Let (V,{(,)) be a Euclidean space, n = dim V.
Then, there is a Euclidean isomorphism

f:(V,() —E"
Proof: Let B C V be an ordered basis such that

[( B = In.

Then, let
f:[—]BZ vV — R",

be the B-coordinate morphism. Then, this is an isomorphism of R-vector spaces so that we need only
show that

(u,v) = [u]s - [V]s,

for every u,v € V. Now, let u, v € V and suppose that

U:Zn:)\,’b;, U:zn:ujbj.
i=1 j=1
Then,
(wov) = QO Nibi > wib) = Niplbi b)) = > Nipsi,
i=1 =1 ij i=1

where we have used bilinearity of (,) and that

1, i=},
(bi, bj) = o
0, i #J.
Now, we also have
H1 n
[Wls - Vs = [Wlslvls = D - Al | 3| = D0 dipr = (wv),
i=1
fn
and the result follows. O

Corollary 3.3.9. Let (V4, (,)1), (V2, (,)2) be Euclidean spaces. Then, ifdim V4 = dim V5 then (V4, (, )1)
and (Va, {, )2) are Euclidean-isomorphic.

Proof: By Theorem [3.3.8| we have Euclidean isomorphisms
fl : (Vl, <,>1) — En, fz . (V2, <, >2) — E".

Then, as the composition of two Euclidean isomorphisms is again a Euclidean isomorphism®| then we
obtain an isomorphism

fytof: (Vi (1) = (Va, (,)2).
O

In fact, the condition defining a Euclidean morphism (not necessarily an isomorphism) is extremely
strong: if (V4, (,)1) and (V, {, )2) are Euclidean spaces and f : V; — V5 is a Euclidean morphism, then
it is easy to check that we must have

llv|| = [If(v)]], for every v € V,
so that f is length preserving. If you think about what this means geometrically then we obtain that
‘Euclidean morphisms are always injective’

since no nonzero vector can be mapped to Oy, by f. As a consequence, we obtain

66Check this.
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Proposition 3.3.10. Let (V4,{,)1),(V2, {,)2) be Euclidean spaces of the same dimension. Then, if
there exists a Euclidean morphism
f: Vl — V2,

it must automatically be a Euclidean isomorphism.
Corollary 3.3.11. Let (V,(,)) be a Euclidean space. Then, every Euclidean endomorphism
f:vVv-V
is an orthogonal transformation (= Euclidean isomorphism). Hence, we have
O(V) = {f € Endr(V) | f is Euclidean}.

Definition 3.3.12. The set of orthogonal transformations of E” is called the orthogonal group of size
n and is denoted O(n).

Suppose that g € O(n) is an orthogonal transformation of E” and identify g with its standard matrix
[g]swm- Then, we must have, for every x,y € R”, that

x-y=(gx)-(gy) = (8x)"(gy) = x'g"gy,
so that
x'y = x'g'gy,
for every X,y € R”. Hence, by Lemma we must have that
g'g=1I
Hence, we see that we can identify
[~]sm : O(n) = {X € Mat,(R) | X'X = I,}.
Moreover, this identification satisfies the following properties:
- [idgr] s = I,
- for every f,g € O(n), [f o glsw = [flsm[&]sm-
Hence, the correspondence
[~]sm : O(n) = {X € Mat,(R) | X'X = I,},
is an isomorphism of groups.

From now on, when we consider orthogonal transformations g € O(n) we will identify g with
its standard matrix. Then, the previous discussion shows that g € GL,(R) and g'g = /,.

Let's think a little bit more about the condition
ALA =1,
for A € Mat,(R).

i) If Ais such that A'A = |, then we must have that det(A)? = 1, since det(A) = det(A?). In
particular, det(A) € {1, —1}F"|so that A € GL,(R): the inverse of A is A~} = Af. Furthermore,
this implies that we must have

AAt = AAT =y,
so that
671t is NOT true that if A € GLa(R) such that det A =1 then A € O(n). For example, consider
1 1
A= [1 2} .

Then, it is not the case that A'A =k, so that A ¢ O(2).
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A'A = |, if and only if AAt = |,.

ii) Let us write
A= [31 an]’

so that the i* column of A is a;. Then, as A € GL,(R) we have that {ay, ..., a,} is linearly
independent and defines a basis of R”. Moreover, as the i*" row of A! is al, then the condition

A'A = |, implies that
. )L 0=
aj-a; = a;jaj = . )
0, i #j.

