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① Read the syllabus ! !

② Generators

④ Dn is generated by the smallest

rotationRand any
reflection I

counter-clockwise
Pio let V

,
Vz
,

. . .

,
Vn been numbering

of the vertices of a regular n- gon

If T
,
S are symmetries of ten

-gon

so that Tcu;) = scvi ) for all c-

than T=S .

Thus
,
given TCV, )

and a choice of clockwise or counter

Tcu)clockwise

↳
of €

trip • ,
es .

we determine a unique
element of Dn .

If the vertex numbering is
contacted-ise

and Tlv ,) = Vj then 1- = Ri . If

1- makes the vertex numbering clockwise
,
then

I T makes it counterclockwise .
If

IoT ( V
, ) = VK

then IoT = RK

⇒ T = E
' RK = IRK b/c

Lisareflection
.
Thus R and T generate D8

.



⑤ If Hc G and G is a cyclic gro-p

then tf is cyclic .

☒ This is just

proof By definition
,
since

G- is cyclic
" divide 1mL by

there exists gc-Gs.t.lt g' c- G n to get

3- RE I wish g
'
= g? ✗ with

remainder r
"

Note that if g
"

c- 1-1 the g-
"

c-+1

bk tf is a subgroup , so contains
all its

inverses. Let n= min { a > o I go c- H }

Claim If he H
,
then F K C- 2 with

(g)
"
=L ( in which case

, g- generates H)

since G is cyclic, 7 me
2 with g- = he

⇒ gimlet ⇒ Iml = 0 or 1mL > a

If 1mL -0 , let k=0
.

Else suppose Im / = xntr

for some ✗ C- 2
,

✗ 70 and 0 I ran .

*

So xntr
= ginger c- +1

g
"'
= g

⇒ ( g^j×g"gr c- it ⇒ g-
"

gang
'

c- H
5 9

Inverses⇒ gretl ⇒ r=0

or re {a >ol ga c- tis .

Since osr < n

1g
we must hare r=o bgohoiefn . ⇒

h= gtlml
= g±×n=⑨

☐



③ Lagrange theorem

suppose G is a group and H - G
.

② There is a bijection H → gtl

far allgc-G.pro#-let 0 : H → gH be defined by

④ (h) = gh .

If loch , ) = lochz)

then gh , = she ⇒ g-
'

gh , = g-
'

ghz
⇒ h

, =hz

so ¢ is injective . If gh c- gH
then loch) = gh so ¢ is surjective

. ☐

⑤ If G is finite then

1Gt = 1H / IG :H] .
proof cosets partition G. By @ for

every cost gtt , / GHI =/ HI .

So 1Gt = It/ [G : H] .

9 C-# qcosefs .

sizeof
each
coset



④ Orbit- stabilize theorem

If G is finite group of symmetries of ✗

then b- ✗ c- ✗ 1Gt = / stab G) I lorbcx) /
-in

# of group number f
elements Points that
that ✗ can

don't move ✗ be moved
to

.

PIF we show that there is a

bijection orbcx) → G/ stabcx)
-

Cosets for
stab CX) .

Suppose y c- orbG) . Bs def
, F g. c- G at .

g. (x) = g. Defie F-(y) = gH
where H= stabcx) .

If Io ( g.) = F- (ga) then g ,
H = gztf

where
g :(×)

= y : for i. 1,2 . ⇒ 3- HEH

s:L . g. h=gz ⇒
Giga EH .

⇒ gigzcx) =×

⇒ gzcx) =g ,
Cx) ⇒ 82=81 .

So I is injective .

Conversely if g HE
G /stabG) then

F- ( ga)) = gH so F-is sujecte .

The result follows from Lagrange theorem .

☐


