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FEBRUARY 25: SUBREPRESENTATIONS, EQUIVALENCE

Convention: Unless otherwise specified, G will always denote a finite group, V' a
finite dimensional vector space over C.

Example (2.1): Let G = S,. The standard representation is
@ : Sn — GLn(C) , O — [60(1) €s(2) " eg(n)]

Here e; € C" is the i" standard basis vector of C*. The matrix ¢, is the permutation
matrix corresponding to o.

Observe: for 0,7 € S, the i column of p, is e,(;). Hence, the i’ column of
0,00 is the o(i) column of ¢, i.e.

PrPs = [67'(0(1)) 67(0(2)) e eT(J(n))] = Pro

Hence, ¢ is a homomorphism.

Definition (2.2): Let (p, V) be a representation of G, U C V' a subspace. We say
that U is a subrepresentation of p (or, a subrepresentation of V) if p,(u) € U,
for every u € U, g € G. We will also say that U is G-invariant.

Remark (2.3): If U C V is a subrepresentation then p restricts to give a represen-
tation of G in U:

PG =, g p(9)
Example (2.4): Let U = span(e; + ...+ ¢,) C C". Then, for any o € S,,,
gog(el—i—...—l—en) =e€;1) T ...+ € € U

Hence, U is a subrepresentation of the standard representation of .S,,.
There is another subrepresentation

€
W=nul([11---1] = S+ 42, =0
Ty
T
Indeed, forx = | : | e W, 0 €5,
Tn
.CEU—1(1)
Po() = T1€o(1) + T2€0(2) + - + Tnlo(n) =
To~1(n)

Since the entries of ¢, (x) are just a permutation of the entries of x, their sum is also
0 = @o(z) e W.



Remark (2.5): With respect to the basis B = : C U, we have [p,]p = [1],
1
for every o € S,,. Observe the similarity with the trivial representation.

Definition (2.6): Let (p1,V1) and (pa, V) be representations of G. We say that
p1, p2 are equivalent if there exists a linear isomorphism

T:Vi =V,

such that T o p1(g) = p2(g) o T, for every g € G. In this case, we write p; ~ py and
say that 7" intertwines p;, p2, or that 7" is a G-isomorphism.

Example (2.7):

1. Consider the map

T:U—C, |:|—a

a
Then, T is a linear isomorphism. Also, for any o € .5,,,
a a a

Tles| | =T |:| | =a=triv, [T
a a a

so that T o ¢, = triv o T'. Hence, the subrepresentation U is equivalent to the
degree 1 trivial representation of S,,.

2. Let G = Dg, the symmetries of the unit square in R?. Let r = rotation of the
plane by 7/2, s = reflection across the x-axis. We have

3

_ 2 2 3
Ds ={e,r,r%,r°, s, sr,sr°, sr’}

Then, realising these isometries as 2 x 2 matrices defines a representation:

JU Dg — _GLQ((C)

o1
r 1 0

n 1 0]
S _ _1-

Note that, in Dg, we have the relations
=52 = e, Sr= rls
You can check that
pi(r)t = pi(s)® =T, and  pi(s)pi(r) = pi(r) " pa(s)

This ensures that p; defines a homomorphism.



We define another representation

P2 - Dg — GLQ(C)

i
" 0 —i

. 0 1
° 10
Claim: p; >~ ps.

Proof: Define T: C?> - C?, v — [

and
Can check that

so that T' is a G-isomorphism..