In particular, we see that each column of A has length 1@ (with respect to the inner product
-), and that the --complement of a; is precisely

spang{aj | j # i}

i) A matrix A € Mat,(R) such that
ATA = I,

will be called an orthogonal matrix.

iv) A matrix A € Mat,(R) is an orthogonal matrix if and only if for every x, y € R" we have
(Ax) - (Ay) = x-y.

We can interpret this result using the slogan

‘orthogonal transformations are the ‘rigid’ transformations’

Example 3.3.13. 1. Let 6 € R and consider the matrix

Ry = {cos& —sin@

sinf cos@} € Maty(R).

Then, you may know already that Ry corresponds to the ‘rotate by 6 counterclockwise’ morphism
of R?. If not, then this is easily seen: since Ry defines a linear transformation of R? we need only
determine what happens to the standard basis of R2. We have

cos —sind
Roey = [sin 9} + Roea = |:C059 ] '

and by considering triangles and the unit circle the result follows.

You can check easily that
RiRy = b,

so that Ry € O(2).

In fact, it can be shown that every orthogonal transformation of R? that has determinant 1 is
of the form Ry, for some §. Moreover, every orthogonal transformation of R? is of one of the

following forms:
01
Rg, or |:1 0:| Rg.

68Similarly, we obtain that each row must have legnth 1
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3.3.1 Orthogonal complements, bases and the Gram-Schmidt process

Definition 3.3.14. Let (V,(,)) be a Euclidean space, S C V a nonempty subset. We define the
orthogonal complement of S, denoted S1, to be the (, )-complement of S defined in Definition|3.1.15
Hence,

St={veV|{(v,s)=0, foreverysc S} ={ve V|(s,v) =0, forevery s € S}.
S~ is a subspace of V, for any subset S ¢ V'[9
Proposition 3.3.15. Let (V,(,)) be a Euclidean space and U C V' a subspace. Then,
V=UoU".

Proof: We know that dim V = dim U + dim U+ by Proposition |3.1.17} Hence, if we show that
UnN Ut = {0y} then we must have

V=U+U"=Ua UM
Assume that v € UN UL. Then, v € U and v € U+ so that

0= (v,v) = v =0y,
since (,) is an inner product. The result follows. O
Remark 3.3.16. 1. Just as we have shown before, we have

St = (spang S)*.

2. If we are thinking geometrically (as we should do whenever we are given any Euclidean space V) then
we see that the orthogonal complement U+ of a subspace U is the subspace of V which is ‘perpendicular’
to U. For example, consider the Euclidean space E3, U is the ‘x-axis’, which we'll denote L. Then, the
subspace that is perpendicular to the x-axis is the x = O-plane 1. Indeed, we have

X 0
L=<10] eR®}, and N={ |y| eR®
0 z

It is easy to check that M= L[]

Definition 3.3.17. Let (V, (,)) be a Euclidean space, U C V a subspace and v € V. Then, we define
the projection of v onto U to be the vector proj, v defined as follows: using Proposition [3.3.15| we know
that V = U @ UL so that there exists (unique!) ue U,z € U+ such that v = u+ z. Then, we define

projy v “ueu.
Remark 3.3.18. In fact, the assignment
projy : V= U; v proj, v,
is precisely the ‘projection onto U' morphism defined earlier. As a consequence we see that

projy(v + v') = proj, v + projy v/, and proj, Av = Aproj v.

We can think of proj, v in more geometric terms.

9Check this.
70T his follows from the dimension formula.
Do this!
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Proposition 3.3.19. Let (V, (,)) be a Euclidean space, U C V a subspace and v € V. Then, proj, v €
U is the unique vector in U such that

projy v — v < flu—vll, ue U.

Hence, we can say that proj v is the closest vector to v in U.

Proof: Let u € U. Then, we have
(projy v — v) + (u — projy v) = (u—v),
and, since proj, v — v € U (Definition and u — proj, v € U, then
[lu—vI[> = [ projy v — v|[* +[|u — projy v||* > || projy v — v,
where we have used Pythagoras’ theorem (Theorem . Hence, we have
[|lu—v]|| >||projyv —v||, forany ue U.

Suppose that w € U is such that

[lw—v|| <|lu—v]||, foranyue U.

This implies that we must have
[lw = v|| = || projy v — v/|,

by what we have just shown.

