
Groups from Geometry /Top . POV
-

Def A group is a set G
Ra way

of combining
elements of G , that is
a function Gx G → G

a b → a b

s.t.

① tf a, b EG ab E G

② (Identity) I 11 EG
S.t. f a EG II. a = a1--a

③ Ctnverses) Fa EG F a-' e G
s . t a a-

'
= a-

'
a = I

④ (Associative)
tf 9 ,b, C EG

a Cbc) = (ab)c = abc

Usually ab t ba (usually fftfmmoktie)



ELES
① I = S . . .

.

-3
,-2,191,43 . ..}

operation t
• If a,b EZ atb E

I

• tf a. E 7L at O = Ota = a

so O is the identity
• a t (-a) = O

C-a) t a = o } taEZ
SO every AEI

hasan inverse

-a
.

• Assoc. Ha ,b.c E Z

at Cbtc) = (at b) TC .

Inhaiact .



② Multiplication
G = R ( real# s)

molt. . is the operation .
→ Iasb EIR ab EIR

→ HaEIR 1. a = a - I =a

→ tf a EIR

a. (ta) = Cta) -a = I

what about a --o?
?

O does not havea multiplication
inverse so 112 w/ . is not

=
a group.

③ 1121805 molt
.

. asthe operation
isa group .



③ 2/42 modular arithmetic

is a group w/ operation t

④ Else × 7472
= { Ca,b) I at 7452be 7472}
groep operation is t
ca,b) t (a

'

,
b') = Cata', bt b

')
t r

mod5 mod7



⑤ X is aset

PermCx) = { f : X - X /
f isa bijectionf

operation is function composition
→ Recall if f, g : X →X

are bisections teen
fog : X → X

isa bijection
→ The identity is

id : x → x
defined by id(x) = X IxEX

→ Inverse

→ Association



EI X = { • , -, or}
5 - → 6
• • 0 @ • 0

↳U TU

re
these are
inverses

•% so 4 A 3
T G or • O

G U

R2
•

q & Er
't



EI GLZIR =L (Ecb, ) / Gb,sdeRad -be

identity is ( log)
* ° }

inverse of (Eba)
is

a
'⇒ ab )



③ Isom ( 1122)

= { f : 1122→ 1,22 I fisanaabijectionFasb E 1122

d (a.b) =
d Acad

,
f- Cb))

EI translation

f- (x is) = (Xt 7, y- it)

a.⑥ →
f • fcb)

•
At
fca)rotations

Dan
reflections

a
• ×



Itsomc 1122) is a group
the operation is composition
⇒ Associate

Let's suppose g.FE IsomCIR
' )

a
,
b E 1122 y

ble g is an isom

d (a. b) = d (goes,gCb))
= dffcgcasl, ffgcb))
9

b/c = d (fogCa), fog Cb))
f 's
amisom # my

d (a.b) = d (flat, fcb))
ITdff-txd.ftgy-dcx.gs#Yzz



⑦ Braid group Bn
on n-strands

⇒ a¥ITB
-

¥41
"

a;)
÷÷¥e?

KHA
id



870 Free groups
Alphabet = {a, b.of = A

{a", bye-if = A
,} diss't

A word is A uA
"
is a

sequence of symbols
-s

a bbc c-
' b-
'
aaa bi

'

ba-
'
a

= ab
'
e c-
' b-
'

a
> be

" b a-
2

Let W = { words in Aut'S
operation is concatenation

(abca
' ' ) (bi

' bas)

= a be a-
' bi

'

b as



Two words are equivalent if
we they are related by inserting
and deleting
x x
- '

or X
-"

x far XEA

The empty word is✓ I
denoted

'

working w/ the quotientset
( under see eqoiu . relation)
we hare a grots Fn if n=

# gel't
of A



Exe A = { a. b.CS

ab#b a = aka in Fn
- F
[different

words
but the same d't qfn

(absai') (i' a- ' b)
= a bsa c-24 a-' b

= a bsac a-
" b

Fn is agrad identity is 11

inverse of a word is the same letters
i - app . order w/ inverses

(abc)
"
= c-' b-

'
a
" b/c

(abc) ( c-' b-
'

a
" ) = ¢b/#X'af

= It .


