


Thin If D is a connected
,
reduced

alternating diagram of a link L

then span XCL ) = 4CCD)www.ccggigggn.myaycrogg.ygp
temmal (Euler 's Thon) temma2 Every connected graph s. t. every

If G is a connected
,
planar graph cycle hasan even # of edges is bipartite

(nonempty ) then V - E t f = z
( i.e. vertices can be colored BRW at .

ie:::*:::c::*:c:*
a

"÷÷÷÷÷:÷÷÷:c:S
.

pI Induct on E and shrinkan ad soon

o¥•off,edge e.g . proof → ¥1 if it weren't
to do the induction

. D
a bipartite coloring , Therewould be an odd cycle .IN

Proposition let D be a connected link

diagram .

Then it can be checkerboard colored

& the total number of regions is 2 t CCD)
.
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Proposition let D be a connected link

diagram .

Then it can be checkerboard colored

* tee total number of regions is 2 t CCD) .

PI let G be the shadow of the knot. Cie
.

D
,

but

forget the crossing info) Notice each vertex of
G has degree 4 . The total # of edges is then
I ( 4 CCD) ) = 2C CD) and the total # of
vertices is CCD) . By Euler 's Theorem
CCD) - Zc CD) t F = 2 ⇒ F = 2 t CCD)

.

let T be He dual graph to G :

T

i¥¥÷¥÷÷÷÷
"

If j c T is a cycle mark a vertex v

Ao
t lq•T "%ffsse.mu inward until we collapseto v ⑤I ⇒ even # of eqglsinl? I

④
Thus T is bipartite which is what we

←
were to prove -

D



proofontlaintheareys.me
X ( K ) = ( A Ju L D >

the span of XCK ) is equal k the span of L D?

Recall LD> ⇒ Tg Aa
's'

A'
""

Gaza-y
' ""

where S is a choice ( 'state " ) of A smoothing
or B smoothing at each crossing of D
R Isl is the number of circles in S .

Recall that the smoothings are ¥ ↳ off.
&B

Since D is alternating in
each region we have along each edge .

• so each circle in tee all
• A - smoothing contains

the blue dots and each
circle in all

-B smoothing contains purple dots
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We conclude that

Fan '
? orig) t fanciers's:#g) = # regions = ② CD) t2

.

Also notice that if 5
,
is a state

(choice of A- or B smoothing at each crossing) w/ I 5
,
I = # circles

and if Sz is obtained by switching one
A smoothing to one B smoothing teen
1521 = IS , I II b/c either too circles merge or

one circle splits ( fusion or fission ) (the Jordan came

QI.sn?....**QE0Ie:e:ai:mies
⑤ ¥a⇒⑤⇒

which would mean
He # of circles

Now for the all A - splitting didn't change )
each bridge joins distinct circles

b/c otherwise

the diagram wouldn't be reduced
→



gfsetafdjaatqoa.se:..ie:1.
self adjacent we O gcould draw a circle

containing the bridge not reduced

R disjoint from the Oy. € §¥rested:3:' reduced
.

You consider the highest power of A arising
- rom a state S

,
: the term S

, contributes
to LS ,

> is false ) A- BG) (Az- A- z ysit
- l

Ille highest power of A hare is
a Csi ) - bcs . ) t 2 ( Is , I - l )

if Sz is obtained by charging an A smoothing to a B
smoothing , then the highest power for its term
is

a Cs ,) - I - ( bcs ,) ti) t 245,1 I l - l )
I a CS ,) - BCS , ) t 2115,1 - l )

w/ equality only if the A to B switch

was a fission .



Thus the all A - smoothing contributes

the highest power of A to LD> and it

from far- a-2)
"B '

- l

is unique in doing so.

Similarly the all B- smoothing uniquely contributes /the lowest power of A fo LD >

⇒ If we call SA the all A - smoothing /
and SB the all B - smoothing the

span LDS = a ( SA) - bcsa ) t2/sAl
- @ (SB) - b CSB) - 2 ( ISBI - t ) )
= CCD) - O t 21 SAI - Z

t O t CCD) t 215,31 - 2

= 2 CCD) t 2 ( l Salt 15,31 - 2)
lemma

't

→ zc CD) t 2 ( CCD) t 2 -2)
= 4 CCD)

.

D

see next page far more !



connected
Them If D is an non - alternating diagram
of a link L then

span X CL ) < 4 cc D )

PI we continue the proof from before
.

Consider a state S
.

The dualstate 5
to S is the one obtained by changing all
A - smoothing in S to B smoothing and
all B - smoothing to A -smoothing .

es
> →TE

S 5

Focus on the spot where we hone the

non alter crossing . ¥¥
ABf A

tint at
is d

B*
we see that in both cases he has nested circles .



Since the boundaries of the regions of the knot
diagram get broken into pieces to make up
the circles we must have fewer circles
teen regions es .

÷ ) ;-
:f÷÷÷:÷÷.eu?IIoom

Thus
,

I Sl t 151 L # regions = CCD) t 2

-

thus
,
max deg LD> E al s) - bcs) t 21st - 2
min deg LDS 3 a (5) - b. (5) t 2151 - 2

= bcs) - a (s) t 2151 - 2
⇒

span LDS E 2 a Cs) - 2bCs) t 2 ( 1st t 151 - z )
E 2 CCD) t 2 ( 1st 1- 151 - z )

y
L 2C CD) t 2 ( CCD) t2 -2 )

tee key !
= 4C CD)
I



⇒i÷÷÷÷÷÷÷ .....
reduced alternating di%7Im .

'

" t.YIITHIE.eed.it
.

cannot be