Now, using Pythagoras’ theorem, and that v — proj, v € U+, proj, v — w € U, we obtain

[lv—wl[? = [|v—projy v+projy v—wl|* = [|v—projy v|[* +|| projy v —wl|[> = || projy v—wl[> =0,
and proj, v = w. Hence, proj, v is the unique element of U satisfying the above inequality. O

Example 3.3.20. Consider the Euclidean space E? and let L C R? be a line through the origin. Suppose
that v € R? is an arbitrary vector. What does proj, v look like geometrically?

Using Proposition [3.3.19| we know that w = proj, v € L is the unique vector in L that is closest to v.
- if v € L then proj, v = v, as v € L is the closest vector v (trivially).

- if v ¢ L then consider the line L’ perpendicular to L and for which the endpoint of the vector v lies
on L’ (so it might not be the case that L’ is a line through the origin). The point of intersection
LN L' defines the vector proj, v.

In fact, it is precisely this geometric intuition that guides the definition of proj, v: we have defined
proj, v € L as the unique vector such that

v=proj,v+z zel

Definition 3.3.21. Let (V,(,)) be a Euclidean space. We say that a subset S C V' is an orthogonal
set if, for every s, t € S, s # t, we have

(s,t) =0.
Lemma 3.3.22. Let S C V be an orthogonal set of nonzero vectors. Then, S is linearly independent.
Proof: Left as en exercise for the reader. O
Lemma 3.3.23. Let S = {s1, ..., sk} C V be an orthogonal set and such that S contains only nonzero

vectors. Then, for any v € V, we have

(v, s1) (v, sk)

roj = s1+ ..
p JspanRS v <51v51> 1 + <5kv5k>

Sk .



Proof: Since S is linearly independent we have that S forms a basis of spany S. Hence, for any
v € V, we can write
PrOjspan, s V = A151 + .. + ASk,
for unique A1, ..., A\x € R. Hence, for each i =1, ..., k, we have
(Projspang s Vi Si) = Ailsi, si),
using that S is orthogonal. Hence, we have that

N\ = <pr0jspanR5 v, Si>
= — RS 7
(sivsi)
Now, since v — projg,,n. s v € (spang S)* we see that, for each i,
0= <V - projspanRS Vi 5i> = <Vv 5i> - <projspan]R5 v, Sf> = <V, 5i> = <proj5panR5v S,'>.
The result follows. 0

Definition 3.3.24. Let (V,(,)) be a Euclidean space. A basis B C V is called an orthogonal basis if
it is an orthogonal set.

An orthogonal basis B is called orthonormal if, for every b € BB, we have ||b|| = 1.
Remark 3.3.25. 1. Recall that we defined an orthogonal matrix A € Mat,(R) to be a matrix such that
ATA = |,

The remarks at the end of the previous section imply that the columns of an orthogonal matrix
define an orthonormal basis.

2. Not every basis in a Euclidean space is an orthogonal basis: for example, consider the Euclidean

space 2. Then,
o= () -

by by =1#0.

is a basis of R? but we have

3. It is not true that any orthogonal set E C V defines an orthogonal basis of spany E: for example, let
v € V be nonzero and consider the subset E = {0y, v}. Then, E is orthogona but E is not a basis,
as E is a linearly dependent set. However, if E contains nonzero vectors and is orthogonal then E is an

orthogonal basis of spang E, by Lemma [3.3.22

At first glance it would appear to be quite difficult to determine an orthogonal (or orthonormal) basis of
V. This is essentially the same problem as coming up with an orthogonal matrix. Moreover, it is hard
to determine whether orthogonal bases even exist!

It is a quite remarkable result that given ANY basis B of a Euclidean space (V, (,)) we can determine
an orthonormal basis B’ of V. This is the Gram-Schmidt process.

Theorem 3.3.26 (Gram-Schmidt process). Let (V,(,)) be a Euclidean space, B = (b1, ..., b,) C V an
arbitrary ordered basis of V. Then, there exists an orthonormal basis B’ = (b{, ..., b},) C V.

Proof: Consider the following algorithm: define
c = by.
We inductively define ¢;: for 2 < i < n define
¢i = bj — projg._, b;

def
where E;_; = spang{ci, ..., ci_1}.
If i < j then
(ci.g) =0,
since c; € EL, b constructio and ¢ € E;
d] j—1 y b i j—1-

"2Check this.
73Think about why this is true. What is the definition of G?
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Hence, C = (c1, ..., ¢p) is an orthogonal basis. To obtain an orthonormal basis B’ = (b1, ..., b,) given
an orthogonal basis C, we simply set

Then, we have
B =1,
and B’ is an orthonormal basis. O

Corollary 3.3.27. Let (V,(,)) be a Euclidean space, E C V an orthogonal set consisting of nonzero
vectors. Then, E can be extended to an orthogonal basis of V.

