
Apreseutationf-orD.ro
let A = { a> b } and S = { a. b. a-:b- ' G.
let F be the free group FCS) consisting

of words in the letters aob,a→
,
b- '

up to tee

cancellation and insertion of pairs of inverse

letters
.
Forex

. a b a- 'ab = ab>
0

Let A : it → IR be tee fnctim A- Cx) = -X

and B : IR→ IR belle function BGD - I - ✗

The group Doo is defined to be the group

of isometries of IR taking 2
to I

.

We

saw before that D is generated by 1- ad B
.

For the purposes of this problem
,

let • denote

the group operation onDoo , so

A. B is the function BoA

--
first do A

then B.



Deke T : F → Doo by

T(a) = A

Tcb) =B

and extending over
words

.

For example

4 ( ababb ) = Tca) • Tcb) - Pca) - Pcb) - elb)

= A - B - A - B - B

= Bo Bo Ao BoA
-

function IR→ IR using usual

right ↳left
function composition

observe that 7 is Caetomaticallg) a

homomorphism .
It is surjective b/c A.B generateDoo.

let R = { a?bZ } a F.

We will show Flaps>
I Doo

→
normal closure



This Flers> = Doo

PI we construct an isomorphism directly .

For convenience
,
for WE F

,

let [w] denote

its image inthe quotient group Flat>>.

Define Y : Doo → Flap>>

as follows. For geD• write it as

( A.B)? A or (B. A)? B or C A. B)
"

or (B-AT

for some RE 2,
n 70 .

let

4 ( CA - B)
"

-A) = ( [a) [b)5 [a] etc
.

Since AZ = BZ = 91 it is easy
to check

this is a group homomorphism .
It is injective ble

(A -B
"

) = (BoA)
"

iste function ✗ to ✗ + n

etc
.

It remains to show it is surjective .

Let [WIE Flers> . Wewillshow we IMCX)
.

Each group element of F, can be represented
as a

reduced word .

We let w bea reduced word .
-

the Claus [ w] .



Wemay write
W in the generators as

W= AM bm' aihbm
'

. .
. a^k bmk

Where nz
,

. . .

, NK E
Il {0}

Mls . . .

, Mky
C- I \ {of

then

[w] = [a]
"
[ b)

^
'

. . . [a]
"

[by
"
"

since R = { a} by
,
[a]
-

= [b)2=1

so we can repeatedly reduce exponents mod 2

until (w) is
of tee

form ( (a) Ib))
"

La?

( [a) Lb])
"

,
([b) [a] )^,or( [b) [a])

"

[ b]
.
that is

the [a] and (b) alternate . Then

✗ ( G-B)
"

a) = ( (a) Cb])^[aD=# or

✗ ( ( ABY ) = ( [a][b])
"

= Cwp or

4 ( (BAY B) = ( (b)[a]5[b) Iwf or

4 (CBA )" ) = ( [b) G)5--4.3
Thus His surjective . ☐


