Fuchd 1in the 19th Century

But Mr. Stelling took no note of these things; he only observed that Tom's
faculties failed him before the abstractions hideously symbolized to him 1n
the pages of the Eton Grammar, and that he was 1n a state bordering on
1diocy with regard to the demonstration that two given triangles must be
equal, though he could discern with great promptitude and certainty the
fact that they were equal. Whence Mr. Stelling concluded that Tom's brain,
being peculiarly impervious to etymology and demonstrations, was
peculiarly in need of being ploughed and harrowed by these patent

implements; 1t was his favorite metaphor, that the classics and geometry
constituted that culture of the mind which prepared it for the reception of
any subsequent crop. I say nothing against Mr. Stelling's theory; if we are to
have one regimen for all minds, his seems to me as good as any other. I
only know 1t turned out as uncomfortably for Tom Tulliver as 1f he had
been plied with cheese m order to remedy a gastric weakness which
prevented him from digesting it.

The Mall on the Floss George Eliot 1860




In the course of my law reading I constantly came upon the word
“demonstrate”. I thought at first that I understood 1ts meaning, but
soon became satisfied that I did not. I said to myself, What do 1
do when I demonstrate more than when I reason or prove? How
does demonstration differ from any other proof?

I consulted Webster’s Dictionary. They told of ‘certain proof,’
‘proof beyond the possibility of doubt’; but I could form no 1dea
of what sort of proof that was. I thought a great many things were
proved beyond the possibility of doubt, without recourse to any
such extraordinary process of reasoning as I understood
demonstration to be. I consulted all the dictionaries and books of
reference I could find, but with no better results. You might as
well have defined blue to a blind man.

At last I said,- Lincoln, you never can make a lawyer 1if you do not
understand what demonstrate means; and I left my situation in
Springtield, went home to my father’s house, and stayed there till I
could give any proposition 1n the six books of Euchd at sight. 1
then found out what demonstrate means, and went back to my law

studies. Abraham Lincoln




Euchd of Alexandria

e c. 300 BCEL
¢ student of Plato’s students

o started a school at Alexandna

e complled the Elements
from theorems of Eudoxus,
"Thaetetus, and others.




'The Elements

Almost from the time of its
writing and lasting almost to the

present, the Elements has exerted

a continuous and major influence
on human affairs. It was the
primary source of geometric

reasoning, theorems, and methods [j&

at least until the advent of non-
Fuclhidean geometry in the 19th
century. It 1s sometimes said that,
next to the Bible, the "Elements"
may be the most translated,
published, and studied of all the
books produced in the Western

world.  van der Waarden
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The structure of The Elements

Defimitions

5 Postulates (Axioms)

5 Common Notions

Propositions T g
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The structure of The Elements

Delimitions

Defimition 1: A point 1s that which has no
part.

Definition 15: A circle 1s a plane figure
contained by one line such that all the
straight lines falling upon it from one
point among those lying within the figure
equal one another.



http://aleph0.clarku.edu/~djoyce/java/elements/bookI/defI15.html
http://aleph0.clarku.edu/~djoyce/java/elements/bookI/defI15.html

The structure of The Elements

Postulates

1. T'o draw a straight line from any point to
any other point.

2. To produce a hnite straight line
continuously 1n a straight line.

3. To describe a circle with any center and

any radius.




The structure of The Elements

Postulates

4. That all right angles equal one another.

5. That 1if a straight line falling on two
straight lines makes the two interior angles
on the same side less than two right angles
then the two straight lines produced
indefinitely meet on the side having the
two angles which are less than two right

angles.




The structure of The Elements

Common Notions

1. Things which equal the same thing also
equal each other.

2. It equals are added to equals, then the

wholes are equal.

3. It equals are subtracted trom equals,

then the remainders are equal.

4. "T’hings which coincide with one

another equal one another.

5. The whole 1s greater than the part.



The structure of The Elements
Propositions

10. To bisect a given finite straight line.

18. In any triangle, the angle opposite

the greater side 1s greater.



http://aleph0.clarku.edu/~djoyce/java/elements/bookI/bookI.html#posts
http://aleph0.clarku.edu/~djoyce/java/elements/bookI/bookI.html#posts

Geometry 1n Victorian England

® | c1ibniz notation for Calculus allowed on

Tripos in 1819.
¢ ¢ 1819 geometry deemphasized.

Reemphasized in 1848.
¢ 839 mathematical suggestions by Gregory

corr. to higher dimensions.
e Some criticism of detail of The Elements




Geometry 1n Victorian England

Two Questions:

1. Are the higher dimensions suggested by
analysis and algebra geometric entities?

2. Can geometries other than Euchd’s be
concelved? Is Fuclidean geometry
adequate for spatial reasoning?




Geometry 1n Victorian England

¢ 18360s mathematicians begin to consider
non-Eucl. geometries of Bolyai and

Lobachevsky (1820s)

¢ 866 Riemann publishes. Discussed by
Sylvester (1869), Helmholtz (1870),

Chifford (1874).

¢ Projective Geometry popularized by

Cayley beginning 1n 1859




But you must note this: if God exists and 1f He really did create the
world, then, as we all know, He created 1t according to the geometry
of Fuchd and the human mind with the conception of only three
dimensions in space. Yet there have been and still are geometricians
and philosophers, and even some of the most distinguished, who
doubt whether the whole universe, or to speak more widely, the
whole of being, was only created 1n Euchid's geometry; they even dare
to dream that two parallel lines, which according to Euclid can never
meet on earth, may meet somewhere 1n infinity. I have come to the

conclusion that, since I can't understand even that, I can't expect to
understand about God. I acknowledge humbly that I have no faculty
for settling such questions, I have a Fuclidean earthly mind, and how
could I solve problems that are not of this world? And I advise you
never to think about it either, my dear Alyosha, especially about God,
whether He exists or not. All such questions are utterly mnappropriate
for a mind created with an 1dea of only three dimensions.