Proof: Left as an exercise for the reader. O

Remark 3.3.28. 1. Let’s illuminate exactly what we have done in the proof of Theorem [3.3.26] making
use of Lemma 3.3.231

Let B = (b, ..., by) be any basis. We can organise the algorithm from Theorem [3.3.26|into a table

C = b1
o (by,c1)
@ R éiiég T
— 3,C1 3,02
= bs— () 1™ (ac)
_ (bn,c1) (bn,cn—1)
€= bn— (C1,611) = (Cn—lv‘:nil) n—1
Then C = (¢, ..., ¢,) is an orthogonal basis of V. To obtain an orthonormal basis of V' we set
b = G , for each i.
Ilcil
Then, B’ = (bj, ..., b)) is orthonormal.

In practice in can be quite painful to actually perform the Gram-Schmidt process (if dim V is large).
However, it is important to know that the Gram-Schmidt process allows us to show that orthonormal
bases exist.

2. If B is orthogonal to start with then the basis C we obtain after performing the Gram-Schmidt process
is just C = B.

3. It is important to remember that the Gram-Schmidt process depends on the inner product (,)
used to define the Euclidean space (V/, (,)).

Example 3.3.29. Let V = E? and consider the basis

5= (1A B)

Let's perform the Gram-Schmidt process to obtain an orthogonal basis C = (ci, ;) of E2. We have

NIw

IRV

& = Q_EH—IJ L1_ ] awsen [1]_ 2],
o HHH )= [e] e 4] -

[11} ' mﬂ =7/2-7/2=0.

-5 4503

we have that B’ = (b1, b5) is orthonormal.

If we define
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Corollary 3.3.30 (QR factorisation). Let A € GL,(R). Then, there exists an orthogonal matrix Q €
O(n) and a upper-triangular matrix R such that

A= QR.

Proof: This is a simple restatement of the Gram-Schmidt process. Suppose that

A=lay -+ an]
Then B = (ay, ..., a,) is an ordered basis of R". Apply the Gram-Schmidt process (with respect to the
dot product) to obtain an orthonormal basis B = (by, ..., b,) as above. Then, we have
bl = l31

r

by, = ,iz (32 - (32 : bl)bl)

bn = rl,, (an - (an . bl)bl e (an . bnfl)bnfl)
where r; € R+ is the length of the ¢; vectors from the Gram-Schmidt process. We have also slightly
modified the Gram-Schmidt process (in what way?) but you can check that (by, ..., b,) is an orthonormal
basis[™]

By moving all b; terms to the left hand side of the above equations we obtain the table
nb =a
(82 . bl)bl +nb =a
(an'bl)bl+---+(an’bn—1)bn—l+rnbn = dn

and we can rewrite these equations using matrices: if

n a-b a-b - ap-b
0 r a3 by -+ an-bo

Q=1[bs - by)€O(n), R= 0 0 r3 cvap-bs ’
0 '

then we see that the above equations correspond to

QR = A.

3.4 Hermitian spaces

In this section we will give a (very) brief introduction to the definition and fundamental properties of
Hermitian forms and Hermitian spaces. A Hermitian form can be considered as a ‘quasi-bilinear form’
on complex vector spaces.

Definition 3.4.1. Let V be a C-vector space. A function
H:VxV—=C; (uv)— H(u,v),
is called a Hermitian form on V if
(HF1) for any u,v,w € V, A € C,

H(u+ Av,w) = H(u, w) + AH(v, w),

Do this!
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(HF2) for any u,v € V,
H(u,v) = H(v, u), (Hermitian symmetric)

where, if z=a+ /—1b € C, we define the complex conjugate of z to be the complex number

Z=a—+Vv-1beC.

We denote the set of all Hermitian forms on V' by Herm(V/).

Remark 3.4.2. It is a direct consequence of the above definition that if H is a Hermitian form on V
we have

H(u, v+ Aw) = H(u, v) + AH(v, w),
for any u,v,w e V, A € C.
We say that a Hermitian form is

‘linear in the first argument, antilinea”| in the second argument’

Definition 3.4.3. Let V be a C-vector space, B = (by, ..., b,) C V an ordered basis and H a Hermitian
form on V. Define the matrix of H with respect to B, to be the matrix

[H]s = [aj], a; = H(bi, b)).
The Hermitian symmetric property of a Hermitian form implies that

—t
[H]s = [H]3,
where, for any matrix A = [a;] € Matp, o(C), we define
A=[bj], bj=3j.

