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Def : A rational tangle diagram ( RTD) is a tangle
diagram obtained from K by twisting it and

(o - tangle)
then alternately twisting the bottom end pts then the right
endpls some odd# of times in total . We
also allow ourselves to startwith the * tangle K
and alternate horiz

.

,
then vertically on every #

of times. So we get one of two templates :

\ /
r - -

aldose T¥⇒ /¥A⇒
- r

1Er :

i.

evened

TkN¥¥¥?
"

The numbers 4
,
Cz

,
. . .

,
Ca indicate the

number of crossings in each twist box .
Inwhat follows we use the following conventions

= EE

n ¥ II Note : Et ai:* names )¥



Def The Emulation for RTDs
onthe previous page is [Ci, Cz, . . .

, Cn] . The Conway
number for such an RTD is then the rational#:

cut c¥¥..? °

⇐

Conway notation : [ 5, -3, -4]

Conway number : -4 t÷¥= - 4 - Fy = - 5,4

Fact :p : Every rational number hasa
continued fraction

expansion

EI 3,17 = 2 t ft = 2 +¥ = 2 + z¥z
= 2t÷¥= 2t÷±

Thus
,
for every rational #r there is at

least one RTD w/ Conway # r.



Facts : Every rational # has a unique continued

fraction expansion [a , .az
.
. . .

,
an] s.t . his odd

and all ai are non- zero and hare the same sign .

proof suppose re Q has c.f. expansions [a . , . . .

,
an ]

and [b.
.
. . . ,bm] w/ all ai of same sign and all bj

of the same sign and both n, m
odd and no aigbj

equal to 0.

WLOG
, Assume NEM .

Notice

r = cent
1-

= bmt 1-
An-it ' . .

+L bin
-it s

-

.

+I
Al b

,

If all ai > o and n >2,0L an.tt
.

.

.

+ at
,

± Tnt < I
Thus
,
if all ai >0

, then r E Can
,
anti )

.

If all ai co, then r E (an- I , an] .
Similar results hdd for the b; so all the

Ai and b ; hare the same sign .
Furthermore

, an = bm.

The result follows by induction . D

Theorem (Conway)
-

Two RTD represent equivalent tangles
iff their Conway numbersare equal .

We given proof due to Kauffman and Lambropooku

from 2004 .



Def If D is a RTD
,
we let

-D denote the same diagram but with

all crossings reversed
.

PrEP If D has Conway notation
[Cy . .

.

,
on ] then -D has Conway notation

[- Ci
,

. . .

,

- Cn]
.

PI changing the crossings in It

produces I[ D
.

Det If D is a RTD let denote

the diagram obtained by reflecting like so

.
/ I

D YD

Poops -¥ is tee diagram obtained by rotating D

90 to tee left .

If on next page .
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Def For a continued fraction [Ci , Ca . . . .

,
Cn]

let I = max { i t Ci has a different or z
sign from Coo , }

if max doesn't exist .

let s = I c. It . . - t I Cnt

Define c (Ca
,
. . . .cn] ) = ( I, s)

and compare lexicographically (e.g . ( 5,10) < (6,2))

Prod Suppose that D is a RTD St .

out

of all RTD equivalent to D ,
see complexity

( (cc,
,

. . . .cn)) is minimized , where CG , . . .

,
Cn)

is the Conway notation forD .

Then

all Ci have the same sign .

PI suppose not . Then I
> 1

.

For convenience,

set i = I . If c,
a 0
, replace D

with -D
.

So WLOG
,
assume C ,

> O and Ci,
20

For convenience, we'll also assume
i is even

wehae the following picture the tangle T is the
""

RTD of Conway notation?T*F [c , ,cz, . . ..ci
- z ]÷¥

( Tay crossings %
for j > i in

here



÷÷÷÷÷÷÷t
we call a

÷÷÷÷÷÷÷÷÷.
HE

⇐

r ÷::
.

-



÷
.

i÷÷÷÷÷÷÷:÷÷.
Ck -i and Ck have different

signs is still I

, but S has decreased by I,#¥ since Ci, c
O and cc. > o

-
this contradicts our choice of D
to minimize complexity

Now assume Ci . ,
=
- I

.

7-

. b
'I-

T

-



This last tangle has Conway notation
£4

,
. . .

.

- Ci.ztl, Ci
- l
, Citi , . .. , Cn] since i and n

are bothodd
.

So I has decreased by 1 .

This contradicts one choice
of RTD

.
D

Important observation : Noticethat in the proof
-

When we convert [4 , . . . .cn ) to Eci ,
- "

s
- Cii ' , I, Ci

- I
,
Citi
,
"cc)

or f- 4
,
. . .

,

-Ci.ztl , Ci- I, Cin , . . . ,Cn ] the
associated Conway

Conwags Theorem
Pat①

number is unchanged

-

If RTD T, and RTD
Tz have the same

Conway number then they are equivalent
.

PI Byte previous lemma,
we mag arsene

T
,
andI

hare Conway notations [ ay . . .

,
an] and Cbi, . . ; bm ]

with all ai of Ile same sign and all bj of the samesign . If n bag)

is even and a
,
32

,
comet

into

so that I a
,
- I

[a . . . . . .an) becomes [ I , a ,
- I
,

. . .

,
an ]

.

I
-



If he is even and a, = I then rewrite as

!⑦I¥= Lia = FEE

this converts [ay . . .

,
an ] into either

[aztl, as, . . .

,
an] . Note that az > 0 by hypothesis .

Similar arguments showthat we magarsore

not onlythat all ai hare Ile same sign and all

bj hare the same sign ,
butalso that n and maceodd .

