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TECHNIQUES OF INTEGRATION IV. PARTIAL FRACTIONS.

In this lecture we complete our discussion of the method of partial fractions. We will investigate
how to proceed when the denominator contains irreducible quadratic factors.

We recall the notion of an irreducible quadratic polynomial and the fact that every polynomial with
real coefficients factorises as a product of linear polynomials and irreducible quadratic polynomials.
This (surprisingly difficult!) algebraic fact will allow us to solve the antiderivative problem for any
rational function.

Don’t stop completin’ (the square)
In this paragraph we will recall that oft-forgotten method of completing the square. This
method allows us to take an arbitrary quadratic (i.e. degree 2) polynomial az? + bz + ¢ and write

it in the form
Az +B)*+C

for appropriate constants A, B, C. Let’s look at some examples.

MATHEMATICAL WORKOUT - FLEX THOSE MUSCLES!

1. Rewrite 2% + 2z in the form A(z + B)* + C, for appropriate A, B, C.

2. Rewrite 22 4+ 2x + 2 in the form A(x + B)? + C, for appropriate A, B, C.

3. Rewrite 22 4+ x in the form A(x + B)? + C, for appropriate A, B, C.



4. Rewrite 2 + z + 2 in the form A(z + B)? + C, for appropriate A, B, C.

Completing the square

ar’4+br+c=A(x+ B)?*+C

where A=a,B=2,C=c 0?

2a’ " 4a

Irreducible quadratic polynomials: an algebraic interlude
Let f(x) be a quadratic polynomial,

f(z)=ar* +bzx+c=A(x+B)*+C

If A and C both have the same sign (in particular, C' # 0) then f(x) does not admit real roots.

CHECK YOUR UNDERSTANDING
Draw the graph of f(x), making sure you mark down its vertex and line of symmetry.

A C>0 y A C <0 y

In this case, we say that f(x) is an irreducible quadratic polynomial function. By the Remainder
Theorem, this means that the quadratic polynomial f(x) does not factorise as a product of
linear factors.

Remainder Theorem

Let p(x) be a polynomial. If p(a) = 0 then p(z) = (z — a)q(z).

Example: By completing the square, you have shown above that

fr) =2 +22+2=

Hence, since A = ,C = , f(z) is an irreducible quadratic.

CHECK YOUR UNDERSTANDING
Complete the following statements: Let f(z) = ax® + bx + ¢ be a quadratic polynomial function.
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o If1? —4ac then f(x) is an irreducible quadratic.

We will make use of the following theorem in algebra:

Polynomial factorisation theorem:

Let f(z) be a polynomial function. Then, f(z) can be factorised as a product
of linear polynomials and irreducible quadratic polynomials.

Partial fractions: the case of irreducible quadratic factors

Aim: Solve the antiderivative problem

/ f(z)dz
P()

where f(x) = 00 Is a rational function, and Q(z) contains irreducible

quadratic factors.

Example: Determine
/ 227 + 1
—————dx
x3 + 222 + 2z

As the degree of the numerator of the integrand is less than the degree of the denominator, we do
not need to perform long division. We factorise the denominator

2% 4+ 22% + 21 =

Fact: there are unique constants A, B, C' satisfying

222 + 1 A N Bz +C
3 4+ 222 + 21

Taking the common denominator of the right hand side and equating numerators, we obtain

227 4+ 1 = A( )+ (Bx 4+ C)( )

Remember, this is an equality of functions, so we can input values for x on either side of this
equation.

Input z=0: 1= = A=

Input x =__ =

Input x = : =




Solving for B, C', we find

B = C =

9

222 4+ 1
L L d
/x3+2x2+2xx / x—i—/

Hence,

Using the substitution u = x + 1, so that Z—’; = 1, we have

_3u—5 du
w41 de

Hence, the method of substitution gives

/ d

dx

Combining everything we have

/ 20 +1
342224+ 2x

Phew...!

CHECK YOUR UNDERSTANDING
Complete the following steps to determine

/29&2—33—1—1
S—dx
x°+x

1. Determine constants A, B, C' such that

2x2—a:+1_A Bz +C

v+ x 2 +1



2. Use the previous problem to determine

/2x2—m+1
3—dx
x° +x



