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February 22: Representation Theory

Note: The completion of the proof of the Spectral Theorem is in February 20 lecture.

Convention: Unless otherwise specified, G will always denote a finite group, V a
finite dimensional vector space over C.

Definition (1.1): A (linear) representation of G is a group homomorphism

ρ : G→ GL(V ) = {L ∈ End(V ) | L invertible

The degree of ρ is dimV . This means: for every g, g′ ∈ G, v, v′ ∈ V , λ ∈ C,

• ρ(g)(v + v′) = ρ(g)(v) + ρ(g)(v′), and ρ(g)(λv) = λρ(g)(v),

• ρ(gg′) = ρ(g) ◦ ρ(g′), ρ(eG) = idV , and ρ(g−1) = ρ(g)−1.

Notation & Terminology (1.2): We usually write ρg = ρ(g), g ∈ G, i.e. ρg is the
linear map corresponding to g ∈ G.

We will often write (ρ, V ) when we want to be explicit. By abuse of notation, we
will also call V a representation of G i.e. we will implicitly assume the existence
of the homomorphism ρ.

Remark (1.3): Identifying GL(V ) ' GLk(C) (by choosing a basis B of V , say), we
can identify the linear maps ρg, g ∈ G, with invertible k × k matrices.

When V = Ck we will frequently define ρg via its standard matrix (the matrix
[ρG]S) and define (by abuse of notation) a representation as a homomorphism

ρ : G→ GLk(C).

Example:

1. Let G = (Z/3Z,+). Define the degree 2 representation

ρ : G→ GL2(C) , j 7→
[
cos(2πj/3) − sin(2πj/3)
sin(2πj/3) cos(2πj/3)

]
Here j = j + 3Z.

This map is well-defined: if j = j′ then j = j′ + 3r, for some integer r. Then[
cos(2πj/3) − sin(2πj/3)
sin(2πj/3) cos(2πj/3)

]

=

[
cos(2π(j′ + 3)/3) − sin(2π(j′ + 3)/3)
sin(2π(j′ + 3)/3) cos(2π(j′ + 3)/3)

]
=

[
cos(2πj′/3) − sin(2πj′/3)
sin(2πj′/3) cos(2πj′/3)

]
Using double angle trig. formulae, you can show that ρ(i+ j) = ρ(i)ρ(j).
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2. For any group G, define the degree 1 trivial representation

trivG : G→ GL(C) , g 7→ idC

i.e. for any a ∈ C, g ∈ G, trivG(g)(a) = a.

3. Let Sn be the symmetric group on n letters. We will realise Sn as the group of
bijections on {1, . . . , n} so that elements of Sn are functions.

Define the standard representation of Sn,

ϕ : Sn → GLn(C) , σ 7→ ϕσ = [eσ(1) eσ(2) · · · eσ(n)]

For example, when n = 3, we have

ϕ((123)) =

0 0 1
1 0 0
0 1 0

 , ϕ((13)) =

0 0 1
0 1 0
1 0 0

 , ϕ((12)) =

0 1 0
1 0 0
0 0 1

 etc.

Let’s check that ϕ is a homomorphism: we need to show that, for any σ, τ ∈ Sn,
ϕτσ = ϕτϕσ.

The ith column of ϕτϕσ is obtained by multiplying the ith column of ϕσ by ϕτ :
that is, ϕτeσ(i). Thinking a little about how matrix multiplication works, we
see that ϕτeσ(i) is the σ(i)th column of ϕτ , namely eτ(σ(i)). But this is precisely
the ith column of ϕτσ. Hence, ϕτσ = ϕτϕσ.
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