Inwhich case since the Conway rwmbusaeetle

Same
,
N --M and a, = be , az=bz ,

. .
.

,
an = bn

.

In which case T
, =Tz as desired . D



We now prove

Conway's than Pat
B
-

If T
,
and I are RTDS

that are equivalent then their Conway numbers
are the same .

Det Given a 2-strand tangle ,
a 2- coloring is an assignment

if an integer to each strand
at .

at

every crossing if the colors
are X

, y . Z

like so

z

Hen 2x - y
- Z = 0

a
b

observe that for a twist box or

if we the entry strands are
b

d

colored a
,
b Ibn Ile coloring c d

can be extended to all stands in the twist box,

so c
,
d exist and are completely determined by

asb . By proceeding one twist boxata time

if Tisa rational tangle diagram then

given a,bE2 7 a Z - coloring of T w/ top two

strands colored a,b . let c
,
d be tee colors

glee bottom two strands :
a b

unless T -- I c d



let NLT) Ca,b) = (E ba ) be the awaited

matrix
.

Lemmy for such a matrix MCT) Ea
, b) = ( Ibd )

we had a + d = btc

proof It's true for ) ( and I . Suppose its

true for all RTD with K crossings and that

D is a RTD w/ KH crossings q b

ein or or

c x d
e

d x
,

i is a

92 ① By hypothesis
,
in me 4 Fans hae

\ x
- atx = dtc

,
a tb = Xtc

,

d at c = btx
,
as a + x = btd

.

C

Using the crossing eqn .

we conclude in each case that

a +D= btc . B



temna If MCT) ( a.b) = ( Ibd ) then

Hn
,
ke 2 there isa colorings .t . ( nnac.IE III. Yc )

is a matrix fra valid 2 - coloring of T.

pI scaling a coloring is a coloring 12 adding too colorings
isa coloring .

Def The cdoringratio for is special Can

f =

⇐ Define f- = o for y
b - d b/c that's what we get

:÷÷÷÷÷÷:÷ :
MCT) (a, b) = MCT) ( ( b-a) -Ota , Cb -a) • Ita)) c

In particular , d = Cb-a) g ta .

this
,

c Z-

÷: = IT.⇒*=E÷nYi
= 2-01-8

.

Thus
,
f does not depend on a,b so we

write f = FCT) .

Corollary If T, is equivalent to Tz ( both RTD)

than FCT,) =fCTz) .

p£ a ,bad uncharged by peidemeistamacs Rf does
not depend on the specific coloring . D



Thus
,
if we show f CT) is equal to the

Conway number, then we'll know that ang
two RTD that are equivalent haetle same

Conway # (since Reg hare the same value for f

Note fu ) ( f =D and fu I f is defied to be 0
.

Pros If T is a RTD ten f-CTS is

the Conway number ,
pI we induct on crossing number .

Basics ) ( and I by definition !

Inductee
=T

Assume S has Conway notation

[ s. . . . . .sn] . Then T has Conway notation

[ s . , . .
.

,
Sati]

.



PI Base Cases .

IEEE? . .:# Intl crossings
y

Notice Z
,
= 2x - y

Zz = 2 Z ,
- X = 4×-2 y

- X =3x - 2g

Zz = 2 Zz - Z ,
= 42

,
- Z

.

- 2x

= 3 Z
,
- 2x

.

= 4 x - 3g
:

Zn = (ntl ) x - n y

'°

,

. . . ab coloring has

@ - 1) c '
- Znc

= - n C - C

d = ( n tha - ne

b = 2 Zn - Zn, I 2 (Citi ) a
- ne)

- ( na - Cn-Dc.)

= na t Za - Cnn) c

= (n +2)a - Cnn) c

'

Set c=O
,
a = I ⇒ d = (nti) b = Critz)

b - a Ntl
so f = - = I

= htt = # crossing
b - d

= Conway #

Similarly it works far fire . . - I



a b

Now Consider §, → . - - tab
ROTATE

11
T= : i

y s

c d

If the one N crossings we had

a - C

- n = f ( s) = -
T

a - b

previous
case

so
. 'a=

'
=

a
!a= -77A,

= - f- CT)
.

So it walks in this case also
.

Consider a
b

x

S
, tsz

=

dC

Assume it is colored as indicated

Nuke FCS ,) =
x -y

f- (Sz) =
BI
b-d

.



x - a

f- ( s ,) t f ( Sz) = b¥, t Ig

and at y = Xtc

Xtd = bt y

⇒ x - y = c - a

X - y = b - d

b - X t X - a

so f CS , ) tfcsz ) =I
= fcftsz)
-

a b
similarly

fcs ,) = bb
+ f)Y fcsz) =

③ y - d

f 'd

at y = btx ⇒ y - x =
b -a

so #⇒ = } = '÷a

Fcs, = BIT ⇒ fantasts, -- BEI
=
t

f- ( S, #Sz)



We see
tht I

f- ( S,
* Sz) = ffs, tftsd

Consider

U

C- ¢ µ tie twists

TI t If S has Conway notation::i:÷::¥÷÷÷ii÷n= 1- U [4 , Ca, . . . .cn ,tie ]
ffs, + ITF)

+ ft )
and Conway #

= 't tu CA) ut ¥1 Caa)

ftsyt Cutt
"
.

. + I

bF Induction Hsp .
Cnt
I

= FCS) A similar argument
cn.it 'T works for RTD

-

' tt
Ci w/ even # of

terms
.soweq.EE#7fIYifas.IE?aa.alyrs

ByInduction, f- is tee Conway
# for any

RTD w/ odd# of terms in Conway notation


