
✗ = a-
'
b

E
. Cayley Graphs b = ax

b2= a2 ✗
2

< a, b / as = b2
,
Ca,b]) a3 = a2 ✗

2

a = ✗
2

÷÷_÷EE

I 11=2

< asbsc I c = ab >
n

@

↑ %⇒É .@

¥9 T
I

•→ • → •→•→ •→ •÷↑
I
@

③

↑↑
③

⑦

↑



⑦ Where does the definition of
"

Quasi - Isometry
"

come
from ?

Consider a group
G w/ finite gem sets { S

'

Et s = { a> b. a-
'

,

b- ' }

s
'
= { × ,y,Z , ×-151,2--1}

✗ = WORD IN
a ,b>a- :b

-1

= S
,
Sz 53 ' '

- Snx

y
= t

,
tz - - - tnp= WORD IN

a ,b>a-
'

,
b-'

2- = U ,
Uz

- - - Un
z
⇐ WORD IN

a ,b>a-
'

,
b-1

A word of length
n in ✗Fyi=É can be

writtenas a
ward of length
at most n• Max ( nx, his Rz )

in a±
,
b±

✗ y 2-
= S

,
Szss ' '

- Snxt , tz
- - - triple ,

Uz
- - - clnz

Lenya 7 constant
K
,
≥ I sit .

ds, ( 9,11) ≤ Kids
(g, 11 )



tenma 7 constant
K
,
≥ I sit .

ds, ( 9,11) ≤ Kids
(g, 11 )

7 constant Kz ≥ I
sit

.

ds (9,7-1) ≤ Kzds
' ( g. 11 )

⇒
1- dscg.gl) ≤ ds,

(9-11) ≤ kids (9,4-1)

Kz

Let K = Max ( ki , ka )

⇒ ¥ dslg, 11) ≤ ds,
(9,4-1) ≤ Kds (9,4-1)

Notice ds ( gon ) = ds ( 11, g-
1h )

and ds' ( ) = dg ( )

⇒ prelimthm 3- constant K ( depends
ons

>
s
')

sit ,

¥ dscssh ) ≤ dg(
9.h) ≤ Kds ( Gh

)

← Caste graph

so we can prop vertices f P ( s) → vertices
for PCs

' )

v1 bound stretching / shrinking



'
wait to map edgell !

⇒BUT →

•_
•

•

→h
g h

'#

in PCs) PCs /

31 •I•ʰ

↓ NIT CONTIWWS
OR INJECTIVE

•• 00
→

mapuaticsto PCs
')

send all of PCs) → vertices of PCs'D

so if ×
, y are

interior to edges of PCs)

☆

✗ § £
.

→

,

••

←→•



Thin If G has f. in gu .

sets 5
,

s
'

then there exists a function f- :
Pls ) → Pls

' )

s.to .

7 constants K ≥ 1
,

C ≥ C)

Sit . It ×
, y c- PCs )

¥ dscxis) - C ≤ dg, ( fat, few )
≤ kdscx.us) + C

" Bounded scaling and Bourdin tearing
"



• A function f :(×,d× ) → (Idp )
is a qoasiisometricewbedding
if 7 constants K ≥ I C ≥ 0

sit .

¥ d×(×,g) - C
≤ di ( FA), fest) ≤ kd×(

×, g) + C

EI f : ≥ → IR f- Cn) = n

•XX
K = 7-

C = I
g : IR→ 2 gcx ) = LXJ

# →
• -

o -
o o

• A function f :(×,d×) → CT
,
dir)

is a q¥tg if 3- D - O

s.tt#yeTdpCy.fc*) ) ≤ ☐

(R f is a quasi - isom. embedding .

"

coarsely surjective
" t quasi - dense

"

"
every pt in 4 isa bounded

distance from image of ✗
"

whatabout ⑧
R → IN ?EI 3- g. i. / or I→ it ?



II Examples

IN → R2

EI

"

g. i. embedding

not g. i.

NOT g. i. eenbeddig . •
② DO DO DO i.-w.

•

•

•. µ, g. , .am,



[ 0, •) → 1122

¥0I
£ same space's

rate ?

IT DEPENDS



④ Q
.
I. IS AN EQUIVALENCE RELATION

12 THERE IS A Q -
I

. Group

Tʰ= Astro Cagley graphs for a snap G

Wint . finite gem sets are q.io

⇒ #Ends

⑧ hypevhdicity § invariant under

g. i."

typehofde.hn#tion

"

coarse Geometry "



④ The Milnor - Schwarz Lemma

( FT OF GGT)

Def (X ,d) IS PRIER

IS GEODESIC

G A ✗ IS

PROPERCPDiscrn-NNSISCOCOMP-A.tl
S / SOMETR#



Siac

Lemmy (Milnor - Schwarz )

If G is a group
that acts on

a proper, geodesic
metric space CX

,
d)

properly discontinuously
eo compactly

,
and by isometries

then G is finitely geneated and

⑥ is g. i.
to ×

↳
every eagles graphfor G



Examples-cnon-cas.bg Graph)

① 22 12 23

TEA 1122 by inlgrtrasktins

##←

* ¥. CR? deal )

② Klein Bottle Group K

K I CRY deal.- g. i.

③ If [G : H] < • and G
,
H fig ,

then G ¥. H



proof
-

⑤ Choose the ball I Define the Generating
set

.

⑦ Repeat Steve's proof



④ keep track of distances

② C = inf { d(B. GB) I g. c-
Gt1

gets }

③ ClaimV-gc-GIC.su#s)d(Xqgxo) ≥ 212 + C

⇒ 7 k 72 s -
t .

Rt (K - 1) c ≤ dcxggxo ) ≤ Rt Kc



theQ.I.parl-Def-T-o.co→ × by T (g) = g. ✗ o

④ Coarsely surjective

⑤ Q . I. embedding

• Simplify !



let L= max { dlxassxo) / SES }
K = max / {

,

L
,
212 )

C. = Max ( '1k
,
c)

Coset : g. = I

¥ ; g. c- S

conf : g # So {