T he Brothers Karamazov Dostoevsky
(1880)

http://gutenberg.net.au/ebooks07/070006 1 h.html



http://gutenberg.net.au/ebooks07/0700061h.html
http://gutenberg.net.au/ebooks07/0700061h.html

Higher Dimensions

Algebraic manipulations made 1t
convenient to speak ot n -dimensions

forn > 3. (c. 13606)

Rarely was existence claimed for
these higher dimensions.




“T'he science [of Abstract Geometry| presents itself in
two ways; - as a legitimate extension of the ordinary
two- and three-dimensional geometries; and as a need 1n
these geometries and 1n analysis generally. In fact,
whenever we are concerned with quantities connected
together 1n any manner, and which are, or are
considered as variable or determinable, then the nature
™ of the relation between the quantities 1s frequently
Q rendered more intelligible by regarding them (1f only 2
¢, Or 3 i number) as the co-ordmates of a pomntin a plane
or 1n space: for more than three quantities there 1s, from
the greater complexity of the case, the greater need of
such a representation; but this can only be obtained by
means of the notion of a space of the proper
dimensionality; and to use such a representation we
require the geometry of such a space.” Gayley 1869

Highe

quoted in Mathematical Visions by Richards



Ulamately, all discussions about the nature of
oceometry are discussions about its foundations,
whether they take place at the torefront of
mathematical research or on the apparently
mundane level of elementary teaching. This 1s
nowhere clearer than in England 1n the 1870s
and 1880s. during this period nearly all of
Fngland’s mathematical enthusiasts were
directly involved 1n considering the optimal
form of elementary geometry textbooks.

Mathematical Visions Richards p. 163




1868: Wilson BOOKS L—V.

CONTATNING

publishes THE SUBJECTS OF EUCLID'S FIRST SIX BOOKS:
alternative to The ey i moes o e, revees
Elements. Heavily

criticized by

de Morgan and J. M. WILSON, MA.
Dodgson (1879). e e o n s ciaee o
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19th c. Philosophy of Science

Philosophical Nativists

'Irue knowledge of the natural world 1s 1n some
essentially innate

Empiricists

'Irue knowledge of the natural world 1s drawn
from experience

How do humans come to exact
knowledge of absolute truth?




Philosophical Nativists

e Math 1s descriptive

* Best for developing
reasoning skills

e Math definitions tied to
objects being described,
not arbitrary

* Science proceeds by
induction: successive
generalization and testing

William Whewell (1794-1866):

http://www.victorianweb.org/science/whewell.html



http://www.victorianweb.org/science/whewell.html
http://www.victorianweb.org/science/whewell.html

Philosophical Nativists
William Whewell (1794-1866):

T'here are:

e contingent truths:
summaries of
observed phenomena

* necessary truths: those
whose opposites are
inconceivable

angle sum is 180

http://www.victorianweb.org/science/whewell.html



http://www.victorianweb.org/science/whewell.html
http://www.victorianweb.org/science/whewell.html

Empiricists
John Herschel
(1792-1871):

* Mind draws 1deas from
experience

 Mathematics describes
external reality: space,
number are objective
facts.

* Induction in mathematics
1s natural and easy.

http://www-groups.dcs.st-and.ac.uk/~history/PictDisplay/Herschel.html


http://www-groups.dcs.st-and.ac.uk/~history/PictDisplay/Herschel.html
http://www-groups.dcs.st-and.ac.uk/~history/PictDisplay/Herschel.html

Empiricists
John Stuart Mill
(1792-1871):

* Scientific reasoning about
objective facts of nature

* Definitions neither true/
false - more/less
acceptable descriptions

* Mathematics built upon
definitions

* Rejects necessity of truth
but agrees with descriptive
view of mathematics hitp://wwywiep.utm.edu/m/mills.him



http://www.iep.utm.edu/m/milljs.htm
http://www.iep.utm.edu/m/milljs.htm

Baconian Induction
“THE DESCENT OF MAN

Man comes from a mammal that lived up a tree,
And a great coat of hair on his outside had he,
Very much like the Dreadnoughts we frequently see-
Which nobody can deny.

But this groping and guessing may all be mistaken,
And in sensitive minds may much trouble awaken,
So I’ll shut up my book, and go back to my Bacon-
Which nobody can deny.”

Blackwood’s, 1871. Quoted in Fact & Feeling by Smith.




Francis Bacon
Novum Organum (1620)

Proceed by induction:
collect facts
a pattern eventually emerges
a hypothesis 1s formed

Whewell: Facts & 'T'heories inseparable

de Morgan: Scientist interprets and
writes laws of nature, 1s not a
disinterested observer.




Abbott and Bacon

Abbott involved 1n “bitter dispute”
over Bacon’s personality

1876 Abbott supports Bacon’s claims
for induction. Bacon 1s the “prophet”
who gives us a view of the “promised
land ot science”.

1885 Abbott heawvily criticizes

Baconian induction.

“Imagination ... 1s for Abbott the
fundamental mechanism of both science and
religious thought.” -Jann

see Smith Fact & Feeling




