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Convention: Unless otherwise specified, G will always denote a finite group, V a
finite dimensional vector space over C.

Example (10.1): Let G = Dg and consider the representation
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Then, p is irreducible and unitary (with respect to the standard inner product on
C?%). We have
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Then,

p11 — picks out the 1, 1-entry

p12 — picks out the 1,2-entry
We compute

1
(p11,p12) = ¢ (1040 (=1)- 0+ (1) 040+ 140740+ (=1) + 0+ (=) =0
and

<011>P11> =

ool =

(12 + i) 4+ | = 17 + | = i[>+ 0* + 0* 4+ 0* + 07)

Proposition (10.2): Let ¢ : G — GL(V), p : G — GL(W) be representations of
G, T :V — W a linear map (not necessarily a G-morphism). Define
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1. T# is a G-morphism.

2. If T € Homg(y, p) then T# =T.



3. The function P : Hom(V,W) — Hom(V,W) , T + T# is linear and im P =
Homg (V, W).

Proof:

1. Since py-1T@y: V — W, and T # is a linear combination of these linear maps,
T# is linear.

Let z € GG. Then,
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Here we use that — Z Pug-1Tpgr—1 is a rearrangement of the sum defining

gEG’

T#.
2. Suppose T' € Homg(p, p). Then,
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3. ForT,S € Hom(V, W),
(T +8)* Zpg (T + S)p Z ~1Tpg + pg-15¢,) =T% + 5%
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For c € C, T € Hom(V, W),

(cT)* |G|ZP9 (), —c(|G|Zpg 1T¢g) = cT*
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Hence, P is linear. By (1) and (2), we have im P = Homg(V, W).
QED

Proposition (10.3): Let ¢ : G — GL(V), p : G — GL(W) be irreducible represen-
tations, T : V — W a linear map. Then,



1. If ¢ and p are inequivalent then T# = 0.
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Proof:

1. By 10.2, (1), T# € Homg(¢, p). Now, Schur’s Lemma gives T# = 0 since ¢, p
are inequivalent representations.

2. If ¢ = p then T = Aidy, for some A € C, by Schur’s Lemma and 10.2, (1).
Hence, we have
tr(T#) = tr(Maeg,) = Adeg

Also,
tr(T%) = tr ( Zgog 1Tgpg>
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Z tr(T) = to(T
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Hence,
tr(7T
Aegp =tr(T) = T% = al )idv
deg

Remark (10.4): Let B = (vy,...,v) CV, C = (wy,...,w;) € W be bases. Define
the linear map Lg’c :' V' — W to be the unique linear map satisfying
L)% = Ey

where Ej; is the [ x k matrix with a 1 in the ij-entry and Os elsewhere. In particular,

a1
for v € V, with [v]p = | : |, we have L;;(v) = ajw;.

Qg
Since the matrices {E;; | 1 <7 <,1 < j <k} form a basis of the collection of all
[ x k matrices, the set {Lg’c |1<i<Il,1<j<k}is a basis of Hom(V,W).



