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FEBRUARY 21 LECTURE

SUPPLEMENTARY REFERENCES:

- Single Variable Calculus, Stewart, 7th Ed.: Section 11.1.
- Cllculus, Spivak, 3rd Ed.: Section 22.
- AP Calculus BC, Khan Academy: Infinite sequences.

SEQUENCES: THE MONOTONIC BOUNDED THEOREM

Today we will deduce a useful theorem, the Monotonic Bounded Theorem
(or MB Theorem). '

1 Monotonic sequences

Definition 1.1. Let (a,) be a sequence that Is either increasing or decreasing (or
both!). Then, we say that (a,) is monotonic.

CHECK YOUR UNDERSTANDING

1. Draw the graphs of three (different) monotonic, bounded sequences (a,), (b,),

(¢n)-

2. What common feature do the sequences (a,), (b,), (c,) possess?
(o WAL QL

CREATE YOUR OWN THEOREM!
Complete the following statements
Monotonic4Bounded Theorem

Let (a5) be a monotonic and bounded sequence. Then, (a,) is
ConvergenT.

More generally,

o if (a;) is decreasing and __ RO WA/DEDP BELOWS  then (an) is

COMER G T,
o if (a,) is increasing and _BourDED RO then (an) is
Con VER GaN. T




Example 1.2. 1. Consider the sequence (@n), where a, = 3=. Then, for any

natural number n,

Qpi1 = % = —z—an < Qp.

Hence, (a,) is (strictly) decreasing. Also, a, > 0, for every n, so that (a,)
is bounded below. Hence, by the Monotonic Bounded Theorem the sequence

(an) is convergent.

2. Consider the sequence (a,), where a,, = cos ( mln 1)) Note that

m(n-1) = 1y« 1 T
0T =3 (1-7)< 5(1"m)<§

Hence, since the (differentiable) function cos(z) is decreasing on the interval
[0,7], the sequence (a,) is decreasing. Moreover, a, is bounded below (by -1,
say) so that (a,) is convergent, by the Monotonic Bounded Theorem.

Remark 1.3. 1. The Monotonic+Bounded Theorem is a little strange: it tells
us that a monotonic, bounded sequence is convergent but does not say say how
to find lim,,, a,! Compare this with the Squeeze Theorem where we not only
show that a sequence is convergent but also obtain its limit.

2. It can be tricky to check whether a sequence is monotonic, in general. When
we are introduced to the technique known as mathematical induction, we will
have a tool to determine montonicity for a larger class of sequences.

CHECK YOUR UNDERSTANDING
Consider the sequence (a,), where

n
an—-é;;'

1. Write down the first five terms of (ay,).

a,= < -
=z, %% = 5

2. Do you think (a,) is convergent/divergent? Provide an explanation in support
of your claim.

FndBr DO nn@iodOA -
We will now try to understand the behaviour of the sequence more thoroughly.

3. Show that 2n >n + 1, whenever n. > 1.
As|  => NEN N

=> 2n =2 N



4. Observe that we can write a, = %r, for any n=1,2,3,.... Using this obser-
vation, and the previous problem, show that Qn 2 G4y, fOr every n=1,2,3, ...

Q’ﬂ = 0 2 N wrn = nt) = An+) \/&MV‘%— (5\
2_;14" R 2—1-\—1"! )

5. Use the Monotonic Bounded Theorem to explain why (a,) is convergent.

(v 5 hownded o by O owd deuaering,

6. Does your argument determine the limit of the convergent sequence (a,)?

No !

rd

Important Example: Suppose that 0 <z < 1. Consider the sequence (a,), where
an = z". Such a sequence is called a geometric progression. Foreachn=1,2,3,...

Gns1 = Gn = 2™ — 2" =2™(z-1) <0, because 0<z &1
= @n1S5a, n=123,....

Hence, (a,) is dQOer«b)N\ﬁ. Also, (a,) is bounded: for each n = 1,2,3,..., we
-~/ belows

have _ 9nZ 0O | Therefore, by the __ Ml onomic Bowrded Theorem the

sequence (a,) is cawwag,aw‘k.’

In fact, lim,, a, = 0 (see Appendix).
CHECK YOUR UNDERSTANDING

1. Let 0 < :1:A< 1, Consider the sequence (b,), where b, = ~z*. Circle all that apply
to (by). Yoo

monotonic bounded convergent

2. Let z>1 and define the sequence (c,), where ¢, = z*. Circle all that apply to

(ca)-
monotonic bo ded c(%nt

3. Let z < -1 and define the sequence (d,), where d,, = z*. Circle all that apply

to (dy).
m onic b% co%ént
: 3
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Let0<z<1

Y
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Now, suf)pose that -1 <z < 0. Circle the points on the above graph corre-
sponding to the sequence (z") = (z,22,23,...). ’

Remark 1.4. In general, a sequence (a,) is a geometric progression if there is a
real number z satisfying

Gnil
an

=z, foreveryn=1,2,3,...

Every geometric sequence is of the form
(cz,cx? cxd,...)

for some constant ¢ and real number z.

CREATE YOUR OWN THEOREM!
Geometric Progression Theorem (GPT)

Let z be a real number, ¢ a constant, and consider the geometric progression
(cz™) = (cz,ca?,zc3,. . ).

1. Let -1<z<1. Then, (cz™) is ' and
limy e T = .

2. Let |z| > 1. Then, (ez®) is

3. Let z =1. Then, (cz") is and lim,, . 2™ =

4. Let z = -1. Then, (cz™) is

Use some of the following phrases/symbols to complete the proof of the first
proposition above.

‘Squeeze Theorem’ ‘Monotonic Bounded Theorem’ ‘decreaéing’ 0
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