
Linear Independence of Sine and Cosine

Let F be the vector space of all functions from R to R. Let

f (t) = sin(t)

and
g(t) = cos(t).

We claim that f and g are linearly independent.

Proof. Suppose that
a f +bg = 0

with a,b ∈ R. We must show that a = 0 and b = 0.

Suppose that a 6= 0. Then
f = (b/a)g.

In other words,

sin(t) = (b/a)cos(t) for all t.

In particular,

sin(π/2) = (b/a)cos(π/2) which implies
1 = (b/a)0 which implies
1 = 0.

This contradiction implies that a = 0.

This means that

0sin(t)+bcos(t) = 0 for all t.

In particular,
0 = bcos(0) = b.

Hence, a = 0 and b = 0, showing that sin(t) and cos(t) are linearly inde-
pendent. �
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