
Free products and Actions onTrees .

let A
,
B be groups w/ presentations

↳ I R> = A LT Ice> = B
.

Deff A *B = < SoT I Roll >

Deff A *B = words ofthe farm
A
,
b
,
azbz . .

- an b-

{ 4 ai =/ 11 it a- }
bi ± a- i f- n

9.c-A , bit B

CThese definitions are equivalent)

thml-V-A.BZ treat at . A-*B

acts out with stable ) = 11 Hedges e c-E

I action is non-trivial

thmh If a group
G acts"%i streets .t .

① stables = A- Hedges e

② the action is transitive on edges

③ T is bipartite 12 action preserves the partition

then 7 non-trivial groups A.B. sit

G I AAB



proofoftheoeenlb.tk= G-*B) 1A B--

CA.FI?g/?=zcosets8AtetAujB
be vertices .

for
g.
A c- A aid g' B c- B

put an edge joining gA to g'Bukavu g=g!

g•A-•gB
let T beetle

resulting graph

EI If A. c-A bfB are non- trivial then :

0-•-o/
•

BA is a part of T
AB A B

Claims A- ☒B acts on T

If it is just tee usual left
actin

.

If we A- *B then U ( •-• ) = •-•

GA SB UGA ugB
☐

Claims T does not have a cycle .

suppose
9'•A_bzB_•%A-?¥

. . . g-
B

-
isa cycle



than act by gi
'
to get a cycle based at A

we renumber :
B g.A gzB 9mA 9nB•A- •-•- •

. .
. •- •

-

For simplicity
,

assume he = 2 .

General case is

Bsimilar •A_•

1 I
•-•

g. A

9213

Lookat - edge . By defn gze A

lookat - edge . We had
•-•

B 8*-19 , A

so gig ,
c-B ⇒ .

teokat - edse : Notice g ,
c- B ⇒

Thus
, gz ( gig ,) = 8 ,

a
van¥ B
A B

has two reduced words representing same element

which contradicts Defn 2 . ☐



Claims T is connected

PI let GEG and consider g A

we can write g. =
a
,
b
, azbz . . - an bn as in Def 2

.

then notice :

GA
•- •-

•- •_ .. . - • A

gbri
' B gbñ

'

ai
' A esbriai' bit B

" 't

GB gbiA

is a path from GA to A
.
Since 8•A_§B

all vertices are joined to A • B bye path .

So T is connected .

Claims 1122 ⇒ Tis a tree .

Action is nontrivial b/c BA -1-13 forb c- B

so b d- stab ( •a)

If e is an edge •
e-• and we stab (e)

GA GB

then ugA=gA and ugB-=gB (
u can't flip
b/c coats are

⇒ UG gAngB
disjt )

⇒ Ants -1-0 ⇒ ☒ . ☐ Cthmi)



proof of than2
-

Suppose G ads ona tree Tas described ,

let e be an edge oft

→e-4-

let A = stab ( •J and B = stab ( o )

we claim G I A *B.

Claiml The stabilizer of any black
vertex

is a conjugate of A. The stabilizeof
any white vertex is a conjugate f B .

PI
.
let ✓ be a black vertex that is

an endpt of an edge e !
Since the

action is transitive on edges F g c- G

sit . gce
' ) = e. Since the action preserves

the partite sets gcv) = • .

Define

f- : stabcv) → stab (• ) by
f- ( h) = ghg

-1 Note ghg
- ' (•) = •

Hence g. stables g-
1 a stab Coo)

.

If hlestabc. )

then g-
' h'g c- stab( v) and f- ( g-

' n' g) =L'

so f- is onto . thus stabC.) = g stabG) g¥



We now define F- : A *B → G

by extending the identity maps za : A ↳

Gets: B→ G

Across A- x-D ( i.e . recall A.Bade subgroups
I G)

EI § ( a, b. azbz . . . an bn ) = a ,b ,
- . - an bn
- -

abstract element GG
Ward

(using G 's
using concatenation operation)

cleats to isa homomorphism .

claim-ZT.is injective .

Let a ,
b
,
azbz . . . an bn bea reducedward in AAB

we show it is notte identity in G.

For simplicity assume a
,
-1-11

,
bn -1-11

stabiliserstabilizesawhile

ww-nwkxaibiazbz-nanbn-GTbia.TT#azTbTaazT-1(a,azaz)bzCa
, Azaz)

-

lay by . . .
- . . bn

isa product of conjugates of element of B , times
an element of A . This can be used to show it isn't

the identity, similar to ping- pong lemma



Claims
-

⑤ is surjective

It suffices to show A v13 generates G.

let g c- G. Then
g. e te

•#%%o v

both:
choosea path from e lo g - e

WLOG assume path endsata while vertex V.

Notice g-
'

Bg = stab (v) let e
'

be the previous edge .

the action is transitive

on edges so F g
' at . g' • e = e

'

⇒ ⑨ g-1) . (g.e) = e
' and pressures

black

☒while vertices . Thus
, g

'

g-
'
c- stab CV)

so we get a sequence of group elements where

each one is in thestabilizer of the
"

next " vertex

alongto path R whose product is G



•-#•→^-•_@a zoo
-

,

,

↳g.eAn induction argument on the
•

length of the path from e to g.e

proestle result . far

g
'

g-
'
c- stab (v) c- g stab (o) g-

1

my
⇒ z be B at .

g
'
= g

b

⇒
g
= g

'

b-
'

- product of elements from
A.B by induction .

☐



temma Suppose a finite groupGats on a

tree c-
.

Then 3- p et s .
-1

.

g. p =p
for all g c- G

PI choose ✗ E T .
Then orbg (x) is

finite
.
let to be the smallest subtree

of T containing or be G) .

If Io has one vertex, let p = To

if to has two vertices , •☐•
-

let p = center f To

if to has > 2 vertices let
• •

I
,
= to lteauesfco) o-•\£•↳

Note Gaetsont , %¥§→
Continuing we arrive at a ↳
base case and so provethe

lemma . ☐



Cos Every finite subgroup of A *B is conjugate to

a subgroup of A or a subgroup ofB

proof let G < A *B be finite .

A * B acts on a tree with

trivial edge stabilizers by the aeon 1
.

By the lemma G fixesa point .

So 3- vertex v with G < stabG)

But stab (v) isa conjugate f AaB.
☐


