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FEBRUARY 13: EIGENTHINGS

Let T': V — V be a linear map, where V' is a finite-dimensional vector space over C.
We say that A € C is an eigenvalue of T' if there exists v € V', v # Oy, satisfying
T'(v) = Av. We call such a nonzero vector an eigenvector associated to .

Remark: It’s important to remember that eigenvalues/eigenvectors always come in
pairs - you can’t have one without the other.

Observe that

Ais an e-value of T' < (T — Aidy)(v) =0
< ker(T — Aidy) # {0y
< T — Aidy not invertible
< det([T]p — Aidy) # 0, for any basis B C V.

This observation leads to the following definition:

Definition/Proposition: Let T': V' — V be a linear map, B C V a basis. Then,
the characteristic polynomial of 7' is

x7(A) = det(T — Aidy) € C[)]
The characteristic polynomial satisfies the following properties:
e degxyr(A) =dimV,
e the eigenvalues of T are precisely the roots of xr(X),
e xr(A) is independent of B.

The Fundamental Theorem of Algebra states: let f(t) € C[t]. Then, f(t) = (¢t —
c)p(t), for some ¢ € C, p(t) € C[t], degp = deg f — 1 i.e. all complex polynomials

admit a complex root. In particular, any linear map 7" : V — V admits an
eigenvalue.

Definition: If A\ € C is an eigenvalue of T" then define
Ey\ = ker(T — Xidy)

the A\—eigenspace of T'. Observe that E) is a subspace.

Example: Consider the map

_513'1 )
T:C*—=C?, || — |23
_.173 T
and the basis -~
1 1 1
B = 01,(-1],10
-1 | 0 1



Then,

1 -1 0
A=[Tlp=|1 0 -1
0o 0 1
and ~
1-Xx -1 0
xr(A) =det(A—Al3) =det | 1T —XA —1 [ =1-)\
| 0 0 1-2A

Using the standard basis (S = (ey, €9, e3) C C3, we find

0 1
[T]s= [0 0
10

o = O

In a similar way, we can show that
det([T]g — All3) = 1 — A3,

as claimed.

Hence, T admits three eigenvalues 1, ¢, 2, where & = €2™/3. We have

1 1 1
Ei=span| |1| |, E.=span| |e| |, FE..=span| |&?
1 g2 5

DIAGONALISATION Let T': V — V be a linear map, V a finite-dimensional

vector space over C. Suppose we have a basis B = (vy,...,v;) C V consisting of
eigenvectors of T'; say v; has associated eigenvalue ;. Then,

A O 0
0 A -~ 0

T)p = [[T(v)]s - [T(v)lB] = N D
0 Y

is diagonal.

Let C' C V be any other basis of V', write A = [T]¢. Then,
[T(v)]e = [T]clv]e = Av]e,  forallveV

= [T(v)]p = Ppec[T(v)lc = PpecAlvlc = PpecAPoc vl

Therefore, by the AMAZING PROPERTY for [T]p, we must have
D= [T]B = PB(—CAPC%B

That is, if P = Pop then
D =P AP




Example: Let T : C* — C3 be as above, S C C? the standard basis, A = [T]g. If
we let

1 1 1
B=|1|1],|¢e], |
1 g2 €
and
1 1 1
P=Ps.pg=|1 ¢ €2
1 &2 ¢
then
1 0 0
P'AP=D= 10 ¢ 0
0 0 &2