A matrix A € Mat,(C) is called a Hermitian matrix if

t

A=A
For any A € Mat,(C), we will write
2% g
hence, a matrix A € Mat,(C) is Hermitian if A" = A.
Lemma 3.4.4. For any A, B € Mat,(C),n € C we have
- (A+B)h= A"+ B,
- (AB)" = Bh AP,
- (nA)" = A"

Lemma 3.4.5. Let V be a C-vector space, B C V an ordered basis of V and H a Hermitian form on
V. Then, for any u,v € V, we have

H(u, v) = [u]5[H]s[V]g.
Moreover, if A € Mat,(C) is any matrix such that
H(u, v) = [u]A[V]5,

for every u,v € V, then A = [H]5.
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Example 3.4.6. 1. Consider the function

H:C>xC? = C; (z,w) = 21wy + V12w, — V—1z1W,.

H is a Hermitian form on C2.

2. The function
H:C?>xC?>—=C; (z,w) = z1wy + zows,

is NOT a Hermitian form on C?: it is easy to see that
TR = I s A ST S L
V=l ) T =A 1| |v=) )

H:CxC—C; (z,w) — zw,

3. The function

is a Hermitian form on C.

4. Let A= ajj € Mat,(C) be a Hermitian matrix. Then, we define

n n
Hpa:C"xC" = C; (z,w) — ' Aw = ZZa,-jz,-Wj.

i=1 j=1

Hj is a Hermitian form on C". Moreover, any Hermitian form H on C" is of the form H = Hy,
for some Hermitian matrix A € Mat,(C).

Lemma 3.4.7. Let H € Herm(V), B,C C V ordered bases on V. Then, if P = Pc. is the change of
coordinate matrix from B to C, then
P"[H]cP = [H]s.

Definition 3.4.8. Let H € Herm(V). We say that H is nondegenerate if [H]g is invertible, for any
basis B C V. The previous lemma ensures that this notion of nondegeneracy is well-defined (ie, does
not depend on the choice of basis B)F_E]

Theorem 3.4.9 (Classification of Hermitian forms). Let V' be a C-vector space, n = dim V and H €
Herm (V) be nondegenerate. Then, there is an ordered basis B C V such that

d
[H]s = . die{l, -1}
dn
Hence, if u,v € V with
& m
W= ||, Vls=1|:].
&n "I

then we have .
H(u,v) =Y digim;.
i=1

Proof: The proof is similar to the proof of Theorem [3.2.6] and uses the following facts: for any
Hermitian form H € Herm(V), there exists v € V such that H(v, v) # 0; if H € Herm(V/) is nonde-
generate then for any subspace U C V we have V = U @ U~. The first fact follows from an analagous
‘polarisation identity’ for Hermitian forms. U

"6Note that the determinant of A" is equal to det A: indeed, we have

det(A") = det(A") = det A = det A.
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Definition 3.4.10. A Hermitian (or unitary) space is a pair (V, H), where V is a C-vector space and
H is a Hermitian form on V such that [H]g = I,, for some basis 5. This condition implies that H is
nondegenerate.

If (V, H) is a Hermitian space and E C V is a nonempty subset then we define the orthogonal comple-
ment of E (with respect to H) to be the subspace

Et ={ve V|H(v,u)=0, forevery uc E}.

We say that z, w € V are orthogonal (with respect to H) if H(z,w) = 0. We say that E C V is
orthogonal if H(s,t) =0, for every s # t € E.

A basis B C V is an orthogonal basis if BB is an orthogonal set. A basis B C V' is an orthonormal basis
if it is an orthogonal basis and H(b, b) = 1, for every b € B.

We define H" = ((Cnv H/n), where
Hi (z. w) = ziw1 + ... + z,W,,.

As in the Euclidean case we obtain the notion of a ‘Hermitian morphism': a Hermitian morphism
f:(V,Hy) — (W, Hy) is a linear morphism such that

Hw(f(u), f(v)) = Hy(u,v), for any u,v € V.

In particular, if (V, H) is a Hermitian space then we denote the set of all Hermitian isomorphisms of
(V, H) by U(V, H), or simply U(V) when there is no confusion. A Hermitian isomorphism is also called
a unitary transformation of V. Thus,

UvV)y={f:V - V| H(uv)=H(f(u), f(v)), foranyuve V}
We denote U(n) = U(H") and it is straightforward to verify{7_7] that
U(n) = {Ta € Endc(C") | A € Mat,(C) and A"A = I,}.
We say that A € Mat,(C) is a unitary matrix if
APA = |,

Thus, we can identify the set of unitary transformations of H"” with the set of unitary matrices. Moreover,
this association is an isomorphism of groups.

