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Consider Doo < Isom ( IE

'

) to be te isometries

of IR ( v1
end.

metrics that take 2 to 2
.

let Acx) = - ✗
and Bcx ) = 1- ✗ .

d- is reflection of Racoon
0 and

☒ (X) is
reflection across Yz

.

proof : BC Ye ) = 'k but B =/ id
.

In fact B. Cx ) - Yz = I - ✗ - Yz = £ - ✗

so Bcx) is the same distance from Yz as ✗

but on the opposite side. ☐

Weclaim that A and B generate Dao .

proof on nextpage .



Consider IRwith I marked .

I 1 l l
-

l l l l l l

0

R can be oriented left to right

1 > I > I > 1- > I 3 I > I 517 I > I >

0

or right to left

/ C f < I < 1- < I < I < I < I C 1C I
0

Each isometry of IR either preserves orientation

or reverses orientation and is completely determined

by whether it is orientation- preserving or

orientation - reversing , and the value of Tco].

(proof Given 1- ( o)
,

there are two choices for TG) :

Tco) +1 or TCD -1
,
ifthe farmer then

1-(n) = TED + n Hn c- Z
,

if the latter Tco) - n th)

Both A and B are reflections , so they reverse

orientation . Thus, (A.B)hard ⑤
•A)
"

preserve

orientation, for all n .

Notice AOB (x ) = - ( I - ✗ ) = ✗ - l

BoA ( X ) = I - C-×) = ✗+1
✗ c- R



let TE Doo
.

Cased If T is orientation preserving

and Tco) 70 then

( BoA )
""

( o) = 0+1 + It - " t )
-

= 1- (o)

TG)

since (BoA)T
"
and T are both

orientation - preserving and take 0 to the

same location
, T = (Boast

")

Casey T is orientation - preserving and TADEO

As in Case I
,
T = (A.B)

IT"'t

0

Cax_3 T
is orientation - reversing and Tco] > o

them To A is
orientation - reversing and

Tot ( o) < 0 .
By Case 2 To A = ( AB)

"

for some new so ToAoA
= (AaB)"oA

a-

Cased Tis orientation - reversing
and Tco) <0

Asin case
3
,

Tots = (BoA)
"

for sone n

so 1- = CBoA5oB . ☐


