Middlebury Calculus II: Fall 2017

College
& Contact: gmelvin@middlebury.edu
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SUPPLEMENTARY REFERENCES:
- Single Variable Calculus, Stewart, 7th Ed.: Section 11.2.
- Calculus, Spivak, 3rd Ed.: Section 23.
- AP Calculus BC, Khan Academy: Infinite sequences, basic convergence tests.

SERIES CONVERGENCE TESTS 1

1 Telescoping series Consider the series

ad 1
nz::ln(n+1)'

CHECK YOUR UNDERSTANDING

1. Determine the first five partial sums si, $o, S3, S4, S5 as a fraction in simplest terms.

2. What do you expect to be the expression for s,,, the m** partial sum?

3. Based on your guess above, is the sequence of partial sums (s,,) convergent or divergent? If

convergent, what does this tell us about Y, ﬁ?; if divergent, give a careful justification.

Remark 1.1. The series Y7, m is an example of a telescoping series: the partial sums s,

can be shown to be a difference of two similar sums with successive cancellation.

2 Test for divergence In this paragraph we will discuss a simple test for divergence of a series
Yo a,. First we make the following observation: let (s,,) be the sequence of partial sums
associated to the series Y77, a,. Then, we can recover the sequence (a,) from the sequence of
partial sums by noting that



ay = S1,

as = (a1 +az) —aj = sg — s1,

as = (CL1+CL2+(13)—(CL1+CL2) = 83 — S9,

ay = (a1+a2+a3+a4)—(a1+a2+a3) =84 — S3,
Hence, for each n=1,2,3,...,

Uni1 = (a1 +ag+ ...+ app1) — (a1 + ... +ap) = Spy1 — Sn-

MATHEMATICAL WORKOUT - FLEX THOSE MUSCLES!

1. Let (b,) be a convergent sequence, lim,, ., b, = L. Define a new sequence

(CTL) = (627 b37 b47 e ')7

so that ¢ = by, co = b3 etc. Complete the statement:

(cp) is and lim,, e ¢y, =

2. Let (s,,) be the sequence of partial sums associated to the series ¥, a,. Assume that
Yoo, ay, is convergent.

(a) Using the previous exercise, explain carefully why lim,, e (Sp+1 — S5 ) = 0.

(b) Complete the following statement:

If the series Y .2, a, converges then lim,, . a, =

Considering the contrapositive statement| we obtain the following

Test for divergence

Let Y7, a, be a series. If lima,, # 0 then Y, a, is divergent.

Remark 2.1. We will see in the next paragraph a series Y., a, that is divergent and for which
lim,, 00 @, = 0. This shows that the converse of the above statement does not hold.

Example 2.2. Consider the series
< 2n?+1

712::1 5n2+6n+1
This is the series associated to the sequence (a,,), where a,, = %. Since
2n? +1 2
lim a, = lim ——— = - # (),
nooo " nooe B2+ 6n+1 B

. 2 .
the series > ;74 % does not converge, by the test for divergence.

1Given a statement of the form if P then @, the contrapositive statement is the logically equivalent statement
if ‘not Q’ then ‘not P’. For example, the statement ‘if you are a Vermonter then you are American’ is logically
equivalent to ‘if you are not an American then you are not a Vermonter'.



3 The harmonic series

Definition 3.1. The series

S|

n=1
is called the harmonic series.
We investigate the behaviour of the harmonic series. Denote the partial sums of the harmonic

series by s,,, m=1,2,3,....

SPOT THE PATTERN!

1. (a) Verify that

Wl
] =
\
=N
Il

(b) Spot the pattern!

1 1 1 1 1 1 1 1 _
9+10+11+12+13+14+15+16> -

(c) Spot the general pattern! Complete the following statement: for each k=1,2,3,...,

1 1 1 1 1 _
o1 T 2R T teeetomigtwa s T S

2k43 7
(d) Using (a),(b), explain why

(e) Spot the general pattern! Complete the following statement: for each k£ =1,2,3,...,

B 1 1 1
82k+1—1+§+§+...+2k+1>1+

(f) Complete the following statement

The sequence of partial sums (s,,) associated to the harmonic series Yo, % is

Hence, the harmonic series Y27, L is
n




APPENDIX: TELESCOPING SUMS
Note that we can write

1 1 1
nn+1) n n+1
Hence, the m?" partial sum of the series can be written as

n=1 n=1T

Expanding the sigma notation (this is always useful to fo!), we have

( 1 1 1) (1 1 1 1 )
Sp=l1l+=+=-+. . +—)-|z++.. . +—+
2 3 m 2 3

m m+1
1

m+1

Hence, the sequence of partial sums (s,,) is increasing, bounded (above by 1, below by 0), therefore
convergent. As lim,,_ . % =0, we use the Limit Laws to obtain ) -

n=1 m = limm_,oo Sm = 1.
Example 3.2. Consider the series
-~ 1
Z:z (n-1)(n+1)
We can write, for n =2, 3,4,

06D 31 7v)

Hence, the mt" partial sum is

1 1 g 1 % 1 1 1 )
—+—+L+...+ -f-...-- -—-
1 2 -1 m

1

m m+1

Hence, as lim,,_co

= lim,, 0o —7 = 0, the sequence (s,,) is convergent with limit 3. Therefore
the series is convergent and Y- L =3

n=2 (n-1)(n+1) 4



