[ Spring 2018/MA 434 Group Project 4: The Sylow Theorems l

1. INTRODUCTION

Let G be a finite group of order n =|G|.

(1) Give an example of a group G, and a number a which divides n, such that G does not have any
elements of order a.

The Sylow (pronounced SEE-low) theorems concern the case when a is a power of a prime. Henceforth,
assume that p is a prime and that n = p” m where p does not divide m. A group whose order is a non-
zero power of a prime p is a p-group.

Theorem (First Sylow Theorem). G has a subgroup of order p’.

A subgroup of order p" is called a Sylow subgroup of G. Another way of phrasing this is that a subgroup
H < G is a Sylow subgroup if and only if |H| is a non-zero power of a prime and |G|/|H| is not divisible
by that prime. Notice that any subgroup conjugate to a Sylow subgroup is a Sylow subgroup.

The second Sylow theorem relates the Sylow subgroups of G to Sylow subgroups of its subgroups.

Theorem (Second Sylow Theorem). Suppose that K < G is a subgroup such that p divides |K|. Then
there exists g € G such that K N(gHg™) is a Sylow subgroup of K .

How many different Sylow subgroups are there?

Theorem (Third Sylow Theorem). Let s denote the number of Sylow p -subgroups of G. Then s divides
m and s is congruent to 1 modulo p.

2. THE PROOF OF THE FIRST SYLOW THEOREM

We need the following lemma.

Lemma2.1. Let G "~ G by left multiplication and let U c G. Let stab(U ) be the subgroup of G consist-
ing of all g € G such that gu € U if and only if u € U. Then |stab(U)| divides |U]|.

Our proofis based on Prop. 3.6 from Artin’s Algebra.

Proof. Observe that stab(U) " U by left multiplication. Thus, U is the union of orbits under this group

action. For u € U, let orb(u) denote the orbit of U under the action by stab(U). Thus, there exists
k

elements u,,..., u; with disjoint orbits, so that U = | ] orb(u;). In particular,
i=1

|U|=|orb(uy)|+---+|orb(u)|.
Forie{l,...,k}, observe
orb(u;)={ucU :Jhestab(U)s.t. hu; =u.}
But this is exactly the definition of the right coset of stab(U) by the element u; € U. That is,

orb(u;)=(stab(U))u;.
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Standard facts say that all cosets of stab(U) in G have the same number of elements as stab(U). Con-
sequently,

|orb(u;)| =|stab(U)).
Thus, |U| is a multiple of |stab(U)|. ]

(1) Prove thatif G acts on a set S, then G also acts on the power set 22 (S). Furthermore, prove that
G acts on the set ¥ of all subsets of S of cardinality p”. In what follows, we'll take G = S and
the group action to be left multiplication.

(2) Let N = (’;’,). This is the cardinality of .. Prove that N is not divisible by p.

(3) Prove that there is an orbit for the action of G on . whose cardinality is not divisible by p. Let
U €. be an element of the orbit.

(4) Prove that stab(U) has order p”. This concludes the proof of the theorem, as stabilizers are
subgroups.

3. THE PROOF OF THE SECOND SYLOW THEOREM

Let H < G be a Sylow p-subgroup of G. We must show the intersection of some conjugate of H with
the subgroup K is a Sylow p-subgroup of K.

(1) Let S = G/H (the set of left cosets of H in G). Prove that the action of G on itself by left multi-
plication induces an action of G on S.

(2) Prove that G acts transitively on S. (That is, for every gH,g’H € S, there exists a € G such that
a(gH)=g'H.)

(3) Recall that H € S. Prove that H = stab(H).
(4) For g € G, prove that the stab(g H)=gHg™.
(5) Explain why p and the cardinality of S are relatively prime.

(6) Consider the action of K on S which is the restriction of the action of G on S. Let 0 be the
set of orbits produced by this action. Prove that there exists O € 0 such that the order of O is
relatively prime to p.

(7) Let o € O. Prove that stab(o) is the subgroup we are looking for.

4. THE PROOF OF THE THIRD SYLOW THEOREM

(1) Use the second Sylow theorem to prove that the Sylow p-subgroups of G are all conjugate.
(2) Let H be a Sylow p-subgroup and let N(H) be its normalizer. That is,
N(H)={geG:gHg '=H)}.
Recall that N(H) is a subgroup of G. Prove that s (the number of Sylow p-subgroups of G) is
equalto [G: N(H)].
(3) Prove that s divides m =[G : H].
(4) Let % ={H;,H,, ..., H;} be the set of Sylow p-subgroups of H. Let N; be the normalizer of H;.

Let H act on U by conjugation. Prove that |orb(H;)| =1 if and only if H < NV;.
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(5) Prove that if |orb(H;)| =1, then H; is normal in N;. Conclude (using (1)) that H = H;.
(6) Show that if |orb(H;)| # 1, then |orb(H;)| is divisible by p.

(7) Prove that s is congruent to 1 mod p.

5. SOME RELATIVELY EASY APPLICATIONS
(1) Prove thatif G is a finite group with order divisible by p, then G has an element of order p. (Use
Sylow 1.)
(2) Prove that there are exactly two isomorphism classes of groups of order 6. (Use Sylow 1)

(3) Prove that every group of order 15 is cyclic. (Use Sylow 3.) (Hint: Show that if |G| = 15, then
G 27/3Z % Z/5Z.)

(This project is based on material from Michael Artin’s Algebra. )
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