As a consequence of Theorem we can show that there is essentially only one Hermitian space of
any given dimension.

Theorem 3.4.11. Let (V, H) be a Hermitian space, n = dim V. Then, there is a Hermitian isomorphism
f:(V,H)—H"

Remark 3.4.12. There are generalisations to Hermitian spaces of most of the results that apply to
Euclidean spaces (section 3.3). In particular, we obtain notions of length and Cauchy-Schwarz/triangle
inequalities. For details see [I], section 9.2.

77Every linear endomorphism f of C” is of the form f = T, for some A € Matn((C). Then, for f to be a Hermitian
morphism we must have L .
z'w = (Az)'Aw = z' A'Aw, for every z, w € C".

This implies that AtA = [,, which is equivalent to the condition AhA = I,
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3.5 The spectral theorem

In this section we will discuss the diagonalisabliity properties of morphisms in Euclidean/Hermitian
spaces. The culmination of this discussion is the spectral theorem: this states that self-adjoint mor-
phisms are orthogonally/unitarily diagonalisable and have real eigenvalues. This means that such mor-
phisms are diagonalisable and, moreover, there exists an orthonormal basis of eigenvectors.

Throughout section 3.5 we will only be considering Euclidean (resp. Hermitian) spaces (V/, (,)) (resp.
(V, H)) and, as such, will denote such a space by V, the inner product (resp. Hermitian form) being
implicitly assumed given.

First we will consider f-invariant subspaces U C V and their orthogonal complements, for an orthogo-
nal/unitary transformation f : V — V.

Proposition 3.5.1. Let f : V — V be an orthogonal (resp. unitary) transformation of the Euclidean
(resp. Hermitian) space V and U C V be an f-invariant subspace. Then, U* is f*-invariant, where
ft:V — V is the adjoint of f (with respect to the corresponding inner product/Hermitian form )F_g]

Proof: To say that U is f —-invariant means that, for every u € U, f(u) € U. Consider the orthogonal
complement of U in V, U~ and let w € U+L. Then, we want to show that f*(w) € UL. Now, for each
u € U, we have

H(u, ft(w)) = H(f(u), w) =0,

as f(u) € U. Hence, f¥(w) € U+ and Ut is f*-invariant. O

Lemma 3.5.2. Let (V, H) be a Hermitian space and U C V be a subspace. Then, the restriction of H
to U is nondegenerate.

Proof: Suppose that v € U is such that H(u,v) =0, for every u € U. Then, V = U® U+ (as H is
nondegenerate). Hence, if w € V then w = u + z, with u € U,z € U+ and
H(w,v)=H(u+zv)=H(u,v)+ H(z,v)=0+0=0.

Hence, using nondegeneracy of H on V we have v = Oy and the restriction of H to U is nondegenerate.
O

3.5.1 Normal morphisms

Throughout this section we will assume that V is a Hermitian space, equipped with the Hermitian form
H. The results all hold for Euclidean spaces with appropriate modifications to statements of results and

to proofs[™Y]

Definition 3.5.3 (Normal morphism). Let V' be a Hermitian space. We say that f : V — V is a normal
morphism if we have
foft =ftof.

"8Given a linear morphism f : V — V, where (V, H) is a Hermitian space, we define the adjoint of f to be the morphism

ff =0, of oon: V=V,

where
oy : V= V*; v oy(v), so that (oy(v))(u) = H(u, v).
It is important to note that oy is NOT C-linear: we have oi(\v) = Aoy(v), for any A € C. However, the composition
0;1 o f* ooy IS linear (check this). The definition of f* implies that, for every u, v € V, we have
H(f(u),v) = H(u, fT(v));

moreover, f1 is the unique morphism such that this property holds.

As a result of the nonlinearity of oy we DO NOT have a nice formula for the matrix of £+ in general. However, if V = H"
and f = T4 € Endc(V), where A € Mat,(C), then T = T,4: indeed, for any z, w € C" we have
H(Az, w) = (Az)'w = ' A'W = z' Ahw = H(z, A"w).

"We could consider a Euclidean space as being a real Hermitian space, since x = X, for every x € R.
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Example 3.5.4. Let V be a Hermitian (resp. Euclidean) space. Then, unitary (resp. orthogonal)
transformations of V are normal.

