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ALTERNATING SERIES TEST
e A series of the form
by —ba+bg—bs+... or —b+by—bs+bs—...

with b, > 0, is called an alternating series.

Example:
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L. (—1)k+1% =1- 5 + 371 + ... is alternating.
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sin(k) = sin(1) + sin(2) + sin(3) + ... is not alternating: sin(1),sin(2) > 0.
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Alternating Series Test (AST)
Let Z(—l)kbk be an alternating series, by > 0. Suppose

¢ by >by>b3>by>...>0b,> ..., and
ohmbkzo

Then, Z(—l)kbk is convergent. Moreover, in this case S = Z(—l)kbk lies
between any two successive partial sums s, s, i.e.

Sp <8< Spt1 O Sppq < 8 < Sy

In particular, |s — s,| < by41, for any n.

Example:
- 1
1. The series Z(—l)kaQ—H is convergent: let by = . Then,
k=1
° bk+1 = (k+11)2+1 < k21+1 = bk, for all ]C,
e lim k++1 =0.

Hence, the series is convergent by the Alternating Series Test.
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2. The series Z ( =1-1+ 575 + o is convergent: let by = 4.
k=0
Then,
by = (k+1)' = by, for all k,
. hm =0.

Hence, the series converges by the Alternating Series Test. Moreover, if s =
k!

then sy approximates s to within |s — s30| < 15 ~ 0.000000025. In
k=0
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3. Z(—l)k+1m: let b, = ﬁ In this case, limb, = 1 # 0 so can’t apply
k=1

AST. However, we observe that lim(—1)"' 2 does not exist, so the series is
divergent, by the Test for Divergence.

e Caution: if an alternating series fails the first condition of AST then the series
o0
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need not be divergent: consider the series Z(— where

k=1

3%, k even.

) {QL k odd,
k:

Then, by is not decreasing: the sequence is 1/2,1/9,1/8,1/81,1/32,.... However,

Since Y by is convergent, the series Z(—l)k“bk is absolutely convergent and, there-
fore, convergent.



