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① Classifying ISOMETRIES
gite

⑤ Dihedral Groups
-

⑦ temma If f EISOMCIRZ)
and if f- ( go) = (go)

f-Cbo) = (Igo)
f-Cosi) = Cgi)

then f = id



Lemmy If f EISOMCIRZ)
and if f ? logo)

ago)
f
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")
then f = ida shoo fcx) -- X
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Tfcx) some
where
on circle

bled#CH , = d (X ,o)
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we know that few) ison blue circle

b/c dist from e , doesn't change
TL on the black circle

⇒ w is also
Note we could had fixed

byf

too. to.
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,
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By looking distances to e, and ez
we see that f preserves He

quadrants of the block circle
& so f-Cx) = X D



lemme If f E Isom CITY )
fixes two distinct pts then
either f is lie identity or
f- is the reflection across the
line through those pts Assume

Bk dist . to u and w is unchanged
& bluer black cardsare target
⇒ f- fixes each pton the line .



Assure f # id
so 3 X E 1122 it.

f-Cx) t X

By looking the circles Rosing
facts about isos. triangles
we fcx) is the reflection
of X across red line



We know now that if

f-Cx) f x then f-Cx) is

the refl . ofx across lie
through w and u
wewant this for every X .

• fcx)

•

in "s.:*.
D



temma If f E Isom4122)
and if F WE 1122 at . fcu)--w

then either f is a rotation
around w (possibly id) OR
f is areflection.
Ctw)



* Thin If f E IsomCITE)
then f is the composition
of rotations , reflections

pf
let f f Isom(N)

- L
• fco) If f-Co) f- 0

let tu be¥ atesoreaedim
If f-Co)= 0
let In = id

Then I
,
of (o) = O



TLof (e ,)
•

Let R be
tee rotation
taking•# y,ofee,,
to el
and fixing0

Rotcof# fifes&
e ,

by lemma either Rotc
is the id. or reflection
across x -axis



If Rotcof is the id

then Rot,ofG) = X tXEIRZ

⇒fcxs -- ti
'
or
"
Cx )

9 A rotation !
either
id or TL
infect ti

'

-_ Ice

⇒ f Este composition of a
rotation R reflection
If Rotcof = Refl×E%T
Hm f = toR

"

oof4-vogffggfimrotation
D



Lemmy If L R M are
distinctlines intersecting at apt p
TL if tu

,
Tm are reflections

across those lines
Tm→ Itu#
m

then taut, is a
rotation

of angle 20



lemme If L R Mare Pfr
distinctlines intersecting at apt p -
I if tu

,
Tm are reflections I/ Eeo

at p
m

then taut, is a
rotation

of angle 20
-

let R be the

rotation taking fcx)
f-Cx) back

to x•

→/⑦ x



reflections reverse
direction but
rotations preservedirection

know Ro In OIL (x ) = X
and R o TmoTc (o) =

0

by lemma R o TmoIL is either

a reflection or deff!! reverse
Tmot preservesdirection

⇒ Rotmotu preserves direction
⇒
potmot, = id



Tmot, = R
- I

m
T rotation

""
i

Emote (u)
⇒ Tmot isa

rotation byangle
2 ⑦



Thin let L
,
M be distinct lines

intersecting at p

µYn:'ve:*.•
Thotmotu

P is a reflection
L across the line P
m

¥#p

m



M L
• tix)

PE ↳
g. east¥•×p

Let xeplp
Notice

I. Cx) EM

and tmotcx) ETCH

and I
, otmotccx) = X .

So
t< otmot is the id

or reflection across P
.

Fbc
pts of L
are moved
D



Dihedral Gaps
The dihedral group Da is the

isometry group g a regular R -gon

EI Ds = symmetries of a
e-

I 3 rotations
( by Oo

,

1200
,
2400 )¥-3 reflections

Ex 4¥ 4 rotations

Insead , Dn has n
rotating
n reflections



I
→⇐

ftp.#
' IFI.tt

✓ Rotate by Goo

1-
flat0A

⇒ f is either rotation by 188012 ¥
It must be the reflection
b/c f reverses orientation

(reflection t One D
rotation Due Z

D



Consuelo refl .
>
lines z

- EEE
5e*¥¥-
Inguinal label the lines of refl .

of the n - gon 0
, .

. .

,
n- I so

the lie at angle (2£) ; has labels



3 2

'i¥.

Let Ii be reflection across line e-

Consider b I

¥÷÷÷÷:across p



BEI, cha,I

BEI) ( b -a)←
mode

¥it→
⇐Ita (EI ) (al - KIM -as

= ( II) (za - b )



BEI) ( b.a,a
mode

¥¥-
⇐Ita (EI ) (al - KIM -as

= ( II ) (za - b )

we conclude that

Ta o Tb o Ta = Tza
- b
⇒

Q : what's the connection between
dihedral groups R knot

coloring ?