However, not all normal morphisms are unitary/orthogonal transformations: for example, the morphism
Ta € Endc(C3) defined by the matrix

A:

=
o R
—= = o

is normal but does not define a unitary transformation of H® (as A"A # k).

Normal morphisms possess useful orthogonality properties of their eigenvectors.

Lemma 3.5.5. Let f : V — V be a normal morphism of the Hermitian space (V, H), f* : V — V the
adjoint of f (with respect to H). If v € V is an eigenvector of f with associated eigenvalue A € C then
v is an eigenvector of f+ with associated eigenvalue A € C.

Proof: First, we claim that E, (the A-eigenspace of f) is f-invariant: indeed, for any u € E we
want to show that f*(u) € E. Then,

F(FT(u)) = FT(F(u)) = FT(Au) = AT (),

so that f*(u) € Ex. Hence, f* defines an endomorphism of Ex. Now, let v € E\ be nonzero (so that
v € V is an eigenvector of f with associated eigenvalue A). Then, for any u € Ey we have

H(u, ft(v)) = H(f(u),v) = HAu, v) = H(u,Xv) = H(u,f"(v) —Xv) =0, for every u € Ej.
Then, by Lemma [3.5.2 we see that
fr(v) —Av =0y = f(v) =\,

and the result follows. O

Lemma 3.5.6. Let f : V — V be a normal morphism of the Hermitian space V.. Then, if vy, ..., vx € V
are eigenvectors of f corresponding to distinct eigenvectors &1, ..., &k (so that & # &, i # j), then
{v1,..., v} is orthogonal.

Proof: Consider v;,v; with i # j. Then, we have f(v;) = &v; and f(v;) = &v; as v, v are
eigenvectors. Then,
&iH(vi,vy) = H(&viy vy) = H(f(vi), vj) = H(vi, £(v)) = H(vi, §v) = §H(vi, v;),
so that
(& —&)H(vi,vj)) =0 = H(vi,vj) =0, since & # &;.
O

Theorem 3.5.7 (Normal morphisms are orthogonally diagonalisable). Let (V, H) be a Hermitian space,
f : V — V a normal morphism. Then, there exists an orthonormal basis of V' consisting of eigenvectors
of f.

Proof: Since V is a C-vector space we can find an eigenvector v € V of f with associated eigenvalue
A € C (as there is always a root of the characteristic polynomial x¢). Let Ex C V be the corresponding
\-eigenspace (so that Ex # {0y }). Consider the orthogonal complement E5- of E, (with respect to H).
Then, since H is nondegenerate we have

V=EoE [

We are going to show that Ej‘ is f-invariant: let w € Ej‘, so that for every v € E) we have

H(u,v)=0.

80You can check that Ey N EAL ={0y}.
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We want to show that f(w) € E;-. Let u € Ey. Then, using Lemma we obtain
H(f(w), u) = H(w, ft(u)) = H(w, Au) = AH(w, u) = 0.
Hence, f(w) € Ei- and Ej- is f-invariant.

So, we have that Ej‘ is both f-invariant and f*-invariant (Proposition and so f and f1 define
endomorphisms of Ej‘. Moreover, we see that the restriction of f to Ej‘ is normal. Hence, we can use
an induction argument on dim V and assume that there exists an orthonormal basis of E)\L consisting
of eigenvectors of f, By say. Using the Gram-Schmidt process we can obtain an orthonormal basis of
Ey, By say. Then, B = By U B, is an orthonormal basis (Lemma and consists of eigenvectors of
f. O

Corollary 3.5.8. 1. Let A € Mat,(C) be such that
AA" = APA.
Then, there exists a unitary matrix P € U(n) (ie, P~ = P") such that

P"AP = D,

where D is a diagonal matrix.
Remark 3.5.9. Suppose that A € Mat,(R). Then, we have
Ah — At

so that the condition
ANA = AAP — ATA = AAL

Thus, if A'A = AA* then Corollary implies that A is diagonalisable. However, it is not necessarily
true that there exists P € GL,(R) such that

P~'AP =D,
with D € Mat,(R). For example, consider the matrix
A= |:0 _01:| € Matz(R).
Then,
ATA = = AAY,

so that A is normal. Then, Corollary implies that we can diagonalise A. However, the eigenvalues
of A are ++/—1 so that we must have

P'AP =+ [\? _\%] :

so that it is not possible that P € GLg(R){ﬂ

3.5.2 Self-adjoint operators and the spectral theorem

Definition 3.5.10. Let V be a Hermitian space. We say that a morphism f € Endc(V) is self-adjoint
if f = f*. Self-adjoint morphisms are normal morphisms.

