Math 110, Summer 2012 Short Homework 2, (SOME) SOLUTIONS
Due Monday 6/25, 10.10am, in Etcheverry 3109. Late homework will not be accepted.
Calculations

1. Determine the linear (in)dependence of the following subsets:

1 2 4 1
E =< |-1],|1],|-1|, 1| } c Q?
0 0 0 1

E = {Iz,A,AZ} C My(R), where A= [(l) ﬂ I> is the 2 x 2 identity matrix.

Solution: Ej is linearly dependent since it is a subset containing 4 vectors in a 3-dimensional vector
space. You can also show that E; is linearly dependent directly: form the matrix P whose columns are
the columns vectors in E;. Then,

1 0 2 0
P~ 10 1 1 0},
0 0 01
so that the solutions to the matrix equation Px = 0 are those vectors in the set
il x1+2x3 =0 2;
2 €Q4|X2+X3 =0, = |xeQ

X3 x -0 —X
X4 4 0

Hence, we have a linear relation

1 2 4
2 (-1 + [1] = |-1| = 0gs.
0 0 0

For the subset E> we first see that

» 1 2v2
2=l 2

Now to determine the linear (in)dependence of E, we need to consider a linear relation

c+o+c \/§C2 + 2\/§C3

— 2 frd
OMaty(r) = €1l + A+ GA” = { 0 a+o+ta

Thus, we have the system of linear equations

at+ao+cag =0
V26 +2V2c3 =0

with coefficient matrix

There is a solution

1 -1
G| = 2 ,
C3 -1

of this system, implying that we have a nontrivial linear relation

OMany(r) = —h +2A — A2,



Hence, E; is linearly dependent.

2. Find a vector v € E such that spang E = spang E’, where

1

E={h B, B? B*} C Mat;(Q), where B = {1

and E' = E\ {v}.
Solution: We have
0 -2 -2 =2
2 _ 3 _
|
Then, we have the linear relation
B? — B3 =2,

Hence, we can remove the vector B? from the set E and we will have spangE = spangE \ {B?}. This
follows from the proof of the Elimination Lemma. We could also remove B3 or I.

3. Let V = R3. Consider two planes My, My C R3 that pass through the origin.
corresponding vector subspaces Uy, U C R3. Under what conditions must we have U; + U, = R3? Is

it possible for Uy N Uy = {Ogs}?

Suppose that W = spang{v} C R3, for v € R3. Under what conditions can we have U; + W = R37 Is

it possible for R3 = U; @ W? Explain your answer.
Proofs

4. Let V be a K-vector space, U, W C V vector subspaces of V. Prove:
- U+ W is a vector subspace of V,
- UN W is a vector subspace of V,

- UU W is a vector subspace if and only if U C W or W C U.

Give an example of two subspaces of U, W C R? such that U U W is not a subspace of R2.

!

Solution: We will show that each of the subspaces satisfies the SUB axiom:

-letz1,zo€e U+ W, A\ u €K, then there are uy, up € U, wy,wy € W such that zz = i1 +wy, 2o =

ur + wy. Hence,

)\Zl + Hzo = )\(Ul + Wl) + /L(Uz + W2)

= (Aug + pw) + (Am + pwn) € U+ W,

since U and W are subspaces. Hence, U + W is also a subspace.

-Let v,vue UNnW, \,u € K. So, u,v e Uand u,v e W. Then, Au+ uv € U since U is a
subspace, and Au+ uv € W since W is a subspace. Hence, by definition of UN W, we have that

Au+pv e UN W so that UN W is a subspace.

- Suppose that U U W is a subspace and that U is not a subset of W. We are going to show that
W C U. Let w € W and u € U be such that u ¢ W (such u exists because we are assuming that
U is not a subset of W). Then, w +u € UU W since UU W is a subspace. Therefore, either
u+we Uoru+we W (or, perhaps, both U and W). We can't have u + w € W, otherwise
we will obtain u € W, contradicting our choice of u. Hence, we must have v 4+ w € U which

implies that w € U. Hence, W C U.

Conversely, if U C W or W C U then UU W equals either W or U, which is a subspace in either

case.

Consider the



For the example, take two distinct lines Ly, Ly C R?. Then, L; U Ly is the union of two lines and if we
choose any nonzero u; € Ly and u; € Ly, then uy + up ¢ Ly U Ly, so that this set is not closed under
addition.

5. Let V be a K-vector space and A, B C V' be nonempty subsets of V. Prove:

spang (AU B) = spangA + spang B.

6. Let f € Homg(V, W), where V, W are K-vector spaces. Prove:
- ker f C V is a vector subspace of V,

- imf C W is a vector subspace of W.

Solution:

- let u,v € kerf, \,u € K. Then, we have f(u) = f(v) = Ow, by definition of ker f. Hence,
f(Au+ pv) = M (u) + pf(v), since f is linear. Therefore, f(Au+ pv) = 0w + 0w = O . Hence,
AU+ pv € ker f, so that ker f is a subspace of V.

- let w,z € imf, A\, u € K. Then, there exists u, v € V such that f(u) = w, f(v) = z, by definition
of imf. Then, f(Au+ pv) = Af(u) + puf(v) = Aw + pz. Hence, Aw + pz € imf so that imf is a
subspace of W.



