
then If G acts freely on E
"

then

G is torsion - free .

Before proving this we establish some geometric facts .

Recall LE
"

is 112
"

with the Evel. distance

metric d (✗ is) = 11×-84

Factwewoitpoe : If T : IE
"

→ IE
"

is an isometry

then for every line segment
L c IE

"

TCL) is also a line

segment .
C

' E-

Met. Suppose S is a finite set the

= Ccs )
centroid is the point

1- I ✗
1st XES

Exainpe ① • •
of cts) is the midpt of theline segment w/ endpts S

I

¥÷⇒s:



temna Suppose Sc IE
"

and 2 I 1st < 00
.

Let ✗ c- S
.

Then CCS) lies on the line

segment with endpts ccsix) and × .
In fact

,

ccs) = ( I - 4¥ ) × + ls ccsix )

proof

( I - 1¥ )× + 1T¥ ccs - × ) =

✗ + 14¥ Ccs - x) =

#Ñfinition

¥ ( ✗ +
• ¥ ¥:) =

¥1 ( × + I b) = ¥ ¥8
= Ccs)

.

ye six ☐



Now we prove ?

then If G acts freely on E
"

then

G is torsion - free .

PI we prove the contrapositive . Suppose

ge G
has finite order . Let +1 < G

be the subgroup generated by g. that is

H = { 11, g, g
'

,
. . .

, goriest
-1 }

Choose ✗ c- LE
"

and let s = orbit ( X )

so 1st = order (g) . let ccs)

be the centroid of S . Notice
that

H yes, the H , y = g
"
. × h=gm

mtk

for some 15m so h . y = gmgk. ✗ = g. ✗
So hey c- S

.
Since he G is an isometry ,

the function of :S → S defied by ② (s) = h•s

is injective . Since S is finite , ① is
a bijection .

Thus
,
has -

- S for every hetl . Thus by
our previous

work :

g. ccs
) = c( g.5) = Ccs

) so g. c- stables
))

r r
lemma g.

5=5

Thus either g=
9- or the action f Gon IE

"

is not free . ☐



temrna Left :/E
"
→ E
"

bean isometry .

If S C IE
"

is finite, then

T@(s)) = c.Ctcss)

( " isometries move
centroids to centroids

"

)

PI Number tee elements of S as

✗
i
,
Xz
,

- .
-

,

✗n

let Li be tee line segment from Xi

to c( {× , . . . , ✗ i -i}) for 2 Ei en

T takes Li to the
line segment

joining Tcxi 's
and C( {TCX,) , . . ; Tcxi-i} )

As c. ( s ) lies ¥ of tee way along tee

line segment Ln , the
result follows by

induction on 1st .


