MA3 57, Spring 2020 — Midterm Exam

This is a take-home test. It is due no later than April 3.

The test contains 11 questions, but you do not have to solve all of them. The
number of points for each question is indicated. You should solve enough problems
to get at least 100 points, but the total value of the problems (full problems, not
fractions of problems) you turn in can be no more than 120 points. The maximum
score you can get is 100, so doing an extra 20 points’ worth only buys you insur-
ance. When I grade, I will go until I have graded problems worth up to the limit of
120 points, then stop.

Rules of the Game: While you work on this test, you may consult the textbook,
your class notes and the material posted on the top half of the course web page (e.g.,
solutions to problem sets). You may use Sage or GP or other mathematical software
to do computations. No other reference materials are allowed. In particular, you
should not search the internet for solutions.

You should work entirely by yourself. You may talk to me (though I don’t
promise to answer every question you might have), but you may not talk to anyone
else. (Complaining and asking for sympathy are ok, but don’t discuss the actual
content of the test.)

Finally, you should really write up (and not just write down) your solutions:
they should read as if they were an example in a well-written textbook. Make sure
that you explain carefully your line of reasoning at each point; your text should be
such that another student at about your level could follow the steps without having
to ask you for help. To achieve this goal, be as verbose as necessary — it is better to
write too much than too little. Solutions should be written as carefully and legibly
as possible. (The professor has old eyes.) Don’t turn in first-draft material.

Together with your test, you should turn in a signed statement saying that you
have followed the test rules as stated above.

Good luck!

Number theorists are like lotus-eaters — having once tasted of this food they
can never give it up.

— Leopold Kronecker

| reckon if a crystal’s so lucky, how come it’s ended up as a bit of rock? — Nanny Ogg’s Cookbook



1. [15 points] Show that the equation x? + xy — y?> = 3 does not have integer
solutions.

2. [15 points] A number n is called a Carmichael number if it is not prime but
nevertheless we have a™' = 1 (mod n) for all numbers a which are relatively
prime to n. Show that 6601 is a Carmichael number.

3. [15 points] For each positive integer k, let My be the number whose representa-
tion in base 10 is a string of k 9s in a row. So M = 9, M, = 99, Mg = 99,999, 999.
Let p be a fixed prime, p > 5. Show that there exist infinitely many k for which p
divides M.

4. [20 points] (Fermat’s trick for factoring Mersenne numbers.) Suppose p and
q are odd primes, and q divides 2P — 1. Prove that there exists a k such that
q = 2kp + 1. Explain how one might use this result to show (without using a
computer) that 2'” — 1 is prime.

(Hint for the proof: what is the order of 2 modulo q?)

5. [25 points] Does there exist an integer m > 2 such that 2™ =1 (mod m)? (It
is easy to guess the right answer to this one, but not so easy to prove the answer is
right.)

6. [15 points] Show that ¢(2™ — 1) is divisible by n. (Think about the order of 2
mod n.)

7. [15 points] Show that for any positive integer n, the number 1™ 4 2™ + 3™ 4 4™
is divisible by 5 if and only if n is not divisible by 4.

8. [10 points] Find the integers x such that
304x393 4 204x2°2 —104x'°" =0 (mod 101).

(Yes, one can do this by brute force, but try to be smarter than that.)

9. [30 points] Let p be an odd prime and let g € U, be an element of order p — 1,
so that gP~' =1 (mod p) (as it must) and a®* # 1 (mod p) if 0 < k < p — 1. Such
a g is called a primitive root mod p.

a. Show that every a € U, is congruent to some power of g.

b. Define the index of a with respect to g to be the number i such that a = g' in
Z7/pZ: .
ind(a) =1<= a=g" (mod p).

Explain why we should consider ind(a) to be defined (mod p — 1).

You can do anything you set your mind to when you have vision, determination, and an endless supply of expendable labor.



c. Show that ind(ab) = ind(a) + ind(b) (mod p —1).

d. Show that ind(—1) = % (mod p —1).

e. Show that there exists an x such that a = x> (mod p) if and only if ind(a) is
even.

f. When is —1 a square (mod p)?

10. [30 points] I have taken a message, written it out in lower-case letters ignoring
spaces and punctuation, and turned it into a string of numbers using the correspon-
dence

a=11 b=12 c=13 z = 36.

The resulting string was broken into blocks of digits, nine blocks in all. The ninth
block may have been padded with 000s to make it as long as the rest.
To encrypt my message, I used the RSA method, with

m = 9897798435448670548862925351088919263527268729
and encoding key

k = 230179247954559324470852582380776939286366561.

So I replaced each block a with the result of computing a* modulo m. You can see
the result below.

As we discussed in class, to decode the message you need to factor m. But
m has only 46 digits, so any good mathematical software (such as Sage, Gp, or
Mathematica) will factor it.

So do it: factor m and decode the message.

4236742615890285087883027706299355092597096111
1740449019201746973835067986398791992015157884
9366547413128592181967084544966703384352488540
8253897984175045252503621572780408219637960905
1858182717564376502741571643570093622485780002
9512365404704521792002106703122916349508641838
3132022529263914393919232531600090160591454875
5926638059910448998892142131466619071122680399
4473059127156745215037379675905407991077369064

For extra credit, identify the source of the quote.

If it wasn't for the last minute, nothing would ever get done.



11. [40 points] For this problem, we have to make or recall several definitions
about real-valued functions defined on the positive integers N.

First, a function f : N — R is called multiplicative if we have f(mn) =
f(m)f(n) whenever gcd(m,n) = 1. For example, we showed in class that ¢ is
multiplicative and in one of the problem sets you checked that o, is multiplicative.
A simpler example of a multiplicative function is f(n) = n.

Second, the u function is the multiplicative function defined by

1 ifn=1
pu(n) =< (—=1)* if nis the product of k distinct primes
0 if n is divisible by the square of some prime.

Third, let’s define two fairly simple multiplicative functions: I(n) is equal to 1
if n =1 and to 0 otherwise, and u(n) = 1 for all n.

Finally, if f and g are any two functions from N to R, we define the Dirichlet
convolution of f and g to be the function f x g defined by

(fxg)(n Zf g(n/d),

din

i.e., to compute f * g at an integer n we sum the values f(d)g(e) as d and e run
through pairs of positive integers such that de =n

a. Show that p is multiplicative.

b. Suppose f: N — R is any function. What is f * I equal to?

c. Show that fx g = g * f for all functions f,g: N — R.

d. Show that (f * g) x h = f % (g * h) for all functions f,g,h: N — R.
e. Show that if f and g are multiplicative, then f x g is multiplicative.
f. What is p * u equal to? (Use the previous result!)

g. The Mobius inversion formula says that if f is a multiplicative function and F

is defined by
= f(d),
dn
then
Z u(d)F(n/d),

dn

and conversely. Prove this. (Find a way to use the previous parts of this
problem.)

h. In the Maobius Inversion Formula, do we really need to assume f is multiplica-
tive?

| have to march because my mother could not have an abortion. — Rep. Maxine Walters