Example 3.5.11. Let V be a Hermitian (resp. Euclidean) space. Then, T4 € End(V) is self-adjoint if
and only if A is Hermitian (resp. symmetric).

81\Why?
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Lemma 3.5.12. Let V be a Hermitian space, f € Endc(V) a self-adjoint morphism. Then, all eigen-
values of f are real numbers.

Proof: As f is self-adjoint then f is normal. Using Lemma we know that if v € V is an
eigenvector of f with associated eigenvalue A € C, then v € V is an eigenvector of fT with associated

eigenvalue A e C. As f = f* we must have that A = )\, which implies that X € R. O

Since a self-adjoint morphism f is normal (indeed, we have fof* = fof = f* of), then Theorem
implies that V' admits an orthonormal basis consisting of eigenvectors of f. This result is commonly
referred to as The Spectral Theorem.

Theorem 3.5.13 (Spectral theorem). Let V be a Hermitian space, f € Endc(V) a self-adjoint mor-
phism. Then, there exists an orthonormal basis B of V' consisting of eigenvectors of f and such that
d
[fls = € Mat,(R).
dn
Corollary 3.5.14. 1. Let A € Mat,(C) be Hermitian (A" = A). Then, there exists a unitary matrix
P € U(n) such that
d
PhAP = , where dq, ..., d, € R.
dn

2. Let A € Mat,(R) be symmetric (At = A). Then, there exists an orthogonal matrix P € O(n)

such that
P'AP = D,
where D is diagonal.
Example 3.5.15. 1. Consider the matrix
1 -1 0
A=|-1 -1 1
0 1 1

Then, At = A so that there exists P € O(3) such that P*AP is diagonal (Theorem [3.5.13).

How do we determine P? We know that A is diagonalisable so we proceed as usual: we find that
xa(A) = (1= M)A = V3)(A + V3).

Then, if we choose eigenvectors vi € E1,v2 € E_ 3, v3 € E 3 such that [|vi]| = 1, then we have

P =[wv1 v2» 3] € O(3).

For example, we can take

1 1 1
V2 \/6—\2[\/3 \/6+\2[\@
_ 1-V3 1+/3

P= (1) \/6—12\/5 \/6-5—12\[3 € 0(3)

V2 \Jo—2v3 +fo+2v3
2. Consider the matrix

-1 0 0

A= |0 1 —1-/~1

0 —-1++v/-1 1
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Then, A = A" so that A is Hermitian. Hence, there exists P € U(3) such that

d
PhAP = d» , di, b, d3 € R.
d3

We first determine
xa(A) = =(1+X)’(A - 2),

so that the eigenvalues are Ay = —1, A\, = 2. Then,

1 0
E 1 =spans< [0], |-1—+~1
0 -2
Since _
1 0
H, [ |0o], |[-1-v=1| | =1.0+0.(-1++v=1)+0.(-2) =0,
0 -2 ]
we have that ~
1 0
0 f —-1-— \/jl = (Vl, V2)
o] | -2

is an orthogonal basis of E_;. In order to obtain an orthonormal basis we must scale vi, v» by
Hy,(vi, vi). Hence, as

Hiy(vi,vi) =1, Hy(va,v2) = 0.0 + (=1 = V=1)(=1+ v=1) + (-2).(-2) =2 + 4 = 6,

we have that

1, 0
o, — |-1-v=1
o| V6 )

is an orthonormal basis of E_j.
Now, we need only determine a vector v3 € E; for which Hj(vs, v3) = 1: such an example is
0

—1—/~1
~1

V3 =

Sl

Hence, if we set

1 0 0
— -1_ /=1 =1_ /=1
P—Oﬁ 6 V3 3|
0 2 =

% %

.

then

3. Consider the matrix

N ®)
=N
N = =



As A = A" we can find P € O(3) such that
P'AP = D,
where D is diagonal. We have that
xa(A) = —(1=2)?(A - 4),
so that the eigenvalues of A are A\; =1, A\, = 4.

We have that

1 1
E; = spang 01],|-1 .
-1 0
where
1 1
01,1 ,
-1 0

1 1
1 1
— 0|, — C E.
V2 o] VB |
Now, we need to find v3 € E; such that ||vs]| = 1: we can take
L
va —
Then, if we let
11 1
V2 VB 3
p=1(0 =2 1,
oo
V2 VB V3
then P € O(3) and
1
P'AP = 1
4
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