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FEBRUARY 27: IRREDUCIBILITY, DIRECT SUM, DECOMPOS-
ABILITY

Convention: Unless otherwise specified, G will always denote a finite group, V a
finite dimensional vector space over C.

Remark (3.1):

e Let (p,V) be a representation of G, U C V a subrepresentation. Choose a
basis B' C U and extend to a basis B of V. Then, for any g € G,
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is block upper-triangular, where the top left * denotes a dim U x dim U matrix.

Conversely, if B = (vq,...,v;) is a basis of V such that

X1
[pg]B:[* *], for all g € G,
0 =
then U = span(vy,...,v;) is a subrepresentation of V.

e Suppose (p1, V1) and (p2, Vo) are equivalent representations. Then:

— dim V] =dim V4

— If T:V) — V4 is a G-isomorphism - T' o py(g) = pa(g) o T, for all g € G -
and By C Vi, By C V; are bases, then

115 1o1(9)] B, = [p2(9)] 5. (T3

Conversely, if p; : G — GLg(C) and py : G — GL(C) and P € GL,(C)
satisfies
P7lpi(g)P = pa(g),  forallgeG,

then p; and py are equivalent: the linear map
T:Ct—=CF, v~ Pu

is a G-isomorphism.

In particular, p; >~ po if and only if there exists bases By C Vi, By C V5, such
that

[01(9)]B, = [p2(9)]B,,  forall g € G.

Definition (3.2): Let (p, V') be a nonzero representation of G. We say that (p, V)
is irreducible (or simple) if the only subrepresentations of V' are {0y} or V.

Example (3.3):



1. Any degree 1 representation is irreducible.

2. The standard representation ¢ : S, — GL,(C) is not irreducible: U =
span(e; + ...+ e,) C C" is a subrepresentation.

3. The representation of Dg defined by

J Dg — _GLQ((C)
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is irreducible: if not, then there would exist a degree 1 subrepresentation U =
span(v) C C?. In particular, there would exist scalars A, u € C such that

rv = v, SV = pv (*)
Now, s admits two distinct eigenvalues 1, —1 with corresponding eigenspaces
E, = span(e;), E_; = span(es)

This means that v = ae; or v = bey. However, neither e; nor e; are eigenvectors
for r so that (%) can’t hold. Hence, no such degree 1 subrepresentation U can
exist so that p is irreducible.

Remark (3.4): Checking whether a given representation is irreducible is difficult,
in general.

Definition (3.5): Let (p1, V1), (p2, V2) be representations of G. The direct sum
representation is the representation

pP1 D ps2: G — GL(V& X ‘/2) , g+ (,01(9)>P2(9))

where, for g € G, (u,v) € V} x Vq,

(P1(9), p2(9))(u,v) = (p1(g)(u), p2(g)(v))

This notion can be extended to define the direct sum p; & - - - & p, of several repre-
sentations (p1, Vi),..., (pr, V3).

We say that (p, V') is completely reducible if p is equivalent to a direct sum of
irreducible representations.

Remark (3.6): The product V; x V5 is a vector space as follows:
o (v1,v9) + (u1,uz) = (v1 + ug, vo + ua),
o ¢ (v1,v9) = (cvy, cvy),

b OV1><V2 = (0V170V2)‘



