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FEBRUARY 11: LINEAR ALGEBRA REVIEW

Recall: let T : V' — W be a linear map, B = (vy,...,v,) C V, C C W bases. Then,
the matrix of T with respect to B, C' is the unique [ x k matrix [T] satisfying

[T(v)]e = [T5[v]s,  foranyve V. (AMAZING PROPERTY)

e WHY UNIQUE? Let A be a l x k matrix satisfying

[T (v)]c = Alv]g, for any v € V.
Then, for each 7 =1, ...k,
[T'(vi)lc = Alvils
Observe that [v;]p = ¢; is the " standard basis vector. Hence, A[v;]p = Ae; is the

it" column of A. Therefore, the i column of any matrix satisfying the AMAZING
PROPERTY must be equal to [T'(v;)]c.

k
e WHY MUST SUCH A MATRIX EXIST? Let C' = (wy,...,w;). Then, ifv = Z a;v; €V,
i=1
we have i
T() =Y aT(v;)
i=1
Hence, if
!
T(UZ) :ijiwj, forizl,...,k
j=1
then
k koo
T(’U) = Z aiT(’l}i) = Z Z ;M ;;W;
i=1 i=1 j=1
That is, i
S amm;
[T'(v)]e = :
Zf:l My |
It’s straightforward to check that this column vector is the product of TG = [myi;a
3]
(i.e. j indexes rows, i indexes columns) with [v]g = | :
g
1] 1 1
Example: Let V = W = C3 B = C = 01,|-=1{,10 = (v, v9,03).
-1] o] [
Define the linear map i
aq (05}
T CS — (CS , a2 — |as
as | ai




Then, to determine[T|p we must compute [T'(v;)]p, for ¢ = 1,2,3. Can do this as
follows: consider the 3 x 6 matrix

1 1 1 0 —-10 100 -1 -1 0
[’Ul Vg U3 T(Ul) T(Ug) T(Ug)] = — -1 0 -1 0 1{~ 10 1 0 1 0 —1
-1 0 1 1 1 1 001 0 0 1

Remark: The above approach generalises to determine [T'§ whenever V = CF,
W = C': consider the [ x 2k matrix and row-reduce

[vr o [ T(vn) -+ T(we)] ~ [Is | [T]

The right-hand | x k matrix is [T%.

Proposition: IfT) : V — W and T, : W — X are linear maps, BC V,C C W, D C
X are bases, then
[T]5 = [Ble[h];

Proof: It suffices to show that the right-hand side of the claimed identity satisfies
the AMAZING PROPERTY defining [T373]8: for any v € V/,

[T(Ty ()] = [Tae[T)5 V)6
Let v € V. Then,

[15)2[T 5] = T2 [T (v)]e, by AMAZING PROPERTY for T}
= [TL(T1(v))]p, by AMAZING PROPERTY for T,

The result follows.

Given two bases B = (vq,...,v;),C C V, define the change of basis matrix from
B to C to be

Peep = [idv]G = [[vi]c -+ - [vi)c]

Proposition: Py, g is invertible with inverse Pg, ¢
Proof: We have

PopPrec = [idy]§[idy]E = [idy oidy]e = [idy]e = Ii
Remark: for any v € V', we have

[v]e = Peeplvls

1 1 1 1 1 1
Example: Let B = 01,[-1],]0]]),C= of, 1,11
—1 0 1 0 0 1



Can compute Pg. g by row-reducing

111 1 1 1
011 —1 0] ~
001 -1 0 1

Then,
1
PCele



